
CMSE 820 Homework 4

Wei-Chien Liao (liaowei2@msu.edu)

1. (a)(⇒) Assume A is positive semi-definite. Then uTAu ≥ 0 for any u ∈ Rn.
Let λ be an eigenvalue of A, so Ax = λx. Then

xTAx = xT (λx) = λxTx = λ||x||2 ≥ 0⇒ λ ≥ 0. (1)

Note that (1) holds for any eigenvalue of A. Hence, all the eigen-
values of A are non-negative.

(⇐) Assume all eigenvalues of A are non-negative. Since A is symmetric,
A = QTΛQ for some orthogonal matrix Q. Let q1, q2, · · · , qn denote
the columns of Q. Then Q =

[
q1 q2 · · · qn

]
and {q1, q2, · · · , qn}

is a basis of Rn. Let x ∈ Rn. Then

x =
n∑
i=1

αiqi, αi ∈ R, and xT =
n∑
i=1

αiq
T
i .

Compute xTAx gives

xTAx =

(
n∑
i=1

αiq
T
i

)
A

(
n∑
i=1

αiqi

)

=

(
n∑
i=1

αiq
T
i

)(
n∑
i=1

αiAqi

)

=
n∑
i=1

α2
i q
T
i Aqi

=
n∑
i=1

α2
i q
T
i λqi =

n∑
i=1

λiα
2
i ||qi||2.

Note that λi ≥ 0, ∀i = 1, · · · , n

⇒ λiα
2
i ||qi||2 ≥ 0 ⇒

n∑
i=1

λiα
2
i ||qi||2 ≥ 0 ⇒ xTAx ≥ 0.

⇒ A is positive semi-definite.
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(b)(⇒) Assume A is positive semi-definite. Since A is symmetric, A =
QTΛQ for some orthogonal matrix Q. Write

Λ =

λ1 . . .

λn

 .
Define

√
Λ =


√
λ1

. . . √
λn.


Note that λi ≥ 0, ∀i = 1, · · · , n from (a), so

√
Λ ∈ Rn×n. Then

A = QTΛQ = QT
√

Λ
T√

ΛQ =
(√

ΛQ
)T (√

ΛQ
)

= BTB,

where B :=
√

ΛQ ∈ Rn×n.

(⇐) Assume A = BTB for some B ∈ Rn×n. Then

xTAx = xTBTBx = (Bx)TBx = ||Bx||2 ≥ 0,

so A is positive semi-definite.

2. (a) Fix x ∈ Rn. Compute ||Ax− αx||2 gives

(Ax− αx)T (Ax− αx) = (xTA− αxT )(Ax− αx)

= xTA2x− 2αxTAx+ α2xTx.

Let f(α) = (xTx)α2−(2xTAx)α+xTA2x, then f is a quadratic function
of α, and

arg min
α∈R

||Ax− αx||2 = arg min
α∈R

f(α).

First-order derivative of f is given by

f ′(α) = 2(xTx)α− 2xTAx.

Let f ′(α) = 0, then

α =
xTAx

xTx
= RA(x).
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(b) Let x ∈ Rn. Then

∂RA(x)

∂xj
=

∂

∂xj

xTAx

xTx

=

(
∂
∂xj
xTAx

)
xTx−

(
∂
∂xj
xTx

)
xTAx

(xTx)2

=
(2Ax)j x

Tx− (2xj)x
TAx

(xTx)2

=
2

xTx

(
(Ax)j −RA(x)xj

)
=

2

xTx
(Ax−RA(x)x)j .

Hence,

∇RA(x) =
2

xTx
(Ax−RA(x)x) .

Now let 0 6= x0 ∈ Rn, then

x0 is a critical point of RA(x)

⇔∇RA(x0) = 0

⇔ 2

xT0 x0
(Ax0 −RA(x0)x0) = 0

⇔Ax0 −RA(x0)x0 = 0

⇔Ax0 = RA(x0)x0

⇔x0 is an eigenvector of A.

(c) Let x1, · · · , xn−1 be the remaining n − 1 eigenvectors of A with unit
length, and
Axi = λixi, i = 0, 1, · · · , n− 1. Let x ∈ Rn. Then x =

∑n−1
i=0 aixi.

x− x0 = (a0 − 1)x0 +
n−1∑
i=1

aixi,

so,

||x− x0||2 = (a0 − 1)2 +
n−1∑
i=1

a2i .
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It suffice to show that if
∣∣∣ aia0 ∣∣∣ < ε for all i 6= 0, RA(x)− λ0 = O(ε2).

RA(x)− λ0 =

∑n−1
i=0 λia

2
i∑n−1

i=0 a
2
i

− λ0

=

∑n−1
i=0 (λi − λ0)a2i∑n−1

i=0 a
2
i

=

∑n−1
i=1 (λi − λ0)a2i∑n−1

i=0 a
2
i

≤
∑n−1

i=1 λia
2
i∑n−1

i=0 a
2
i

≤
∑n−1

i=1 λia
2
i

a20
=

n−1∑
i=1

λi

(
ai
a0

)2

<

(
n−1∑
i=1

λi

)
ε2 = Mε2,

where M =
∑n−1

i=1 λi is a constant. Therefore, RA(x)− λ0 = O(ε2) and
the proof is complete.

3. (a) A is diagonal, so the diagonal entries are exactly the eigenvalues of A.
May assume

A =

λ1 . . .

λn

 = Λ,

since the diagonal entries of A can be reordered by apply some permu-
tation matrix P and P is orthogonal. Then in this case, one can take
Q =

[
e1 e2 · · · en

]
so that QTAQ = Λ, where the column vector ei

has value 1 in the i-th entry and zero otherwise.
First consider the case

max
dim(V )=k

min
v∈V :||v||=1

vTAv.

Let Vk = span{e1, · · · , ek}. Let v ∈ Vk with ||v|| = 1, then
v =

∑k
i=1 αiei, v

T =
∑k

i=1 αie
T
i ,
∑k

i=1 α
2
i = 1, and

vTAv =

(
k∑
i=1

αie
T
i

)(
k∑
i=1

αiei

)
=

k∑
i=1

α2
i e
T
i λiei =

k∑
i=1

α2
iλi ≥ λk.

Therefore,

max
dim(V )=k

min
v∈V :||v||=1

vTAv ≥ min
v∈Vk:||v||=1

vTAv = λk.
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On the other hand, let V be any k dimensional subspace.
Observe that V ∩ span{ek, · · · , en} 6= φ, since dim(V ) = k and
dim(span{ek, · · · , en}) = n− k + 1.
If v∗ ∈ V ∩ span{ek, · · · , en} and ||v∗|| = 1, then v∗ =

∑n
i=k βiei and∑n

i=k β
2
i = 1. Therefore,

min
v∈V :||v||=1

vTAv ≤ vTAv =
n∑
i=k

β2
i e
T
i λiei =

n∑
i=k

β2
i λi ≤ λk

⇒ max
dim(V )=k

min
v∈V :||v||=1

vTAv ≤ λk.

Now consider the case

min
dim(V )=n−k+1

max
v∈V :||v||=1

vTAv.

Let Vn−k+1 = span{ek, · · · , ek}. Then by similar arguments in the first
case,

min
dim(V )=n−k+1

max
v∈V :||v||=1

vTAv ≤ max
v∈Vn−k+1:||v||=1

vTAv = λk.

Now let V be any n− k + 1 dimensional subspace.
Observe that V ∩ span{e1, · · · , ek} 6= φ.
If v∗ ∈ V ∩ span{e1, · · · , ek} and ||v∗|| = 1, then v∗ =

∑k
i=1 βiei and∑k

i=1 β
2
i = 1. Therefore,

max
v∈V :||v||=1

vTAv ≥ vTAv =
k∑
i=1

β2
i λi ≥ λk

⇒ min
dim(V )=n−k+1

max
v∈V :||v||=1

vTAv ≥ λk.

(b) A is symmetric, so A = QTΛQ for some orthogonal matrix Q, where

Λ =

λ1 . . .

λn

 .
Then

max
dim(V )=k

min
v∈V :||v||=1

vTAv = max
dim(V )=k

min
v∈V :||v||=1

vTQTΛQv

= max
dim(V )=k

min
v∈V :||v||=1

(Qv)TΛQv (Let u = Qv)

= max
dim(V )=k

min
u∈V :||u||=1

uTΛu.
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The second equality holds since Q is orthogonal, and this reduces to
the first case verified in (a). Therefore,

max
dim(V )=k

min
v∈V :||v||=1

vTAv = max
dim(V )=k

min
u∈V :||u||=1

uTΛu = λk.

On the other hand,

min
dim(V )=n−k+1

max
v∈V :||v||=1

vTAv = min
dim(V )=n−k+1

max
v∈V :||v||=1

vTQTΛQv

= min
dim(V )=n−k+1

max
v∈V :||v||=1

(Qv)TΛQv (Let u = Qv)

= min
dim(V )=n−k+1

max
u∈V :||u||=1

uTΛu.

This reduces to the second case verified in (a). Therefore,

min
dim(V )=n−k+1

max
v∈V :||v||=1

vTAv = min
dim(V )=n−k+1

max
u∈V :||u||=1

uTΛu = λk.

4. Observe that by the minimax theorem,

λk(A+B) = max
dim(V )=k

min
v∈V :||v||=1

vT (A+B)v

= max
dim(V )=k

min
v∈V :||v||=1

(vTAv + vTBv)

≤ max
dim(V )=k

min
v∈V :||v||=1

(vTAv + λ1(B))

=

(
max

dim(V )=k
min

v∈V :||v||=1
vTAv

)
+ λ1(B) = λk(A) + λ1(B),

and

λk(A+B) = max
dim(V )=k

min
v∈V :||v||=1

vT (A+B)v

= max
dim(V )=k

min
v∈V :||v||=1

(vTAv + vTBv)

≥ max
dim(V )=k

min
v∈V :||v||=1

(vTAv + λn(B))

=

(
max

dim(V )=k
min

v∈V :||v||=1
vTAv

)
+ λn(B) = λk(A) + λn(B),
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