CMSE 820 Homework 4

Wei-Chien Liao (liaowei2@msu.edu)

1. (a)(=) Assume A is positive semi-definite. Then u” Au > 0 for any u € R™.
Let A be an eigenvalue of A, so Az = Ax. Then

o' Ar = 27 (M) = Aalz = \||z|[> > 0= A > 0. (1)

Note that (1) holds for any eigenvalue of A. Hence, all the eigen-
values of A are non-negative.

(<) Assume all eigenvalues of A are non-negative. Since A is symmetric,
A = QTAQ for some orthogonal matrix Q). Let q1, o, - - , ¢, denote

the columns of ). Then Q = [ql G - qn] and {q1,q2, - ,qn}
is a basis of R". Let z € R™. Then

n n

T T

T = E @;q;,; € Ryand ¢ = E o, q; -
i=1

=1

Compute 7 Az gives

2T Ax =

= alg A =D Nod|lgil]”
] =1

Note that \; > 0,Vi=1,--- ,n

= Na2llgl? >0 =) Nafllgl* >0 = 2" Az > 0.

i=1
= A is positive semi-definite.
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(b)(=) Assume A is positive semi-definite. Since A is symmetric, A =
QT AQ for some orthogonal matrix (). Write

Define

V.
Note that \; > 0, Vi =1,--- ,n from (a), so vA € R™". Then

A=QTAQ = Q"VA VAQ = (ﬁQ)T (\/KQ) _ BB,

where B := VAQ € R,
(<) Assume A = BT B for some B € R™". Then

2" Az = 2" B" Bx = (Bx)" Bx = || Bz||* > 0,

so A is positive semi-definite.

a) Fix z € R™. Compute ||Azx — ax||? gives
(a) p g

(Az — ax)T(Az — ax) = (27 A — az’)(Az — ax)
=27 A%y — 202" Ax + o2 " .
Let f(a) = (zT2)a?— (22T Az)a+aT A%z, then f is a quadratic function
of o, and
arg min ||Az — ax||* = arg min f(a).
acR acR

First-order derivative of f is given by
f'(a) =2(z" 7)o — 227 A

Let f'(a) =0, then
xt Ax
a=—F = Ru(x).




(b) Let z € R". Then

ORs(z) 0 2TAx

0x; - Ox; zTx
(%x%‘lx) xle — <a%ijx> xT Ax
- (T2)?
B (24z); wTe — (2z;) 2T Az
- o)
2 2

Hence, )
VRu(x) = —— (Az — Ra(x)x).

2T
Now let 0 # x5 € R™, then

xg is a critical point of R4 (z)
<=>VRA($0) =0
2
<:>:L‘g1$0 (AIO — RA(.’L‘())ZC(]> =0
@Al’o — RA(JZ())ZL‘O =0
<:>ALL’0 = RA(Q?())LUO

&g is an eigenvector of A.

[]

(c) Let x1,--- ,x,-1 be the remaining n — 1 eigenvectors of A with unit
length, and
Ax; =Nz, 1 =0,1,--- ,n—1. Let z € R". Then x = Z?’:_Ol a;x;.

n—1
r—xo = (ag — 1)xg + E a; T,
i—1

SO,
n—1

| — x| = (a0 — 1)* + > _ a}.

=1



3.

a;

It suffice to show that if | 22| <& for all i # 0, Ra(z) — Ao = O(£?).

—1
n1y g2
Ra(z) — Ao = —Z%;O_ 2N
Zz‘:o a;
i (A = Ao)a?
a Do 01 a3
_ Z?:_ll()\ - )‘O)azz
o 01 a3
n—1
< Lo A Ef o
Z? 0 a3

n—1 n—1 n—1
< Zz 1)\@ Z)\Z (az) (Z)\Z> EQZMEQ,
i=1 =1

where M = Y2"7' ), is a constant. Therefore, Ra(x) — Ao = O(£?) and
the proof is complete. O

(a) A is diagonal, so the diagonal entries are exactly the eigenvalues of A.

May assume
A
A et c. . = A)

since the diagonal entries of A can be reordered by apply some permu-
tation matrix P and P is orthogonal. Then in this case, one can take
Q = [61 € ~--en] so that QT AQ = A, where the column vector e;
has value 1 in the i-th entry and zero otherwise.

First consider the case

max min v’ Av.
dim(V)=k veV:|v||=1

Let Vi, = span{ey, -+ ,ex}. Let v € Vi with ||v]| = 1, then
v = Zle ae;, v = Zle azel’ Zle a? =1, and

k k k
vl Av = (Z OzieiT) (Z oziei) Z &26T>\ i€ = Z af)\i > M.
i=1 i=1 i=1

Therefore,

max min 0T Av > min o7 Av = ).
dim(V)=k veV:|jv||=1 vEVE:||v||=1



On the other hand, let V' be any k£ dimensional subspace.

Observe that V' N span{ey,--- ,e,} # ¢, since dim(V') = k and
dim(span{ey,--- ,e,}) =n—k+ 1.

If v* € VNspan{ey,--- ,e,} and [|[v*|| = 1, then v* = """, Be; and
S B2 = 1. Therefore,

n n
: T T 2T 2
min v Av <w AU—E »e~)\~et—§ A <A
veV:[Jv]|=1 - Py frei die Py Bidi < A

= max min  vTAv < \.
dim(V)=k veV:|jv||=1

Now consider the case

min max v’ Av.
dim(V)=n—k+1 veV:||jv||=1
Let Vg1 = spanieg, - ,ex}. Then by similar arguments in the first
case,
. T T _
min max v Av < max v Av = \g.
dim(V)=n—k+1 veV:||v||=1 VEV,_gy1:||v]|=1

Now let V be any n — k + 1 dimensional subspace.

Observe that V' N span{ey,--- ,ex} # .

If v* € V Nspan{e,--- ,ex} and [|v*]| = 1, then v* = S°F | Bie; and
S | B2 = 1. Therefore,

k
max vl Av > vl Av = Zﬁf)\z > A\
i=1

veV:|v||=1

= min max vl Av > \.
dim(V)=n—k+1 veV:|jv||=1

O

A is symmetric, so A = QTAQ for some orthogonal matrix @, where

A
A=
An

Then

max min  vT Av = max min 0T QTAQu
dim(V)=k veV:||v||=1 dim(V)=k veV:||v||=1

= max min  (Qu)"AQu (Let u = Qu)

dim(V)=k veV:||v||=1

= max min  u’ Au.
dim(V)=k ueV:||u||=1

>



The second equality holds since () is orthogonal, and this reduces to
the first case verified in (a). Therefore,

max min v Av = max min  ul Au = ).
dim(V)=k veV:||v||=1 dim(V)=k ueV:||u||=1

On the other hand,

min max vl Av = min max vl QTAQu
dim(V)=n—k+1 veV:|jv||=1 dim(V)=n—k+1 veV:|jv||=1
= min max  (Qu)TAQu (Let u = Qu)

dim(V)=n—k+1 veV:|jv||=1

= min max ul Au.
dim(V)=n—k+1 uweV:||ul|=1

This reduces to the second case verified in (a). Therefore,

min max vl Av = min max  ul Au = M.
dim(V)=n—k+1 veV:|v||=1 dim(V)=n—k+1 ueV:||ul|=1
O
4. Observe that by the minimax theorem,
M(A+ B) = max min o' (A+ B)v

dim(V)=k veV:|jv||=1

= max min (v’ Av + v’ Bo)
dim(V)=k veV:|jv||=1

< max min (v Av + A\ (B))
dim(V)=k veV:||v||=1

= < max min UTAU> + M(B) = M\(A4) + A\ (B),

dim(V)=k veV:|jv||=1
and
M(A+ B) = max min v’ (A+ B)v

dim(V)=k veV:|v||=1

= max min (v’ Av 4+ o7 Bv)
dim(V)=k veV:|jv||=1

> max min  (v7 Av + \,(B))
dim(V)=k veV:|jv||=1

= ( max min UTAU> + A(B) = Me(A) + M\(B),

dim(V)=k veV:|jv||=1
O



