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Preface

This book is intended to have three roles and to serve three associated audiences: an
introductory text on Bayesian inference starting from first principles, a graduate text on
effective current approaches to Bayesian modeling and computation in statistics and related
fields, and a handbook of Bayesian methods in applied statistics for general users of and
researchers in applied statistics. Although introductory in its early sections, the book is
definitely not elementary in the sense of a first text in statistics. The mathematics used
in our book is basic probability and statistics, elementary calculus, and linear algebra. A
review of probability notation is given in Chapter 1 along with a more detailed list of topics
assumed to have been studied. The practical orientation of the book means that the reader’s
previous experience in probability, statistics, and linear algebra should ideally have included
strong computational components.

To write an introductory text alone would leave many readers with only a taste of the
conceptual elements but no guidance for venturing into genuine practical applications, be-
yond those where Bayesian methods agree essentially with standard non-Bayesian analyses.
On the other hand, we feel it would be a mistake to present the advanced methods with-
out first introducing the basic concepts from our data-analytic perspective. Furthermore,
due to the nature of applied statistics, a text on current Bayesian methodology would be
incomplete without a variety of worked examples drawn from real applications. To avoid
cluttering the main narrative, there are bibliographic notes at the end of each chapter and
references at the end of the book.

Examples of real statistical analyses appear throughout the book, and we hope thereby
to give an applied flavor to the entire development. Indeed, given the conceptual simplicity
of the Bayesian approach, it is only in the intricacy of specific applications that novelty
arises. Non-Bayesian approaches dominated statistical theory and practice for most of the
last century, but the last few decades have seen a re-emergence of Bayesian methods. This
has been driven more by the availability of new computational techniques than by what
many would see as the theoretical and logical advantages of Bayesian thinking.

In our treatment of Bayesian inference, we focus on practice rather than philosophy. We
demonstrate our attitudes via examples that have arisen in the applied research of ourselves
and others. Chapter 1 presents our views on the foundations of probability as empirical
and measurable; see in particular Sections 1.4-1.7.

Changes for the third edition

The biggest change for this new edition is the addition of Chapters 20-23 on nonparametric
modeling. Other major changes include weakly informative priors in Chapters 2, 5, and
elsewhere; boundary-avoiding priors in Chapter 13; an updated discussion of cross-validation
and predictive information criteria in the new Chapter 7; improved convergence monitoring
and effective sample size calculations for iterative simulation in Chapter 11; presentations of
Hamiltonian Monte Carlo, variational Bayes, and expectation propagation in Chapters 12
and 13; and new and revised code in Appendix C. We have made other changes throughout.

During the eighteen years since completing the first edition of Bayesian Data Analysis,
we have worked on dozens of interesting applications which, for reasons of space, we are not
able to add to this new edition. Many of these examples appear in our book, Data Analysis

xiii
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Using Regression and Hierarchical/Multilevel Models, as well as in our published research
articles.

We have made some small corrections and updates for the second printing of the third
edition.

Online information

Additional materials, including the data used in the examples, solutions to many of the
end-of-chapter exercises, and any errors found after the book goes to press, are posted at
http://www.stat.columbia.edu/~gelman/book/. Feel free to send any comments to us
directly.
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Part I: Fundamentals of Bayesian Inference

Bayesian inference is the process of fitting a probability model to a set of data and sum-
marizing the result by a probability distribution on the parameters of the model and on
unobserved quantities such as predictions for new observations. In Chapters 1-3, we in-
troduce several useful families of models and illustrate their application in the analysis of
relatively simple data structures. Some mathematics arises in the analytical manipulation of
the probability distributions, notably in transformation and integration in multiparameter
problems. We differ somewhat from other introductions to Bayesian inference by emphasiz-
ing stochastic simulation, and the combination of mathematical analysis and simulation, as
general methods for summarizing distributions. Chapter 4 outlines the fundamental con-
nections between Bayesian and other approaches to statistical inference. The early chapters
focus on simple examples to develop the basic ideas of Bayesian inference; examples in which
the Bayesian approach makes a practical difference relative to more traditional approaches
begin to appear in Chapter 3. The major practical advantages of the Bayesian approach
appear in Chapter 5, where we introduce hierarchical models, which allow the parameters
of a prior, or population, distribution themselves to be estimated from data.
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Chapter 1

Probability and inference

1.1 The three steps of Bayesian data analysis

This book is concerned with practical methods for making inferences from data using prob-
ability models for quantities we observe and for quantities about which we wish to learn.
The essential characteristic of Bayesian methods is their explicit use of probability for quan-
tifying uncertainty in inferences based on statistical data analysis.

The process of Bayesian data analysis can be idealized by dividing it into the following
three steps:

1. Setting up a full probability model—a joint probability distribution for all observable and
unobservable quantities in a problem. The model should be consistent with knowledge
about the underlying scientific problem and the data collection process.

2. Conditioning on observed data: calculating and interpreting the appropriate posterior
distribution—the conditional probability distribution of the unobserved quantities of ul-
timate interest, given the observed data.

3. Evaluating the fit of the model and the implications of the resulting posterior distribution:
how well does the model fit the data, are the substantive conclusions reasonable, and
how sensitive are the results to the modeling assumptions in step 1?7 In response, one
can alter or expand the model and repeat the three steps.

Great advances in all these areas have been made in the last forty years, and many
of these are reviewed and used in examples throughout the book. Our treatment covers
all three steps, the second involving computational methodology and the third a delicate
balance of technique and judgment, guided by the applied context of the problem. The first
step remains a major stumbling block for much Bayesian analysis: just where do our models
come from? How do we go about constructing appropriate probability specifications? We
provide some guidance on these issues and illustrate the importance of the third step in
retrospectively evaluating the fit of models. Along with the improved techniques available
for computing conditional probability distributions in the second step, advances in carrying
out the third step alleviate to some degree the need to assume correct model specification at
the first attempt. In particular, the much-feared dependence of conclusions on ‘subjective’
prior distributions can be examined and explored.

A primary motivation for Bayesian thinking is that it facilitates a common-sense in-
terpretation of statistical conclusions. For instance, a Bayesian (probability) interval for
an unknown quantity of interest can be directly regarded as having a high probability of
containing the unknown quantity, in contrast to a frequentist (confidence) interval, which
may strictly be interpreted only in relation to a sequence of similar inferences that might
be made in repeated practice. Recently in applied statistics, increased emphasis has been
placed on interval estimation rather than hypothesis testing, and this provides a strong im-
petus to the Bayesian viewpoint, since it seems likely that most users of standard confidence
intervals give them a common-sense Bayesian interpretation. One of our aims in this book
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is to indicate the extent to which Bayesian interpretations of common simple statistical
procedures are justified.

Rather than argue the foundations of statistics—see the bibliographic note at the end
of this chapter for references to foundational debates—we prefer to concentrate on the
pragmatic advantages of the Bayesian framework, whose flexibility and generality allow
it to cope with complex problems. The central feature of Bayesian inference, the direct
quantification of uncertainty, means that there is no impediment in principle to fitting
models with many parameters and complicated multilayered probability specifications. In
practice, the problems are ones of setting up and computing with such large models, and
a large part of this book focuses on recently developed and still developing techniques
for handling these modeling and computational challenges. The freedom to set up complex
models arises in large part from the fact that the Bayesian paradigm provides a conceptually
simple method for coping with multiple parameters, as we discuss in detail from Chapter 3
on.

1.2 General notation for statistical inference

Statistical inference is concerned with drawing conclusions, from numerical data, about
quantities that are not observed. For example, a clinical trial of a new cancer drug might
be designed to compare the five-year survival probability in a population given the new drug
to that in a population under standard treatment. These survival probabilities refer to a
large population of patients, and it is neither feasible nor ethically acceptable to experiment
on an entire population. Therefore inferences about the true probabilities and, in particular,
their differences must be based on a sample of patients. In this example, even if it were
possible to expose the entire population to one or the other treatment, it is never possible to
expose anyone to both treatments, and therefore statistical inference would still be needed to
assess the causal inference—the comparison between the observed outcome in each patient
and that patient’s unobserved outcome if exposed to the other treatment.

We distinguish between two kinds of estimands—unobserved quantities for which sta-
tistical inferences are made—first, potentially observable quantities, such as future obser-
vations of a process, or the outcome under the treatment not received in the clinical trial
example; and second, quantities that are not directly observable, that is, parameters that
govern the hypothetical process leading to the observed data (for example, regression coef-
ficients). The distinction between these two kinds of estimands is not always precise, but is
generally useful as a way of understanding how a statistical model for a particular problem
fits into the real world.

Parameters, data, and predictions

As general notation, we let § denote unobservable vector quantities or population parameters
of interest (such as the probabilities of survival under each treatment for randomly chosen
members of the population in the example of the clinical trial), y denote the observed
data (such as the numbers of survivors and deaths in each treatment group), and ¢ denote
unknown, but potentially observable, quantities (such as the outcomes of the patients under
the other treatment, or the outcome under each of the treatments for a new patient similar
to those already in the trial). In general these symbols represent multivariate quantities.
We generally use Greek letters for parameters, lower case Roman letters for observed or
observable scalars and vectors (and sometimes matrices), and upper case Roman letters
for observed or observable matrices. When using matrix notation, we consider vectors as
column vectors throughout; for example, if u is a vector with n components, then u” u is a
scalar and uu” an n x n matrix.
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1.2. GENERAL NOTATION FOR STATISTICAL INFERENCE 5
Observational units and variables

In many statistical studies, data are gathered on each of a set of n objects or units, and
we can write the data as a vector, y = (y1,...,yn). In the clinical trial example, we might
label y; as 1 if patient i is alive after five years or 0 if the patient dies. If several variables
are measured on each unit, then each y; is actually a vector, and the entire dataset y is a
matrix (usually taken to have n rows). The y variables are called the ‘outcomes’ and are
considered ‘random’ in the sense that, when making inferences, we wish to allow for the
possibility that the observed values of the variables could have turned out otherwise, due
to the sampling process and the natural variation of the population.

FExchangeability

The usual starting point of a statistical analysis is the (often tacit) assumption that the
n values y; may be regarded as exchangeable, meaning that we express uncertainty as a
joint probability density p(yi,...,yn) that is invariant to permutations of the indexes. A
nonexchangeable model would be appropriate if information relevant to the outcome were
conveyed in the unit indexes rather than by explanatory variables (see below). The idea of
exchangeability is fundamental to statistics, and we return to it repeatedly throughout the
book.

We commonly model data from an exchangeable distribution as independently and iden-
tically distributed (7d) given some unknown parameter vector 6 with distribution p(). In
the clinical trial example, we might model the outcomes y; as iid, given #, the unknown
probability of survival.

Ezxplanatory variables

It is common to have observations on each unit that we do not bother to model as random.
In the clinical trial example, such variables might include the age and previous health status
of each patient in the study. We call this second class of variables explanatory variables, or
covariates, and label them x. We use X to denote the entire set of explanatory variables
for all n units; if there are k explanatory variables, then X is a matrix with n rows and k
columns. Treating X as random, the notion of exchangeability can be extended to require
the distribution of the n values of (z,y); to be unchanged by arbitrary permutations of
the indexes. It is always appropriate to assume an exchangeable model after incorporating
sufficient relevant information in X that the indexes can be thought of as randomly assigned.
It follows from the assumption of exchangeability that the distribution of ¥, given z, is the
same for all units in the study in the sense that if two units have the same value of z, then
their distributions of y are the same. Any of the explanatory variables z can be moved into
the y category if we wish to model them. We discuss the role of explanatory variables (also
called predictors) in detail in Chapter 8 in the context of analyzing surveys, experiments,
and observational studies, and in the later parts of this book in the context of regression
models.

Hierarchical modeling

In Chapter 5 and subsequent chapters, we focus on hierarchical models (also called mul-
tilevel models), which are used when information is available on several different levels of
observational units. In a hierarchical model, it is possible to speak of exchangeability at
each level of units. For example, suppose two medical treatments are applied, in separate
randomized experiments, to patients in several different cities. Then, if no other information
were available, it would be reasonable to treat the patients within each city as exchangeable
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and also treat the results from different cities as themselves exchangeable. In practice it
would make sense to include, as explanatory variables at the city level, whatever relevant
information we have on each city, as well as the explanatory variables mentioned before at
the individual level, and then the conditional distributions given these explanatory variables
would be exchangeable.

1.3 Bayesian inference

Bayesian statistical conclusions about a parameter 6, or unobserved data g, are made in
terms of probability statements. These probability statements are conditional on the ob-
served value of y, and in our notation are written simply as p(fly) or p(gly). We also
implicitly condition on the known values of any covariates, x. It is at the fundamental
level of conditioning on observed data that Bayesian inference departs from the approach
to statistical inference described in many textbooks, which is based on a retrospective eval-
uation of the procedure used to estimate 6 (or §) over the distribution of possible y values
conditional on the true unknown value of 6. Despite this difference, it will be seen that
in many simple analyses, superficially similar conclusions result from the two approaches
to statistical inference. However, analyses obtained using Bayesian methods can be easily
extended to more complex problems. In this section, we present the basic mathematics and
notation of Bayesian inference, followed in the next section by an example from genetics.

Probability notation

Some comments on notation are needed at this point. First, p(-|-) denotes a conditional
probability density with the arguments determined by the context, and similarly for
p(+), which denotes a marginal distribution. We use the terms ‘distribution’ and
‘density’ interchangeably. The same notation is used for continuous density functions
and discrete probability mass functions. Different distributions in the same equation
(or expression) will each be denoted by p(-), as in (1.1) below, for example. Although
an abuse of standard mathematical notation, this method is compact and similar to
the standard practice of using p(-) for the probability of any discrete event, where
the sample space is also suppressed in the notation. Depending on context, to avoid
confusion, we may use the notation Pr(-) for the probability of an event; for example,
Pr(0 > 2) = f9>2 p(0)df. When using a standard distribution, we use a notation based
on the name of the distribution; for example, if # has a normal distribution with mean
p and variance o2, we write 0 ~ N(u,0?) or p(f) = N(0|u,0?) or, to be even more
explicit, p(0|u,o?) = N(0|pu,0?). Throughout, we use notation such as N(u,o?) for
random variables and N(6|u,0?) for density functions. Notation and formulas for
several standard distributions appear in Appendix A.

We also occasionally use the following expressions for random variables 0: the coeffi-
cient of variation is defined as sd(0)/E(0), the geometric mean is exp(E[log(6)]), and
the geometric standard deviation is exp(sd[log(6)]).

Bayes’ rule

In order to make probability statements about 6 given y, we must begin with a model
providing a joint probability distribution for § and y. The joint probability mass or density
function can be written as a product of two densities that are often referred to as the prior
distribution p(0) and the sampling distribution (or data distribution) p(y|0), respectively:

p(0,y) = p(0)p(y|0).
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Simply conditioning on the known value of the data y, using the basic property of conditional
probability known as Bayes’ rule, yields the posterior density:

~p0,y)  p@)pylo)
PO =) T e (L)

where p(y) = > ,p(@)p(y|f), and the sum is over all possible values of § (or p(y) =
Jp(0)p(y|#)df in the case of continuous 6). An equivalent form of (1.1) omits the fac-
tor p(y), which does not depend on 6 and, with fixed y, can thus be considered a constant,
yielding the unnormalized posterior density, which is the right side of (1.2):

p(0ly) o< p(0)p(yl0). (1.2)

The second term in this expression, p(y|6), is taken here as a function of 8, not of y. These
simple formulas encapsulate the technical core of Bayesian inference: the primary task of
any specific application is to develop the model p(6,y) and perform the computations to
summarize p(f]y) in appropriate ways.

Prediction

To make inferences about an unknown observable, often called predictive inferences, we
follow a similar logic. Before the data y are considered, the distribution of the unknown
but observable y is

p(y)=/p(yﬁ)d9=/p(9)p(yl9)d9- (1.3)

This is often called the marginal distribution of ¢, but a more informative name is the prior
predictive distribution: prior because it is not conditional on a previous observation of the
process, and predictive because it is the distribution for a quantity that is observable.

After the data y have been observed, we can predict an unknown observable, 7, from
the same process. For example, y = (y1,...,y,) may be the vector of recorded weights of
an object weighed n times on a scale, § = (u,0?) may be the unknown true weight of the
object and the measurement variance of the scale, and § may be the yet to be recorded
weight of the object in a planned new weighing. The distribution of g is called the posterior
predictive distribution, posterior because it is conditional on the observed y and predictive
because it is a prediction for an observable y:

p(3ly) /b@ﬁwme
/p@Mymwwme
- /@@mmmww. (1.4)

The second and third lines display the posterior predictive distribution as an average of
conditional predictions over the posterior distribution of . The last step follows from the
assumed conditional independence of y and g given 6.

Likelihood

Using Bayes’ rule with a chosen probability model means that the data y affect the posterior
inference (1.2) only through p(y|@), which, when regarded as a function of 0, for fixed y, is
called the likelihood function. In this way Bayesian inference is obeying what is sometimes
called the likelihood principle.
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The likelihood principle is reasonable, but only within the framework of the model or
family of models adopted for a particular analysis. In practice, one can rarely be confident
that the chosen model is correct. We shall see in Chapter 6 that sampling distributions
(imagining repeated realizations of our data) can play an important role in checking model
assumptions. In fact, our view of an applied Bayesian statistician is one who is willing to
apply Bayes’ rule under a variety of possible models.

Likelihood and odds ratios

The ratio of the posterior density p(f|y) evaluated at the points #; and 62 under a given
model is called the posterior odds for 67 compared to 6. The most familiar application of
this concept is with discrete parameters, with 65 taken to be the complement of 6. Odds
provide an alternative representation of probabilities and have the attractive property that
Bayes’ rule takes a particularly simple form when expressed in terms of them:

p(b1ly) _ p(0v)pyl61)/p(y) _ p(61) p(ylfh) (1.5)

p(b2ly)  p(02)p(yl62)/p(y)  p(62) pylba)
In words, the posterior odds are equal to the prior odds multiplied by the likelihood ratio,
p(yl61)/p(y02).

1.4 Discrete examples: genetics and spell checking

We next demonstrate Bayes’ theorem with two examples in which the immediate goal is
inference about a particular discrete quantity rather than with the estimation of a parameter
that describes an entire population. These discrete examples allow us to see the prior,
likelihood, and posterior probabilities directly.

Inference about a genetic status

Human males have one X-chromosome and one Y-chromosome, whereas females have two
X-chromosomes, each chromosome being inherited from one parent. Hemophilia is a disease
that exhibits X-chromosome-linked recessive inheritance, meaning that a male who inherits
the gene that causes the disease on the X-chromosome is affected, whereas a female carrying
the gene on only one of her two X-chromosomes is not affected. The disease is generally fatal
for women who inherit two such genes, and this is rare, since the frequency of occurrence
of the gene is low in human populations.

Prior distribution. Consider a woman who has an affected brother, which implies that her
mother must be a carrier of the hemophilia gene with one ‘good’ and one ‘bad’ hemophilia
gene. We are also told that her father is not affected; thus the woman herself has a fifty-fifty
chance of having the gene. The unknown quantity of interest, the state of the woman, has
just two values: the woman is either a carrier of the gene (0 = 1) or not (§ = 0). Based on
the information provided thus far, the prior distribution for the unknown 6 can be expressed
simply as Pr(f = 1) = Pr(§ = 0) = 1.

Data model and likelihood. The data used to update the prior information consist of the
affection status of the woman’s sons. Suppose she has two sons, neither of whom is affected.
Let y;=1 or 0 denote an affected or unaffected son, respectively. The outcomes of the two
sons are exchangeable and, conditional on the unknown 6, are independent; we assume the
sons are not identical twins. The two items of independent data generate the following
likelihood function:

Pr(y1=0,50 =0]0=1) = (0.5)(0.5) = 0.25
Pr(y1=0,92=0[0=0) = (1)(1) =1.
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These expressions follow from the fact that if the woman is a carrier, then each of her sons
will have a 50% chance of inheriting the gene and so being affected, whereas if she is not a
carrier then there is a probability close to 1 that a son of hers will be unaffected. (In fact,
there is a nonzero probability of being affected even if the mother is not a carrier, but this
risk—the mutation rate—is small and can be ignored for this example.)

Posterior distribution. Bayes’ rule can now be used to combine the information in the
data with the prior probability; in particular, interest is likely to focus on the posterior
probability that the woman is a carrier. Using y to denote the joint data (y1,ys2), this is
simply

p(yld =1)Pr(6=1)

p(yl0 =1)Pr(6 =1) + p(y|0 = 0)Pr(6 =0)
(0.25)(0.5) ~0.125
(0.25)(0.5) + (1.0)(0.5)  0.625

Pr(=1ly) =

= 0.20.

Intuitively it is clear that if a woman has unaffected children, it is less probable that she is
a carrier, and Bayes’ rule provides a formal mechanism for determining the extent of the
correction. The results can also be described in terms of prior and posterior odds. The
prior odds of the woman being a carrier are 0.5/0.5 = 1. The likelihood ratio based on
the information about her two unaffected sons is 0.25/1 = 0.25, so the posterior odds are
1-0.25 = 0.25. Converting back to a probability, we obtain 0.25/(14 0.25) = 0.2, as before.
Adding more data. A key aspect of Bayesian analysis is the ease with which sequential
analyses can be performed. For example, suppose that the woman has a third son, who
is also unaffected. The entire calculation does not need to be redone; rather we use the
previous posterior distribution as the new prior distribution, to obtain:

(0.5)(0.20)

05)(0.20) + (1)(0.8) ~

Pr(0 = 1ly1, y2,y3) = (

Alternatively, if we suppose that the third son is affected, it is easy to check that the
posterior probability of the woman being a carrier becomes 1 (again ignoring the possibility
of a mutation).

Spelling correction

Classification of words is a problem of managing uncertainty. For example, suppose someone
types ‘radom.” How should that be read? It could be a misspelling or mistyping of ‘random’
or ‘radon’ or some other alternative, or it could be the intentional typing of ‘radom’ (as
in its first use in this paragraph). What is the probability that ‘radom’ actually means
random? If we label y as the data and 6 as the word that the person was intending to type,
then

Pr(6|y=‘radom’)  p(#) Pr(y=‘radom’| ). (1.6)

This product is the unnormalized posterior density. In this case, if for simplicity we consider
only three possibilities for the intended word, € (random, radon, or radom), we can compute
the posterior probability of interest by first computing the unnormalized density for all three
values of theta and then normalizing:

0 ‘radom’|6
p(random|‘radom’) = gp( 1)p(‘radom’(6h)

>0y p(0;)p(‘radom’|6;)’

where #;=random, fy=radon, and §s=radom. The prior probabilities p(¢;) can most simply
come from frequencies of these words in some large database, ideally one that is adapted
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to the problem at hand (for example, a database of recent student emails if the word in
question is appearing in such a document). The likelihoods p(y|f;) can come from some
modeling of spelling and typing errors, perhaps fit using some study in which people were
followed up after writing emails to identify any questionable words.

Prior distribution. Without any other context, it makes sense to assign the prior proba-
bilities p(6;) based on the relative frequencies of these three words in some databases. Here
are probabilities supplied by researchers at Google:
4 p(9)
random 7.60 x 10~°
radon 6.05 x 1076
radom  3.12x 1077

Since we are considering only these possibilities, we could renormalize the three numbers to
sum to 1 (p(random) = m, etc.) but there is no need, as the adjustment would
merely be absorbed into the proportionality constant in (1.6).

Returning to the table above, we were surprised to see the probability of ‘radom’ in the
corpus being as high as it was. We looked up the word in Wikipedia and found that it is a
medium-sized city: home to ‘the largest and best-attended air show in Poland ...also the
popular unofficial name for a semiautomatic 9 mm Para pistol of Polish design ..." For
the documents that we encounter, the relative probability of ‘radom’ seems much too high.
If the probabilities above do not seem appropriate for our application, this implies that we
have prior information or beliefs that have not yet been included in the model. We shall
return to this point after first working out the model’s implications for this example.

Likelihood. Here are some conditional probabilities from Google’s model of spelling and
typing errors:
0 p(‘radom’|d)
random 0.00193
radon 0.000143
radom  0.975

We emphasize that this likelihood function is not a probability distribution. Rather, it is a
set of conditional probabilities of a particular outcome (‘radom’) from three different proba-

bility distributions, corresponding to three different possibilities for the unknown parameter
0.

These particular values look reasonable enough—a 97% chance that this particular five-
letter word will be typed correctly, a 0.2% chance of obtaining this character string by
mistakenly dropping a letter from ‘random,” and a much lower chance of obtaining it by
mistyping the final letter of ‘radon.” We have no strong intuition about these probabilities
and will trust the Google engineers here.

Posterior distribution. We multiply the prior probability and the likelihood to get joint
probabilities and then renormalize to get posterior probabilities:

0 p(0)p(‘radom’|f)  p(f)‘radom’)

random 1.47 x 10~7 0.325
radon 8.65 x 10~10 0.002
radom  3.04 x 107 0.673

Thus, conditional on the model, the typed word ‘radom’ is about twice as likely to be correct
as to be a typographical error for ‘random,” and it is very unlikely to be a mistaken instance
of ‘radon.” A fuller analysis would include possibilities beyond these three words, but the
basic idea is the same.

Decision making, model checking, and model improvement. We can envision two directions
to go from here. The first approach is to accept the two-thirds probability that the word
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was typed correctly or even to simply declare ‘radom’ as correct on first pass. The second
option would be to question this probability by saying, for example, that ‘radom’ looks like
a typo and that the estimated probability of it being correct seems much too high.

When we dispute the claims of a posterior distribution, we are saying that the model
does not fit the data or that we have additional prior information not included in the model
so far. In this case, we are only examining one word so lack of fit is not the issue; thus a
dispute over the posterior must correspond to a claim of additional information, either in
the prior or the likelihood.

For this problem we have no particular grounds on which to criticize the likelihood. The
prior probabilities, on the other hand, are highly context dependent. The word ‘random’ is
of course highly frequent in our own writing on statistics, ‘radon’ occurs occasionally (see
Section 9.4), while ‘radom’ was entirely new to us. Our surprise at the high probability of
‘radom’ represents additional knowledge relevant to our particular problem.

The model can be elaborated most immediately by including contextual information in
the prior probabilities. For example, if the document under study is a statistics book, then
it becomes more likely that the person intended to type ‘random.” If we label x as the
contextual information used by the model, the Bayesian calculation then becomes,

p(0]x,y) oc p(0]x)p(y|0, z).

To first approximation, we can simplify that last term to p(y|@), so that the probability
of any particular error (that is, the probability of typing a particular string y given the
intended word 6) does not depend on context. This is not a perfect assumption but could
reduce the burden of modeling and computation.

The practical challenges in Bayesian inference involve setting up models to estimate all
these probabilities from data. At that point, as shown above, Bayes’ rule can be easily
applied to determine the implications of the model for the problem at hand.

1.5 Probability as a measure of uncertainty

We have already used concepts such as probability density, and indeed we assume that the
reader has a fair degree of familiarity with basic probability theory (although in Section
1.8 we provide a brief technical review of some probability calculations that often arise
in Bayesian analysis). But since the uses of probability within a Bayesian framework are
much broader than within non-Bayesian statistics, it is important to consider at least briefly
the foundations of the concept of probability before considering more detailed statistical
examples. We take for granted a common understanding on the part of the reader of the
mathematical definition of probability: that probabilities are numerical quantities, defined
on a set of ‘outcomes,” that are nonnegative, additive over mutually exclusive outcomes,
and sum to 1 over all possible mutually exclusive outcomes.

In Bayesian statistics, probability is used as the fundamental measure or yardstick of
uncertainty. Within this paradigm, it is equally legitimate to discuss the probability of
‘rain tomorrow’ or of a Brazilian victory in the soccer World Cup as it is to discuss the
probability that a coin toss will land heads. Hence, it becomes as natural to consider the
probability that an unknown estimand lies in a particular range of values as it is to consider
the probability that the mean of a random sample of 10 items from a known fixed population
of size 100 will lie in a certain range. The first of these two probabilities is of more interest
after data have been acquired whereas the second is more relevant beforehand. Bayesian
methods enable statements to be made about the partial knowledge available (based on
data) concerning some situation or ‘state of nature’ (unobservable or as yet unobserved) in
a systematic way, using probability as the yardstick. The guiding principle is that the state
of knowledge about anything unknown is described by a probability distribution.



This electronic edition is for non-commercial purposes only.

12 1. PROBABILITY AND INFERENCE

What is meant by a numerical measure of uncertainty? For example, the probability of
‘heads’ in a coin toss is widely agreed to be % Why is this so? Two justifications seem to
be commonly given:

1. Symmetry or exchangeability argument:

number of favorable cases

robability =
P Y number of possibilities
assuming equally likely possibilities. For a coin toss this is really a physical argument,
based on assumptions about the forces at work in determining the manner in which the
coin will fall, as well as the initial physical conditions of the toss.

2. Frequency argument: probability = relative frequency obtained in a long sequence of
tosses, assumed to be performed in an identical manner, physically independently of
each other.

Both the above arguments are in a sense subjective, in that they require judgments about
the nature of the coin and the tossing procedure, and both involve semantic arguments
about the meaning of equally likely events, identical measurements, and independence.
The frequency argument may be perceived to have certain special difficulties, in that it
involves the hypothetical notion of a long sequence of identical tosses. If taken strictly, this
point of view does not allow a statement of probability for a single coin toss that does not
happen to be embedded, at least conceptually, in a long sequence of identical events.

The following examples illustrate how probability judgments can be increasingly subjec-
tive. First, consider the following modified coin experiment. Suppose that a particular coin
is stated to be either double-headed or double-tailed, with no further information provided.
Can one still talk of the probability of heads? It seems clear that in common parlance one
certainly can. It is less clear, perhaps, how to assess this new probability, but many would
agree on the same value of %, perhaps based on the exchangeability of the labels ‘heads’
and ‘tails.’

Now consider some further examples. Suppose Colombia plays Brazil in soccer to-
morrow: what is the probability of Colombia winning? What is the probability of rain
tomorrow? What is the probability that Colombia wins, if it rains tomorrow? What is
the probability that a specified rocket launch will fail? Although each of these questions
seems reasonable in a common-sense way, it is difficult to contemplate strong frequency
interpretations for the probabilities being referenced. Frequency interpretations can usually
be constructed, however, and this is an extremely useful tool in statistics. For example, one
can consider the future rocket launch as a sample from the population of potential launches
of the same type, and look at the frequency of past launches that have failed (see the bib-
liographic note at the end of this chapter for more details on this example). Doing this
sort of thing scientifically means creating a probability model (or, at least, a ‘reference set’
of comparable events), and this brings us back to a situation analogous to the simple coin
toss, where we must consider the outcomes in question as exchangeable and thus equally
likely.

Why is probability a reasonable way of quantifying uncertainty? The following reasons
are often advanced.

1. By analogy: physical randomness induces uncertainty, so it seems reasonable to describe
uncertainty in the language of random events. Common speech uses many terms such
as ‘probably’ and ‘unlikely,” and it appears consistent with such usage to extend a more
formal probability calculus to problems of scientific inference.

2. Axiomatic or normative approach: related to decision theory, this approach places all sta-
tistical inference in the context of decision-making with gains and losses. Then reasonable
axioms (ordering, transitivity, and so on) imply that uncertainty must be represented in
terms of probability. We view this normative rationale as suggestive but not compelling.
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3. Coherence of bets. Define the probability p attached (by you) to an event E as the
fraction (p € [0,1]) at which you would exchange (that is, bet) $p for a return of $1 if F
occurs. That is, if E occurs, you gain $(1 — p); if the complement of E occurs, you lose
$p. For example:

e Coin toss: thinking of the coin toss as a fair bet suggests even odds corresponding to
1
p=3.

e Odds for a game: if you are willing to bet on team A to win a game at 10 to 1 odds
against team B (that is, you bet 1 to win 10), your ‘probability’ for team A winning
is at least %

The principle of coherence states that your assignment of probabilities to all possible
events should be such that it is not possible to make a definite gain by betting with you.
It can be proved that probabilities constructed under this principle must satisfy the basic
axioms of probability theory.

The betting rationale has some fundamental difficulties:

e Exact odds are required, on which you would be willing to bet in either direction, for
all events. How can you assign exact odds if you are not sure?

e If a person is willing to bet with you, and has information you do not, it might not
be wise for you to take the bet. In practice, probability is an incomplete (necessary
but not sufficient) guide to betting.

All of these considerations suggest that probabilities may be a reasonable approach to
summarizing uncertainty in applied statistics, but the ultimate proof is in the success of the
applications. The remaining chapters of this book demonstrate that probability provides a
rich and flexible framework for handling uncertainty in statistical applications.

Subjectivity and objectivity

All statistical methods that use probability are subjective in the sense of relying on math-
ematical idealizations of the world. Bayesian methods are sometimes said to be especially
subjective because of their reliance on a prior distribution, but in most problems, scientific
judgment is necessary to specify both the ‘likelihood’ and the ‘prior’ parts of the model. For
example, linear regression models are generally at least as suspect as any prior distribution
that might be assumed about the regression parameters. A general principle is at work
here: whenever there is replication, in the sense of many exchangeable units observed, there
is scope for estimating features of a probability distribution from data and thus making the
analysis more ‘objective.” If an experiment as a whole is replicated several times, then the
parameters of the prior distribution can themselves be estimated from data, as discussed in
Chapter 5. In any case, however, certain elements requiring scientific judgment will remain,
notably the choice of data included in the analysis, the parametric forms assumed for the
distributions, and the ways in which the model is checked.

1.6 Example: probabilities from football point spreads

As an example of how probabilities might be assigned using empirical data and plausible
substantive assumptions, we consider methods of estimating the probabilities of certain
outcomes in professional (American) football games. This is an example only of probability
assignment, not of Bayesian inference. A number of approaches to assigning probabilities
for football game outcomes are illustrated: making subjective assessments, using empirical
probabilities based on observed data, and constructing a parametric probability model.
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Figure 1.1 Scatterplot of actual outcome vs. point spread for each of 672 professional football games.
The x and y coordinates are jittered by adding uniform random numbers to each point’s coordinates
(between —0.1 and 0.1 for the x coordinate; between —0.2 and 0.2 for the y coordinate) in order to
display multiple values but preserve the discrete-valued nature of each.

Football point spreads and game outcomes

Football experts provide a point spread for every football game as a measure of the difference
in ability between the two teams. For example, team A might be a 3.5-point favorite to
defeat team B. The implication of this point spread is that the proposition that team A,
the favorite, defeats team B, the underdog, by 4 or more points is considered a fair bet; in
other words, the probability that A wins by more than 3.5 points is % If the point spread
is an integer, then the implication is that team A is as likely to win by more points than
the point spread as it is to win by fewer points than the point spread (or to lose); there is
positive probability that A will win by exactly the point spread, in which case neither side
is paid off. The assignment of point spreads is itself an interesting exercise in probabilistic
reasoning; one interpretation is that the point spread is the median of the distribution of
the gambling population’s beliefs about the possible outcomes of the game. For the rest
of this example, we treat point spreads as given and do not worry about how they were
derived.

The point spread and actual game outcome for 672 professional football games played
during the 1981, 1983, and 1984 seasons are graphed in Figure 1.1. (Much of the 1982
season was canceled due to a labor dispute.) Each point in the scatterplot displays the
point spread, z, and the actual outcome (favorite’s score minus underdog’s score), y. (In
games with a point spread of zero, the labels ‘favorite’ and ‘underdog’ were assigned at
random.) A small random jitter is added to the z and y coordinate of each point on the
graph so that multiple points do not fall exactly on top of each other.

Assigning probabilities based on observed frequencies

It is of interest to assign probabilities to particular events: Pr(favorite wins), Pr(favorite
wins | point spread is 3.5 points), Pr(favorite wins by more than the point spread), Pr(favorite
wins by more than the point spread | point spread is 3.5 points), and so forth. We might
report a subjective probability based on informal experience gathered by reading the news-
paper and watching football games. The probability that the favored team wins a game
should certainly be greater than 0.5, perhaps between 0.6 and 0.757 More complex events
require more intuition or knowledge on our part. A more systematic approach is to assign
probabilities based on the data in Figure 1.1. Counting a tied game as one-half win and
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Figure 1.2 (a) Scatterplot of (actual outcome — point spread) vs. point spread for each of 672
professional football games (with uniform random jitter added to x and y coordinates). (b) His-
togram of the differences between the game outcome and the point spread, with the N(O, 142) density
superimposed.

one-half loss, and ignoring games for which the point spread is zero (and thus there is no
favorite), we obtain empirical estimates such as:

e Pr(favorite wins) = 41%:5 = 0.63

655
e Pr(favorite wins |z = 3.5) = 23 = 0.61
e Pr(favorite wins by more than the point spread) = % =047

e Pr(favorite wins by more than the point spread |z = 3.5) = 22 = 0.54.

These empirical probability assignments all seem sensible in that they match the intu-
ition of knowledgeable football fans. However, such probability assignments are problematic
for events with few directly relevant data points. For example, 8.5-point favorites won five
out of five times during this three-year period, whereas 9-point favorites won thirteen out of
twenty times. However, we realistically expect the probability of winning to be greater for
a 9-point favorite than for an 8.5-point favorite. The small sample size with point spread
8.5 leads to imprecise probability assignments. We consider an alternative method using a
parametric model.

A parametric model for the difference between outcome and point spread

Figure 1.2a displays the differences y —x between the observed game outcome and the point
spread, plotted versus the point spread, for the games in the football dataset. (Once again,
random jitter was added to both coordinates.) This plot suggests that it may be roughly
reasonable to model the distribution of y —  as independent of z. (See Exercise 6.10.)
Figure 1.2b is a histogram of the differences y — x for all the football games, with a fitted
normal density superimposed. This plot suggests that it may be reasonable to approximate
the marginal distribution of the random variable d = y — = by a normal distribution. The
sample mean of the 672 values of d is 0.07, and the sample standard deviation is 13.86,
suggesting that the results of football games are approximately normal with mean equal to
the point spread and standard deviation nearly 14 points (two converted touchdowns). For
the remainder of the discussion we take the distribution of d to be independent of z and
normal with mean zero and standard deviation 14 for each x; that is,

d|z ~ N(0,14?),

as displayed in Figure 1.2b. The assigned probability model is not perfect: it does not fit
the data exactly, and, as is often the case with real data, neither football scores nor point
spreads are continuous-valued quantities.
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Assigning probabilities using the parametric model

Nevertheless, the model provides a convenient approximation that can be used to assign
probabilities to events. If d has a normal distribution with mean zero and is independent of
the point spread, then the probability that the favorite wins by more than the point spread
is %, conditional on any value of the point spread, and therefore unconditionally as well.
Denoting probabilities obtained by the normal model as Pryom,, the probability that an
z-point favorite wins the game can be computed, assuming the normal model, as follows:

Proomm(y>0|2) = Pryomm(d>—z|2) =1—- & (—1:17—4) ,

where @ is the standard normal cumulative distribution function. For example,
e Pryom(favorite wins |2 = 3.5) = 0.60
e Pryom(favorite wins |2 = 8.5) = 0.73
e Pryom(favorite wins |« = 9.0) = 0.74.

The probability for a 3.5-point favorite agrees with the empirical value given earlier, whereas
the probabilities for 8.5- and 9-point favorites make more intuitive sense than the empirical
values based on small samples.

1.7 Example: calibration for record linkage

We emphasize the essentially empirical (not ‘subjective’ or ‘personal’) nature of probabilities
with another example in which they are estimated from data.

Record linkage refers to the use of an algorithmic technique to identify records from
different databases that correspond to the same individual. Record-linkage techniques are
used in a variety of settings. The work described here was formulated and first applied in
the context of record linkage between the U.S. Census and a large-scale post-enumeration
survey, which is the first step of an extensive matching operation conducted to evaluate
census coverage for subgroups of the population. The goal of this first step is to declare as
many records as possible ‘matched’ by computer without an excessive rate of error, thereby
avoiding the cost of the resulting manual processing for all records not declared ‘matched.’

Existing methods for assigning scores to potential matches

Much attention has been paid in the record-linkage literature to the problem of assigning
‘weights’ to individual fields of information in a multivariate record and obtaining a com-
posite ‘score,” which we call y, that summarizes the closeness of agreement between two
records. Here, we assume that this step is complete in the sense that these rules have been
chosen. The next step is the assignment of candidate matched pairs, where each pair of
records consists of the best potential match for each other from the respective databases.
The specified weighting rules then order the candidate matched pairs. In the motivating
problem at the Census Bureau, a binary choice is made between the alternatives ‘declare
matched’ vs. ‘send to followup,” where a cutoff score is needed above which records are
declared matched. The false-match rate is then defined as the number of falsely matched
pairs divided by the number of declared matched pairs.

Particularly relevant for any such decision problem is an accurate method for assessing
the probability that a candidate matched pair is a correct match as a function of its score.
Simple methods exist for converting the scores into probabilities, but these lead to extremely
inaccurate, typically grossly optimistic, estimates of false-match rates. For example, a
manual check of a set of records with nominal false-match probabilities ranging from 1073
to 1077 (that is, pairs deemed almost certain to be matches) found actual false-match rates
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Figure 1.3 Histograms of weight scores y for true and false matches in a sample of records from
the 1988 test Census. Most of the matches in the sample are true (because a pre-screening process
has already picked these as the best potential match for each case), and the two distributions are
mostly, but not completely, separated.

closer to the 1% range. Records with nominal false-match probabilities of 1% had an actual
false-match rate of 5%.

We would like to use Bayesian methods to recalibrate these to obtain objective proba-
bilities of matching for a given decision rule—in the same way that in the football example,
we used past data to estimate the probabilities of different game outcomes conditional on
the point spread. Our approach is to work with the scores y and empirically estimate the
probability of a match as a function of y.

Estimating match probabilities empirically

We obtain accurate match probabilities using mixture modeling, a topic we discuss in detail
in Chapter 22. The distribution of previously obtained scores for the candidate matches
is considered a ‘mixture’ of a distribution of scores for true matches and a distribution for
non-matches. The parameters of the mixture model are estimated from the data. The
estimated parameters allow us to calculate an estimate of the probability of a false match
(a pair declared matched that is not a true match) for any given decision threshold on the
scores. In the procedure that was actually used, some elements of the mixture model (for
example, the optimal transformation required to allow a mixture of normal distributions
to apply) were fit using ‘training’ data with known match status (separate from the data
to which we apply our calibration procedure), but we do not describe those details here.
Instead we focus on how the method would be used with a set of data with unknown match
status.

Support for this approach is provided in Figure 1.3, which displays the distribution of
scores for the matches and non-matches in a particular dataset obtained from 2300 records
from a ‘test Census’ survey conducted in a single local area two years before the 1990 Census.
The two distributions, p(y|match) and p(y|non-match), are mostly distinct—meaning that
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Figure 1.4 Lines show expected false-match rate (and 95% bounds) as a function of the proportion
of cases declared matches, based on the mizture model for record linkage. Dots show the actual
false-match rate for the data.

in most cases it is possible to identify a candidate as a match or not given the score alone—
but with some overlap.

In our application dataset, we do not know the match status. Thus we are faced with a
single combined histogram from which we estimate the two component distributions and the
proportion of the population of scores that belong to each component. Under the mixture
model, the distribution of scores can be written as,

p(y) = Pr(match) p(y|/match) + Pr(non-match) p(y|non-match). (1.7)

The mixture probability (Pr(match)) and the parameters of the distributions of matches
(p(y|/match)) and non-matches (p(ynon-match)) are estimated using the mixture model
approach (as described in Chapter 22) applied to the combined histogram from the data
with unknown match status.

To use the method to make record-linkage decisions, we construct a curve giving the
false-match rate as a function of the decision threshold, the score above which pairs will
be ‘declared’” a match. For a given decision threshold, the probability distributions in (1.7)
can be used to estimate the probability of a false match, a score y above the threshold
originating from the distribution p(y|non-match). The lower the threshold, the more pairs
we will declare as matches. As we declare more matches, the proportion of errors increases.
The approach described here should provide an objective error estimate for each threshold.
(See the validation in the next paragraph.) Then a decision maker can determine the
threshold that provides an acceptable balance between the goals of declaring more matches
automatically (thus reducing the clerical labor) and making fewer mistakes.

Ezxternal validation of the probabilities using test data

The approach described above was externally validated using data for which the match
status is known. The method was applied to data from three different locations of the 1988
test Census, and so three tests of the methods were possible. We provide detailed results
for one; results for the other two were similar. The mixture model was fitted to the scores
of all the candidate pairs at a test site. Then the estimated model was used to create the
lines in Figure 1.4, which show the expected false-match rate (and uncertainty bounds) in
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Figure 1.5 Expansion of Figure 1.4 in the region where the estimated and actual match rates change
rapidly. In this case, it would seem a good idea to match about 88% of the cases and send the rest
to followup.

terms of the proportion of cases declared matched, as the threshold varies from high (thus
allowing no matches) to low (thus declaring almost all the candidate pairs to be matches).
The false-match proportion is an increasing function of the number of declared matches,
which makes sense: as we move rightward on the graph, we are declaring weaker and weaker
cases to be matches.

The lines on Figure 1.4 display the expected proportion of false matches and 95% pos-
terior bounds for the false-match rate as estimated from the model. (These bounds give
the estimated range within which there is 95% posterior probability that the false-match
rate lies. The concept of posterior intervals is discussed in more detail in the next chapter.)
The dots in the graph display the actual false-match proportions, which track well with the
model. In particular, the model would suggest a recommendation of declaring something
less than 90% of cases as matched and giving up on the other 10% or so, so as to avoid
most of the false matches, and the dots show a similar pattern.

It is clearly possible to match large proportions of the files with little or no error. Also,
the quality of candidate matches becomes dramatically worse at some point where the
false-match rate accelerates. Figure 1.5 takes a magnifying glass to the previous display
to highlight the behavior of the calibration procedure in the region of interest where the
false-match rate accelerates. The predicted false-match rate curves bend upward, close to
the points where the observed false-match rate curves rise steeply, which is a particularly
encouraging feature of the calibration method. The calibration procedure performs well
from the standpoint of providing predicted probabilities that are close to the true probabili-
ties and interval estimates that are informative and include the true values. By comparison,
the original estimates of match probabilities, constructed by multiplying weights without
empirical calibration, were highly inaccurate.

1.8 Some useful results from probability theory

We assume the reader is familiar with elementary manipulations involving probabilities
and probability distributions. In particular, basic probability background that must be
well understood for key parts of the book includes the manipulation of joint densities, the
definition of simple moments, the transformation of variables, and methods of simulation. In
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this section we briefly review these assumed prerequisites and clarify some further notational
conventions used in the remainder of the book. Appendix A provides information on some
commonly used probability distributions.

As introduced in Section 1.3, we generally represent joint distributions by their joint
probability mass or density function, with dummy arguments reflecting the name given to
each variable being considered. Thus for two quantities u and v, we write the joint density
as p(u,v); if specific values need to be referenced, this notation will be further abused as
with, for example, p(u,v=1).

In Bayesian calculations relating to a joint density p(u,v), we will often refer to a
conditional distribution or density function such as p(u|v) and a marginal density such as
p(u) = [p(u,v)dv. In this notation, either or both u and v can be vectors. Typically
it will be clear from the context that the range of integration in the latter expression
refers to the entire range of the variable being integrated out. It is also often useful to
factor a joint density as a product of marginal and conditional densities; for example,
p(u, v, w) = p(ulv, w)p(v|w)p(w).

Some authors use different notations for distributions on parameters and observables—
for example, 7(0), f(y|0)—Dbut this obscures the fact that all probability distributions have
the same logical status in Bayesian inference. We must always be careful, though, to in-
dicate appropriate conditioning; for example, p(y|f) is different from p(y). In the inter-
ests of conciseness, however, our notation hides the conditioning on hypotheses that hold
throughout—mno probability judgments can be made in a vacuum—and to be more explicit
one might use a notation such as the following:

p(0,y|H) = p(0|H)p(y|0, H),

where H refers to the set of hypotheses or assumptions used to define the model. Also, we
sometimes suppress explicit conditioning on known explanatory variables, x.
We use the standard notations, E(-) and var(-), for mean and variance, respectively:

E(u) = /up(u)du, var(u) = /(u — E(u))?p(u)du.

For a vector parameter u, the expression for the mean is the same, and the covariance
matrix is defined as

var(w) = | (u = Bu))(u ~ B(w)) plu)du

where u is considered a column vector. (We use the terms ‘variance matrix’ and ‘covariance
matrix’ interchangeably.) This notation is slightly imprecise, because E(u) and var(u) are
really functions of the distribution function, p(u), not of the variable w. In an expression
involving an expectation, any variable that does not appear explicitly as a conditioning
variable is assumed to be integrated out in the expectation; for example, E(u|v) refers to
the conditional expectation of u with v held fixed—that is, the conditional expectation as
a function of v—whereas E(u) is the expectation of u, averaging over v (as well as ).

Modeling using conditional probability

Useful probability models often express the distribution of observables conditionally or hier-
archically rather than through more complicated unconditional distributions. For example,
suppose y is the height of a university student selected at random. The marginal distri-
bution p(y) is (essentially) a mixture of two approximately normal distributions centered
around 160 and 175 centimeters. A more useful description of the distribution of y would
be based on the joint distribution of height and sex: p(male) ~ p(female) ~ %, along with
the conditional specifications that p(y|female) and p(y|male) are each approximately normal
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with means 160 and 175 cm, respectively. If the conditional variances are not too large,
the marginal distribution of y is bimodal. In general, we prefer to model complexity with
a hierarchical structure using additional variables rather than with complicated marginal
distributions, even when the additional variables are unobserved or even unobservable; this
theme underlies mixture models, as discussed in Chapter 22. We repeatedly return to the
theme of conditional modeling throughout the book.

Means and variances of conditional distributions

It is often useful to express the mean and variance of a random variable u in terms of
the conditional mean and variance given some related quantity v. The mean of u can be
obtained by averaging the conditional mean over the marginal distribution of v,

E(u) = E(E(u|v)), (1.8)

where the inner expectation averages over u, conditional on v, and the outer expectation
averages over v. Identity (1.8) is easy to derive by writing the expectation in terms of the
joint distribution of u and v and then factoring the joint distribution:

- / / up(u, v)dudy = / / wp(ulv)du p(v)dv = / E(u|v)p(v)dv.

The corresponding result for the variance includes two terms, the mean of the conditional
variance and the variance of the conditional mean:

var(u) = E(var(u|v)) + var(E(u|v)). (1.9)
This result can be derived by expanding the terms on the right side of (1.9):
E (var(ulv)) + var (E(ulv)) = ( (w?fv) = (B(u[v))?) + E ((E(u[v)?) — (E (B(ulv)))?
= E(u®) - E ((E(ulv))?) + E ((E(u[v))?) — (E(w))”
= ( %) = (B(w))?

var(u).

Identities (1.8) and (1.9) also hold if u is a vector, in which case E(u) is a vector and var(u)
a matrix.

Transformation of variables

It is common to transform a probability distribution from one parameterization to another.
We review the basic result here for a probability density on a transformed space. For
clarity, we use subscripts here instead of our usual generic notation, p(-). Suppose p,(u) is
the density of the vector u, and we transform to v = f(u), where v has the same number
of components as u.

If p, is a discrete distribution, and f is a one-to-one function, then the density of v is
given by

po(v) = pu(f (V).

If f is a many-to-one function, then a sum of terms appears on the right side of this
expression for p,(v), with one term corresponding to each of the branches of the inverse
function.

If p, is a continuous distribution, and v = f(u) is a one-to-one transformation, then the
joint density of the transformed vector is

pu(v) = |J|pu(f_1(v))
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where |J| is the absolute value of the determinant of the Jacobian of the transformation
u = f~1(v) as a function of v; the Jacobian .J is the square matrix of partial derivatives
(with dimension given by the number of components of «), with the (7, j)th entry equal to
Ou;/0v;. Once again, if f is many-to-one, then p,(v) is a sum or integral of terms.

In one dimension, we commonly use the logarithm to transform the parameter space
from (0, 00) to (—o0,00). When working with parameters defined on the open unit interval,
(0,1), we often use the logistic transformation:

n
logit(u) = 1 1.10
ogit(u) = log (). (1.10)
whose inverse transformation is

e’U

logit ™' (v) = .
git™ (v) = 7 e
Another common choice is the probit transformation, ®~*(u), where ® is the standard
normal cumulative distribution function, to transform from (0, 1) to (—oo, 00).

1.9 Computation and software

At the time of writing, the authors rely primarily on the software package R for graphs and
basic simulations, fitting of classical simple models (including regression, generalized linear
models, and nonparametric methods such as locally weighted regression), optimization, and
some simple programming. We use the Bayesian inference package Stan (see Appendix C)
for fitting most models, but for teaching purposes in this book we describe how to perform
most of the computations from first principles. Even when using Stan, we typically work
within R to plot and transform the data before model fitting, and to display inferences and
model checks afterwards.
Specific computational tasks that arise in Bayesian data analysis include:

e Vector and matrix manipulations (see Table 1.1)
e Computing probability density functions (see Appendix A)

e Drawing simulations from probability distributions (see Appendix A for standard distri-
butions and Exercise 1.9 for an example of a simple stochastic process)

e Structured programming (including looping and customized functions)
e Calculating the linear regression estimate and variance matrix (see Chapter 14)

e Graphics, including scatterplots with overlain lines and multiple graphs per page (see
Chapter 6 for examples).

Our general approach to computation is to fit many models, gradually increasing the
complexity. We do mot recommend the strategy of writing a model and then letting the
computer run overnight to estimate it perfectly. Rather, we prefer to fit each model rela-
tively quickly, using inferences from the previously fitted simpler models as starting values,
and displaying inferences and comparing to data before continuing.

We discuss computation in detail in Part III of this book after first introducing the
fundamental concepts of Bayesian modeling, inference, and model checking. Appendix C
illustrates how to perform computations in R and Stan in several different ways for a single
example.

Summarizing inferences by simulation

Simulation forms a central part of much applied Bayesian analysis, because of the relative
ease with which samples can often be generated from a probability distribution, even when
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the density function cannot be explicitly integrated. In performing simulations, it is helpful
to consider the duality between a probability density function and a histogram of a set of
random draws from the distribution: given a large enough sample, the histogram can pro-
vide practically complete information about the density, and in particular, various sample
moments, percentiles, and other summary statistics provide estimates of any aspect of the
distribution, to a level of precision that can be estimated. For example, to estimate the
95th percentile of the distribution of 8, draw a random sample of size S from p(#) and use
the 0.955th order statistic. For most purposes, S = 1000 is adequate for estimating the
95th percentile in this way.

Another advantage of simulation is that extremely large or small simulated values often
flag a problem with model specification or parameterization (for example, see Figure 4.2)
that might not be noticed if estimates and probability statements were obtained in analytic
form.

Generating values from a probability distribution is often straightforward with modern
computing techniques based on (pseudo)random number sequences. A well-designed pseu-
dorandom number generator yields a deterministic sequence that appears to have the same
properties as a sequence of independent random draws from the uniform distribution on
[0,1]. Appendix A describes methods for drawing random samples from some commonly
used distributions.

Sampling using the inverse cumulative distribution function

As an introduction to the ideas of simulation, we describe a method for sampling from
discrete and continuous distributions using the inverse cumulative distribution function.
The cumulative distribution function, or cdf, F', of a one-dimensional distribution, p(v), is
defined by

F(v,) = Pr(v<o,)

_ > v, (V) if pis discrete
- Vs . . .
Jo p(v)dv if p is continuous.

The inverse cdf can be used to obtain random samples from the distribution p, as
follows. First draw a random value, U, from the uniform distribution on [0, 1], using a table
of random numbers or, more likely, a random number function on the computer. Now let
v = F~Y(U). The function F is not necessarily one-to-one—certainly not if the distribution
is discrete—but F~1(U) is unique with probability 1. The value v will be a random draw
from p, and is easy to compute as long as F~1(U) is simple. For a discrete distribution,
F~! can simply be tabulated.

For a continuous example, suppose v has an exponential distribution with parameter A
(see Appendix A); then its cdf is F(v) = 1 — ", and the value of v for which U = F(v) is

_ log(1-U)
A

v = . Then, recognizing that 1 — U also has the uniform distribution on [0, 1], we

log U
A

see we can obtain random draws from the exponential distribution as — . We discuss

other methods of simulation in Part III of the book and Appendix A.

Sitmulation of posterior and posterior predictive quantities

In practice, we are most often interested in simulating draws from the posterior distribu-
tion of the model parameters 6, and perhaps from the posterior predictive distribution of
unknown observables y. Results from a set of S simulation draws can be stored in the
computer in an array, as illustrated in Table 1.1. We use the notation s = 1,...,S to in-
dex simulation draws; (0%, §°) is the corresponding joint draw of parameters and predicted
quantities from their joint posterior distribution.



This electronic edition is for non-commercial purposes only.

24 1. PROBABILITY AND INFERENCE
Simulation = Parameters Predictive
draw quantities
0 ... O Y1 ... Un
0 ) S S
S U G - 14

Table 1.1 Structure of posterior and posterior predictive simulations. The superscripts are indexes,
not powers.

From these simulated values, we can estimate the posterior distribution of any quantity
of interest, such as 6, /63, by just computing a new column in Table 1.1 using the existing S
draws of (6, 7). We can estimate the posterior probability of any event, such as Pr(g; + g2 >
1), by the proportion of the S simulations for which it is true. We are often interested in
posterior intervals; for example, the central 95% posterior interval [a, b] for the parameter
0;, for which Pr(f; < a) = 0.025 and Pr(d; > b) = 0.025. These values can be directly
estimated by the appropriate simulated values of 6;, for example, the 25th and 976th order
statistics if S =1000. We commonly summarize inferences by 50% and 95% intervals.

We return to the accuracy of simulation inferences in Section 10.5 after we have gained
some experience using simulations of posterior distributions in some simple examples.

1.10 Bayesian inference in applied statistics

A pragmatic rationale for the use of Bayesian methods is the inherent flexibility introduced
by their incorporation of multiple levels of randomness and the resultant ability to combine
information from different sources, while incorporating all reasonable sources of uncertainty
in inferential summaries. Such methods naturally lead to smoothed estimates in complicated
data structures and consequently have the ability to obtain better real-world answers.

Another reason for focusing on Bayesian methods is more psychological, and involves the
relationship between the statistician and the client or specialist in the subject matter area
who is the consumer of the statistician’s work. In many practical cases, clients will interpret
interval estimates provided by statisticians as Bayesian intervals, that is, as probability
statements about the likely values of unknown quantities conditional on the evidence in
the data. Such direct probability statements require prior probability specifications for
unknown quantities (or more generally, probability models for vectors of unknowns), and
thus the kinds of answers clients will assume are being provided by statisticians, Bayesian
answers, require full probability models—explicit or implicit.

Finally, Bayesian inferences are conditional on probability models that invariably contain
approximations in their attempt to represent complicated real-world relationships. If the
Bayesian answers vary dramatically over a range of scientifically reasonable assumptions
that are unassailable by the data, then the resultant range of possible conclusions must be
entertained as legitimate, and we believe that the statistician has the responsibility to make
the client aware of this fact.

In this book, we focus on the construction of models (especially hierarchical ones, as
discussed in Chapter 5 onward) to relate complicated data structures to scientific questions,
checking the fit of such models, and investigating the sensitivity of conclusions to reasonable
modeling assumptions. From this point of view, the strength of the Bayesian approach lies in
(1) its ability to combine information from multiple sources (thereby in fact allowing greater
‘objectivity’ in final conclusions), and (2) its more encompassing accounting of uncertainty
about the unknowns in a statistical problem.



This electronic edition is for non-commercial purposes only.

1.11. BIBLIOGRAPHIC NOTE 25

Other important themes, many of which are common to much modern applied statistical
practice, whether formally Bayesian or not, are the following:

e a willingness to use many parameters

e hierarchical structuring of models, which is the essential tool for achieving partial pool-
ing of estimates and compromising in a scientific way between alternative sources of
information

e model checking—mnot only by examining the internal goodness of fit of models to ob-
served and possible future data, but also by comparing inferences about estimands and
predictions of interest to substantive knowledge

e an emphasis on inference in the form of distributions or at least interval estimates rather
than simple point estimates

e the use of simulation as the primary method of computation; the modern computational
counterpart to a ‘joint probability distribution’ is a set of randomly drawn values, and a
key tool for dealing with missing data is the method of multiple imputation (computation
and multiple imputation are discussed in more detail in later chapters)

e the use of probability models as tools for understanding and possibly improving data-
analytic techniques that may not explicitly invoke a Bayesian model

e the importance of including in the analysis as much background information as possible,
so as to approximate the goal that data can be viewed as a random sample, conditional
on all the variables in the model

e the importance of designing studies to have the property that inferences for estimands
of interest will be robust to model assumptions.

1.11 Bibliographic note

Several good introductory books have been written on Bayesian statistics, beginning with
Lindley (1965), and continuing through Hoff (2009). Berry (1996) presents, from a Bayesian
perspective, many of the standard topics for an introductory statistics textbook. Gill
(2002) and Jackman (2009) introduce applied Bayesian statistics for social scientists, Kr-
uschke (2011) introduces Bayesian methods for psychology researchers, and Christensen et
al. (2010) supply a general introduction. Carlin and Louis (2008) cover the theory and
applications of Bayesian inference, focusing on biological applications and connections to
classical methods. Some resources for teaching Bayesian statistics include Sedlmeier and
Gigerenzer (2001) and Gelman (1998, 2008b).

The bibliographic notes at the ends of the chapters in this book refer to a variety of
specific applications of Bayesian data analysis. Several review articles in the statistical
literature, such as Breslow (1990) and Racine et al. (1986), have appeared that discuss,
in general terms, areas of application in which Bayesian methods have been useful. The
volumes edited by Gatsonis et al. (1993-2002) are collections of Bayesian analyses, including
extensive discussions about choices in the modeling process and the relations between the
statistical methods and the applications.

The foundations of probability and Bayesian statistics are an important topic that we
treat only briefly. Bernardo and Smith (1994) give a thorough review of the foundations
of Bayesian models and inference with a comprehensive list of references. Jeffreys (1961) is
a self-contained book about Bayesian statistics that comprehensively presents an inductive
view of inference; Good (1950) is another important early work. Jaynes (1983) is a collection
of reprinted articles that present a deductive view of Bayesian inference that we believe is
similar to ours. Both Jeffreys and Jaynes focus on applications in the physical sciences.
Jaynes (2003) focuses on connections between statistical inference and the philosophy of
science and includes several examples of physical probability.
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Gigerenzer and Hoffrage (1995) discuss the connections between Bayesian probability
and frequency probabilities from a perspective similar to ours, and provide evidence that
people can typically understand and compute best with probabilities that are expressed
in the form of relative frequency. Gelman (1998) presents some classroom activities for
teaching Bayesian ideas.

De Finetti (1974) is an influential work that focuses on the crucial role of exchange-
ability. More approachable discussions of the role of exchangeability in Bayesian inference
are provided by Lindley and Novick (1981) and Rubin (1978a, 1987a). The non-Bayesian
article by Draper et al. (1993) makes an interesting attempt to explain how exchangeable
probability models can be justified in data analysis. Berger and Wolpert (1984) give a
comprehensive discussion and review of the likelihood principle, and Berger (1985, Sections
1.6, 4.1, and 4.12) reviews a range of philosophical issues from the perspective of Bayesian
decision theory.

Our own philosophy of Bayesian statistics appears in Gelman (2011) and Gelman and
Shalizi (2013); for some contrasting views, see the discussion of that article, along with
Efron (1986) and the discussions following Gelman (2008a).

Pratt (1965) and Rubin (1984) discuss the relevance of Bayesian methods for applied
statistics and make many connections between Bayesian and non-Bayesian approaches to
inference. Further references on the foundations of statistical inference appear in Shafer
(1982) and the accompanying discussion. Kahneman and Tversky (1972) and Alpert and
Raiffa (1982) present the results of psychological experiments that assess the meaning of
‘subjective probability’ as measured by people’s stated beliefs and observed actions. Lindley
(1971a) surveys many different statistical ideas, all from the Bayesian perspective. Box and
Tiao (1973) is an early book on applied Bayesian methods. They give an extensive treatment
of inference based on normal distributions, and their first chapter, a broad introduction to
Bayesian inference, provides a good counterpart to Chapters 1 and 2 of this book.

The iterative process involving modeling, inference, and model checking that we present
in Section 1.1 is discussed at length in the first chapter of Box and Tiao (1973) and also
in Box (1980). Cox and Snell (1981) provide a more introductory treatment of these ideas
from a less model-based perspective.

Many good books on the mathematical aspects of probability theory are available, such
as Feller (1968) and Ross (1983); these are useful when constructing probability models
and working with them. O’Hagan (1988) has written an interesting introductory text on
probability from an explicitly Bayesian point of view.

Physical probability models for coin tossing are discussed by Keller (1986), Jaynes
(2003), and Gelman and Nolan (2002b). The football example of Section 1.6 is discussed
in more detail in Stern (1991); see also Harville (1980) and Glickman (1993) and Glickman
and Stern (1998) for analyses of football scores not using the point spread. Related analyses
of sports scores and betting odds appear in Stern (1997, 1998). For more background on
sports betting, see Snyder (1975) and Rombola (1984).

An interesting real-world example of probability assignment arose with the explosion
of the Challenger space shuttle in 1986; Martz and Zimmer (1992), Dalal, Fowlkes, and
Hoadley (1989), and Lavine (1991) present and compare various methods for assigning
probabilities for space shuttle failures. (At the time of writing we are not aware of similar
contributions relating to the more recent space accident in 2003.) The record-linkage ex-
ample in Section 1.7 appears in Belin and Rubin (1995b), who discuss the mixture models
and calibration techniques in more detail. The Census problem that motivated the record
linkage is described by Hogan (1992).

In all our examples, probabilities are assigned using statistical modeling and estimation,
not by ‘subjective’ assessment. Dawid (1986) provides a general discussion of probability
assignment, and Dawid (1982) discusses the connections between calibration and Bayesian
probability assignment.
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The graphical method of jittering, used in Figures 1.1 and 1.2 and elsewhere in this
book, is discussed in Chambers et al. (1983). For information on the statistical packages R
and Bugs, see Becker, Chambers, and Wilks (1988), R Project (2002), Fox (2002), Venables
and Ripley (2002), and Spiegelhalter et al. (1994, 2003).

Norvig (2007) describes the principles and details of the Bayesian spelling corrector.

1.12 Exercises

1. Conditional probability: suppose that if § = 1, then y has a normal distribution with
mean 1 and standard deviation o, and if # = 2, then y has a normal distribution with
mean 2 and standard deviation o. Also, suppose Pr( =1) = 0.5 and Pr(f = 2) = 0.5.

(a) For o = 2, write the formula for the marginal probability density for y and sketch it.

(b) What is Pr(6 = 1]y = 1), again supposing o = 27

(c) Describe how the posterior density of # changes in shape as o is increased and as it is
decreased.

2. Conditional means and variances: show that (1.8) and (1.9) hold if u is a vector.

3. Probability calculation for genetics (from Lindley, 1965): suppose that in each individual
of a large population there is a pair of genes, each of which can be either x or X, that
controls eye color: those with xx have blue eyes, while heterozygotes (those with Xx or
xX) and those with XX have brown eyes. The proportion of blue-eyed individuals is p?
and of heterozygotes is 2p(1 — p), where 0 < p < 1. Each parent transmits one of its
own genes to the child; if a parent is a heterozygote, the probability that it transmits the
gene of type X is % Assuming random mating, show that among brown-eyed children
of brown-eyed parents, the expected proportion of heterozygotes is 2p/(1+ 2p). Suppose
Judy, a brown-eyed child of brown-eyed parents, marries a heterozygote, and they have
n children, all brown-eyed. Find the posterior probability that Judy is a heterozygote

and the probability that her first grandchild has blue eyes.

4. Probability assignment: we will use the football dataset to estimate some conditional
probabilities about professional football games. There were twelve games with point
spreads of 8 points; the outcomes in those games were: —7, =5, —3, —3, 1, 6, 7, 13, 15,
16, 20, and 21, with positive values indicating wins by the favorite and negative values
indicating wins by the underdog. Consider the following conditional probabilities:

Pr(favorite wins| point spread = 8),
Pr(favorite wins by at least 8 | point spread = 8),

Pr(favorite wins by at least 8 | point spread = 8 and favorite wins).

(a) Estimate each of these using the relative frequencies of games with a point spread of
8.

(b) Estimate each using the normal approximation for the distribution of (outcome —
point spread).

5. Probability assignment: the 435 U.S. Congressmembers are elected to two-year terms;
the number of voters in an individual congressional election varies from about 50,000 to
350,000. We will use various sources of information to estimate roughly the probability
that at least one congressional election is tied in the next national election.

(a) Use any knowledge you have about U.S. politics. Specify clearly what information you
are using to construct this conditional probability, even if your answer is just a guess.

(b) Use the following information: in the period 1900-1992, there were 20,597 congres-
sional elections, out of which 6 were decided by fewer than 10 votes and 49 decided
by fewer than 100 votes.
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See Gelman, King, and Boscardin (1998), Mulligan and Hunter (2001), and Gelman,
Katz, and Tuerlinckx (2002) for more on this topic.

6. Conditional probability: approximately 1/125 of all births are fraternal twins and 1/300
of births are identical twins. Elvis Presley had a twin brother (who died at birth). What
is the probability that Elvis was an identical twin? (You may approximate the probability
of a boy or girl birth as 1.)

7. Conditional probability: the following problem is loosely based on the television game
show Let’s Make a Deal. At the end of the show, a contestant is asked to choose one of
three large boxes, where one box contains a fabulous prize and the other two boxes contain
lesser prizes. After the contestant chooses a box, Monty Hall, the host of the show,
opens one of the two boxes containing smaller prizes. (In order to keep the conclusion
suspenseful, Monty does not open the box selected by the contestant.) Monty offers the
contestant the opportunity to switch from the chosen box to the remaining unopened box.
Should the contestant switch or stay with the original choice? Calculate the probability
that the contestant wins under each strategy. This is an exercise in being clear about the
information that should be conditioned on when constructing a probability judgment.
See Selvin (1975) and Morgan et al. (1991) for further discussion of this problem.

8. Subjective probability: discuss the following statement. ‘The probability of event E is
considered “subjective” if two rational persons A and B can assign unequal probabilities
to E, P4(E) and Pp(FE). These probabilities can also be interpreted as “conditional”:
PAo(E) = P(E|I4) and Pp(E) = P(E|Ig), where I4 and Ip represent the knowledge
available to persons A and B, respectively.” Apply this idea to the following examples.

(a) The probability that a ‘6’ appears when a fair die is rolled, where A observes the
outcome of the die roll and B does not.

(b) The probability that Brazil wins the next World Cup, where A is ignorant of soccer
and B is a knowledgeable sports fan.

9. Simulation of a queuing problem: a clinic has three doctors. Patients come into the
clinic at random, starting at 9 a.m., according to a Poisson process with time parameter
10 minutes: that is, the time after opening at which the first patient appears follows an
exponential distribution with expectation 10 minutes and then, after each patient arrives,
the waiting time until the next patient is independently exponentially distributed, also
with expectation 10 minutes. When a patient arrives, he or she waits until a doctor
is available. The amount of time spent by each doctor with each patient is a random
variable, uniformly distributed between 5 and 20 minutes. The office stops admitting
new patients at 4 p.m. and closes when the last patient is through with the doctor.

(a) Simulate this process once. How many patients came to the office? How many had to
wait for a doctor? What was their average wait? When did the office close?

(b) Simulate the process 100 times and estimate the median and 50% interval for each of
the summaries in (a).
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Chapter 2

Single-parameter models

Our first detailed discussion of Bayesian inference is in the context of statistical models
where only a single scalar parameter is to be estimated; that is, the estimand 6 is one-
dimensional. In this chapter, we consider four fundamental and widely used one-dimensional
models—the binomial, normal, Poisson, and exponential-—and at the same time introduce
important concepts and computational methods for Bayesian data analysis.

2.1 Estimating a probability from binomial data

In the simple binomial model, the aim is to estimate an unknown population proportion
from the results of a sequence of ‘Bernoulli trials’; that is, data yi,...,y,, each of which is
either 0 or 1. This problem provides a relatively simple but important starting point for
the discussion of Bayesian inference. By starting with the binomial model, our discussion
also parallels the very first published Bayesian analysis by Thomas Bayes in 1763, and his
seminal contribution is still of interest.

The binomial distribution provides a natural model for data that arise from a sequence
of n exchangeable trials or draws from a large population where each trial gives rise to
one of two possible outcomes, conventionally labeled ‘success’ and ‘failure.” Because of the
exchangeability, the data can be summarized by the total number of successes in the n
trials, which we denote here by y. Converting from a formulation in terms of exchangeable
trials to one using independent and identically distributed random variables is achieved
naturally by letting the parameter 6 represent the proportion of successes in the population
or, equivalently, the probability of success in each trial. The binomial sampling model is,

p(016) = Bintyln,6) = ()ov(1 — 0y, (2.1)
Y
where on the left side we suppress the dependence on n because it is regarded as part of the
experimental design that is considered fixed; all the probabilities discussed for this problem
are assumed to be conditional on n.

Example. Estimating the probability of a female birth

As a specific application of the binomial model, we consider the estimation of the
sex ratio within a population of human births. The proportion of births that are
female has long been a topic of interest both scientifically and to the lay public. Two
hundred years ago it was established that the proportion of female births in European
populations was less than 0.5 (see Historical Note below), while in this century interest
has focused on factors that may influence the sex ratio. The currently accepted value
of the proportion of female births in large European-race populations is 0.485.

For this example we define the parameter 6 to be the proportion of female births, but
an alternative way of reporting this parameter is as a ratio of male to female birth
rates, ¢ = (1 —6)/0.

Let y be the number of girls in n recorded births. By applying the binomial model

29
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n=5 n =20
y=3 y=12
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
n =100 n =1000
y =60 y = 600
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.1 Unnormalized posterior density for binomial parameter 6, based on uniform prior dis-
tribution and y successes out of n trials. Curves displayed for several values of n and y.

(2.1), we are assuming that the n births are conditionally independent given 6, with
the probability of a female birth equal to @ for all cases. This modeling assumption
is motivated by the exchangeability that may be judged to arise when we have no
explanatory information (for example, distinguishing multiple births or births within
the same family) that might affect the sex of the baby.

To perform Bayesian inference in the binomial model, we must specify a prior distribu-
tion for 8. We will discuss issues associated with specifying prior distributions many times
throughout this book, but for simplicity at this point, we assume that the prior distribution
for 0 is uniform on the interval [0, 1].

Elementary application of Bayes’ rule as displayed in (1.2), applied to (2.1), then gives
the posterior density for 6 as

p(6ly) o< 0¥(1 — )", (2.2)

With fixed n and y, the factor (Z) does not depend on the unknown parameter 6, and so it
can be treated as a constant when calculating the posterior distribution of 8. As is typical
of many examples, the posterior density can be written immediately in closed form, up to a
constant of proportionality. In single-parameter problems, this allows immediate graphical
presentation of the posterior distribution. For example, in Figure 2.1, the unnormalized
density (2.2) is displayed for several different experiments, that is, different values of n and
y. Each of the four experiments has the same proportion of successes, but the sample sizes
vary. In the present case, we can recognize (2.2) as the unnormalized form of the beta
distribution (see Appendix A),

Oly ~ Beta(y +1,n —y +1). (2.3)

Historical note: Bayes and Laplace

Many early writers on probability dealt with the elementary binomial model. The first
contributions of lasting significance, in the 17th and early 18th centuries, concentrated
on the ‘pre-data’ question: given @, what are the probabilities of the various possible
outcomes of the random variable y7 For example, the ‘weak law of large numbers’ of
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Jacob Bernoulli states that if y ~ Bin(n, ), then Pr(|£ —60|>¢| 6) — 0 as n — oo,
for any € and any fixed value of ¢ > 0. The Reverend Thomas Bayes, an English
part-time mathematician whose work was unpublished during his lifetime, and Pierre

Simon Laplace, an inventive and productive mathematical scientist whose massive

output spanned the Napoleonic era in France, receive independent credit as the first

to invert the probability statement and obtain probability statements about 6, given

observed y.

In his famous paper, published in 1763, Bayes sought, in our notation, the probability

Pr(6 € (61, 62)]y); his solution was based on a physical analogy of a probability space

to a rectangular table (such as a billiard table):

1. (Prior distribution) A ball W is randomly thrown (according to a uniform distribu-
tion on the table). The horizontal position of the ball on the table is 0, expressed
as a fraction of the table width.

2. (Likelihood) A ball O is randomly thrown n times. The value of y is the number
of times O lands to the right of .

Thus, 6 is assumed to have a (prior) wuniform distribution on [0,1]. Using direct

probability calculations which he derived in the paper, Bayes then obtained

Pr(0€(01,02),y)
p(y)

o p(yl0)p(0)do
p(y)

0, (M e
h (y)ey(l—e) vdo

P(y)
Bayes succeeded in evaluating the denominator, showing that

/01 (Z) 0¥ (1 — 6)"vdo (2.5)

1
= ] fory=20,...,n.

This calculation shows that all possible values of y are equally likely a priori.

The numerator of (2.4) is an incomplete beta integral with no closed-form expression
for large values of y and (n — y), a fact that apparently presented some difficulties for
Bayes.

Laplace, however, independently ‘discovered’ Bayes’ theorem, and developed new ana-
lytic tools for computing integrals. For example, he expanded the function §¥(1 — 6)"~Y
around its maximum at § = y/n and evaluated the incomplete beta integral using what
we now know as the normal approximation.

In analyzing the binomial model, Laplace also used the uniform prior distribution. His
first serious application was to estimate the proportion of girl births in a population.
A total of 241,945 girls and 251,527 boys were born in Paris from 1745 to 1770. Letting
0 be the probability that any birth is female, Laplace showed that

Pr(6 > 0.5y = 241,945, n = 251,527 4 241,945) ~ 1.15 x 10~*2,

Pr(0€(01,02)ly) =

p(y)

and so he was ‘morally certain’ that 6 < 0.5.

Prediction

In the binomial example with the uniform prior distribution, the prior predictive distribution
can be evaluated explicitly, as we have already noted in (2.5). Under the model, all possible
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values of y are equally likely, a priori. For posterior prediction from this model, we might
be more interested in the outcome of one new trial, rather than another set of n new trials.
Letting ¢ denote the result of a new trial, exchangeable with the first n,

1
/0 Pr(j = 116, y)p(8]y)do

g
-
—
<
Il
=
<
S—
Il

_ /0 Op(6]y)d6 = E(6ly) = (2.6)

n+2’
from the properties of the beta distribution (see Appendix A). It is left as an exercise to
reproduce this result using direct integration of (2.6). This result, based on the uniform
prior distribution, is known as ‘Laplace’s law of succession.” At the extreme observations

y =0 and y = n, Laplace’s law predicts probabilities of % and 2L respectively.

+2 n+27

2.2 Posterior as compromise between data and prior information

The process of Bayesian inference involves passing from a prior distribution, p(6), to a
posterior distribution, p(f|y), and it is natural to expect that some general relations might
hold between these two distributions. For example, we might expect that, because the
posterior distribution incorporates the information from the data, it will be less variable than
the prior distribution. This notion is formalized in the second of the following expressions:

E(0) = E(E(0]y)) (2.7)

and
var(0) = E(var(0|y)) + var(E(0]y)), (2.8)

which are obtained by substituting (6, y) for the generic (u, v) in (1.8) and (1.9). The result
expressed by Equation (2.7) is scarcely surprising: the prior mean of 6 is the average of all
possible posterior means over the distribution of possible data. The variance formula (2.8)
is more interesting because it says that the posterior variance is on average smaller than
the prior variance, by an amount that depends on the variation in posterior means over
the distribution of possible data. The greater the latter variation, the more the potential
for reducing our uncertainty with regard to 6, as we shall see in detail for the binomial
and normal models in the next chapter. The mean and variance relations only describe
expectations, and in particular situations the posterior variance can be similar to or even
larger than the prior variance (although this can be an indication of conflict or inconsistency
between the sampling model and prior distribution).

In the binomial example with the uniform prior distribution, the prior mean is %, and
the prior variance is % The posterior mean, %, is a compromise between the prior mean
and the sample proportion, £, where clearly the prior mean has a smaller and smaller role
as the size of the data sample increases. This is a general feature of Bayesian inference: the
posterior distribution is centered at a point that represents a compromise between the prior
information and the data, and the compromise is controlled to a greater extent by the data
as the sample size increases.

2.3 Summarizing posterior inference

The posterior probability distribution contains all the current information about the pa-
rameter 6. Ideally one might report the entire posterior distribution p(f|y); as we have seen
in Figure 2.1, a graphical display is useful. In Chapter 3, we use contour plots and scat-
terplots to display posterior distributions in multiparameter problems. A key advantage of
the Bayesian approach, as implemented by simulation, is the flexibility with which posterior
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Figure 2.2 Hypothetical density for which the 95% central interval and 95% highest posterior density
region dramatically differ: (a) central posterior interval, (b) highest posterior density region.

inferences can be summarized, even after complicated transformations. This advantage is
most directly seen through examples, some of which will be presented shortly.

For many practical purposes, however, various numerical summaries of the distribu-
tion are desirable. Commonly used summaries of location are the mean, median, and
mode(s) of the distribution; variation is commonly summarized by the standard deviation,
the interquartile range, and other quantiles. Each summary has its own interpretation: for
example, the mean is the posterior expectation of the parameter, and the mode may be
interpreted as the single ‘most likely’ value, given the data (and the model). Furthermore,
as we shall see, much practical inference relies on the use of normal approximations, often
improved by applying a symmetrizing transformation to 8, and here the mean and the stan-
dard deviation play key roles. The mode is important in computational strategies for more
complex problems because it is often easier to compute than the mean or median.

When the posterior distribution has a closed form, such as the beta distribution in
the current example, summaries such as the mean, median, and standard deviation of
the posterior distribution are often available in closed form. For example, applying the
distributional results in Appendix A, the mean of the beta distribution in (2.3) is %, and
the mode is £, which is well known from different points of view as the maximum likelihood
and (minimum variance) unbiased estimate of 6.

Posterior quantiles and intervals

In addition to point summaries, it is nearly always important to report posterior uncertainty.
Our usual approach is to present quantiles of the posterior distribution of estimands of
interest or, if an interval summary is desired, a central interval of posterior probability,
which corresponds, in the case of a 100(1 — a)% interval, to the range of values above and
below which lies exactly 100(«/2)% of the posterior probability. Such interval estimates
are referred to as posterior intervals. For simple models, such as the binomial and normal,
posterior intervals can be computed directly from cumulative distribution functions, often
using calls to standard computer functions, as we illustrate in Section 2.4 with the example
of the human sex ratio. In general, intervals can be computed using computer simulations
from the posterior distribution, as described at the end of Section 1.9.

A slightly different summary of posterior uncertainty is the highest posterior density
region: the set of values that contains 100(1 — «)% of the posterior probability and also
has the characteristic that the density within the region is never lower than that outside.
Such a region is identical to a central posterior interval if the posterior distribution is
unimodal and symmetric. In current practice, the central posterior interval is in common
use, partly because it has a direct interpretation as the posterior ar/2 and 1 — a/2 quantiles,
and partly because it is directly computed using posterior simulations. Figure 2.2 shows
a case where different posterior summaries look much different: the 95% central interval
includes the area of zero probability in the center of the distribution, whereas the 95%
highest posterior density region comprises two disjoint intervals. In this situation, the
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highest posterior density region is more cumbersome but conveys more information than
the central interval; however, it is probably better not to try to summarize this bimodal
density by any single interval. The central interval and the highest posterior density region
can also differ substantially when the posterior density is highly skewed.

2.4 Informative prior distributions

In the binomial example, we have so far considered only the uniform prior distribution for
0. How can this specification be justified, and how in general do we approach the problem
of constructing prior distributions?

We consider two basic interpretations that can be given to prior distributions. In the
population interpretation, the prior distribution represents a population of possible parame-
ter values, from which the 6 of current interest has been drawn. In the more subjective state
of knowledge interpretation, the guiding principle is that we must express our knowledge
(and uncertainty) about 6 as if its value could be thought of as a random realization from
the prior distribution. For many problems, such as estimating the probability of failure in
a new industrial process, there is no perfectly relevant population of #’s from which the
current # has been drawn, except in hypothetical contemplation. Typically, the prior distri-
bution should include all plausible values of 6, but the distribution need not be realistically
concentrated around the true value, because often the information about 6 contained in the
data will far outweigh any reasonable prior probability specification.

In the binomial example, we have seen that the uniform prior distribution for 6 im-
plies that the prior predictive distribution for y (given n) is uniform on the discrete set
{0,1,...,n}, giving equal probability to the n + 1 possible values. In his original treatment
of this problem (described in the Historical Note in Section 2.1), Bayes’ justification for the
uniform prior distribution appears to have been based on this observation; the argument
is appealing because it is expressed entirely in terms of the observable quantities y and n.
Laplace’s rationale for the uniform prior density was less clear, but subsequent interpre-
tations ascribe to him the so-called ‘principle of insufficient reason,” which claims that a
uniform specification is appropriate if nothing is known about §. We shall discuss in Section
2.8 the weaknesses of the principle of insufficient reason as a general approach for assigning
probability distributions.

At this point, we discuss some of the issues that arise in assigning a prior distribution
that reflects substantive information.

Binomial example with different prior distributions

We first pursue the binomial model in further detail using a parametric family of prior
distributions that includes the uniform as a special case. For mathematical convenience, we
construct a family of prior densities that lead to simple posterior densities.

Considered as a function of 4, the likelihood (2.1) is of the form,

p(ylo) oc 0°(1 — 6)°.

Thus, if the prior density is of the same form, with its own values a and b, then the posterior
density will also be of this form. We will parameterize such a prior density as

p(6) o 01 (1—6)" 7,

which is a beta distribution with parameters o and g: 6 ~ Beta(«, 8). Comparing p(f) and
p(y|0) suggests that this prior density is equivalent to « — 1 prior successes and 8 — 1 prior
failures. The parameters of the prior distribution are often referred to as hyperparameters.
The beta prior distribution is indexed by two hyperparameters, which means we can specify
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a particular prior distribution by fixing two features of the distribution, for example its mean
and variance; see (A.3) on page 585.

For now, assume that we can select reasonable values o and 5. Appropriate methods
for working with unknown hyperparameters in certain problems are described in Chapter
5. The posterior density for 6 is

p(Oly) o 6Y(1—0)"ver (1~ g)P!
_ 9y+a—1(1 _ g)n—y-i-ﬂ—l

= Beta(fla +y,B+n—vy).

The property that the posterior distribution follows the same parametric form as the
prior distribution is called conjugacy; the beta prior distribution is a conjugate family for
the binomial likelihood. The conjugate family is mathematically convenient in that the
posterior distribution follows a known parametric form. If information is available that
contradicts the conjugate parametric family, it may be necessary to use a more realistic, if
inconvenient, prior distribution (just as the binomial likelihood may need to be replaced by
a more realistic likelihood in some cases).

To continue with the binomial model with beta prior distribution, the posterior mean of
0, which may be interpreted as the posterior probability of success for a future draw from
the population, is now

a+y
a+p+n’

E(0ly) =

which always lies between the sample proportion, y/n, and the prior mean, «/(« + 3); see
Exercise 2.5b. The posterior variance is

var(oly) = —@FVEFn—y) _ EEWIL - Ely)
(@+B+n2@+ft+n+l)  a+ftn+l

As y and n — y become large with fixed o and 3, E(0]y) ~ y/n and var(fly) ~ L £(1 — £),
which approaches zero at the rate 1/n. In the limit, the parameters of the prior distribution
have no influence on the posterior distribution.

In fact, as we shall see in more detail in Chapter 4, the central limit theorem of proba-

bility theory can be put in a Bayesian context to show:

(9—Eww>
var(0y)

y> — N(0,1).

This result is often used to justify approximating the posterior distribution with a normal
distribution. For the binomial parameter 6, the normal distribution is a more accurate
approximation in practice if we transform 6 to the logit scale; that is, performing inference
for log(6/(1 — 0)) instead of 0 itself, thus expanding the probability space from [0, 1] to
(—00, ), which is more fitting for a normal approximation.

Conjugate prior distributions

Conjugacy is formally defined as follows. If F is a class of sampling distributions p(y|),
and P is a class of prior distributions for 8, then the class P is conjugate for F if

p(Oly) € P for all p(-|0) € F and p(-) € P.

This definition is formally vague since if we choose P as the class of all distributions, then
P is always conjugate no matter what class of sampling distributions is used. We are most
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interested in natural conjugate prior families, which arise by taking P to be the set of all
densities having the same functional form as the likelihood.

Conjugate prior distributions have the practical advantage, in addition to computational
convenience, of being interpretable as additional data, as we have seen for the binomial
example and will also see for the normal and other standard models in Sections 2.5 and 2.6.

Nonconjugate prior distributions

The basic justification for the use of conjugate prior distributions is similar to that for using
standard models (such as binomial and normal) for the likelihood: it is easy to understand
the results, which can often be put in analytic form, they are often a good approximation,
and they simplify computations. Also, they will be useful later as building blocks for more
complicated models, including in many dimensions, where conjugacy is typically impossible.
For these reasons, conjugate models can be good starting points; for example, mixtures of
conjugate families can sometimes be useful when simple conjugate distributions are not
reasonable (see Exercise 2.4).

Although they can make interpretations of posterior inferences less transparent and
computation more difficult, nonconjugate prior distributions do not pose any new conceptual
problems. In practice, for complicated models, conjugate prior distributions may not even
be possible. Section 2.4 and Exercises 2.10 and 2.11 present examples of nonconjugate
computation; a more extensive nonconjugate example, an analysis of a bioassay experiment,
appears in Section 3.7.

Conjugate prior distributions, exponential families, and sufficient statistics

We close this section by relating conjugate families of distributions to the classical concepts
of exponential families and sufficient statistics. Readers who are unfamiliar with these
concepts can skip ahead to the example with no loss.

Probability distributions that belong to an exponential family have natural conjugate
prior distributions, so we digress at this point to review the definition of exponential families;
for complete generality in this section, we allow data points y; and parameters 6 to be
multidimensional. The class F is an exponential family if all its members have the form,

p(yil) = f(yi)g()e?®@" v,

The factors ¢(f) and u(y;) are, in general, vectors of equal dimension to that of 6. The
vector ¢(0) is called the ‘natural parameter’ of the family F. The likelihood corresponding

to a sequence y = (y1,...,Yyn) of independent and identically distributed observations is
p(yl0) = <H f(m)) 9(0)" exp <¢(9)T > u(?Ji)) :
i=1 i=1

For all n and y, this has a fixed form (as a function of 6):

n

p(yl0) oc g(0)"e? @1 W)  where t(y) = > u(y:).
=1

The quantity ¢(y) is said to be a sufficient statistic for 6, because the likelihood for 6
depends on the data y only through the value of ¢(y). Sufficient statistics are useful in
algebraic manipulations of likelihoods and posterior distributions. If the prior density is
specified as

p(6) ox g(6)"e* ",
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then the posterior density is
p(Oly) o g(6) et @) (W),

which shows that this choice of prior density is conjugate. It has been shown that, in general,
the exponential families are the only classes of distributions that have natural conjugate
prior distributions, since, apart from certain irregular cases, the only distributions having
a fixed number of sufficient statistics for all n are of the exponential type. We have already
discussed the binomial distribution, where for the likelihood p(y|#,n) = Bin(y|n, 6) with n
known, the conjugate prior distributions on @ are beta distributions. It is left as an exercise
to show that the binomial is an exponential family with natural parameter logit(6).

Example. Probability of a girl birth given placenta previa

As a specific example of a factor that may influence the sex ratio, we consider the
maternal condition placenta previa, an unusual condition of pregnancy in which the
placenta is implanted low in the uterus, obstructing the fetus from a normal vaginal
delivery. An early study concerning the sex of placenta previa births in Germany found
that of a total of 980 births, 437 were female. How much evidence does this provide
for the claim that the proportion of female births in the population of placenta previa
births is less than 0.485, the proportion of female births in the general population?

Analysis using a uniform prior distribution. Under a uniform prior distribution for
the probability of a girl birth, the posterior distribution is Beta(438,544). Exact
summaries of the posterior distribution can be obtained from the properties of the
beta distribution (Appendix A): the posterior mean of § is 0.446 and the posterior
standard deviation is 0.016. Exact posterior quantiles can be obtained using numerical
integration of the beta density, which in practice we perform by a computer function
call; the median is 0.446 and the central 95% posterior interval is [0.415,0.477]. This
95% posterior interval matches, to three decimal places, the interval that would be
obtained by using a normal approximation with the calculated posterior mean and
standard deviation. Further discussion of the approximate normality of the posterior
distribution is given in Chapter 4.

In many situations it is not feasible to perform calculations on the posterior density
function directly. In such cases it can be particularly useful to use simulation from the
posterior distribution to obtain inferences. The first histogram in Figure 2.3 shows the
distribution of 1000 draws from the Beta(438,544) posterior distribution. An estimate
of the 95% posterior interval, obtained by taking the 25th and 976th of the 1000
ordered draws, is [0.415,0.476], and the median of the 1000 draws from the posterior
distribution is 0.446. The sample mean and standard deviation of the 1000 draws are
0.445 and 0.016, almost identical to the exact results. A normal approximation to the
95% posterior interval is [0.445 £ 1.96 - 0.016] = [0.414,0.476]. Because of the large
sample and the fact that the distribution of 6 is concentrated away from zero and one,
the normal approximation works well in this example.

As already noted, when estimating a proportion, the normal approximation is gener-
ally improved by applying it to the logit transform, 1og(ﬁ), which transforms the
parameter space from the unit interval to the real line. The second histogram in Figure
2.3 shows the distribution of the transformed draws. The estimated posterior mean
and standard deviation on the logit scale based on 1000 draws are —0.220 and 0.065.
A normal approximation to the 95% posterior interval for € is obtained by inverting
the 95% interval on the logit scale [—0.220 + 1.96 - 0.065], which yields [0.414,0.477]
on the original scale. The improvement from using the logit scale is most noticeable
when the sample size is small or the distribution of § includes values near zero or one.
In any real data analysis, it is important to keep the applied context in mind. The pa-
rameter of interest in this example is traditionally expressed as the ‘sex ratio,” (1—6) /0,
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Figure 2.3 Draws from the posterior distribution of (a) the probability of female birth, 0; (b) the
logit transform, logit(0); (c) the male-to-female sex ratio, ¢ = (1 —60)/6.

Parameters of the Summaries of the
prior distribution posterior distribution
Posterior 95% posterior
QLJFB a4+ [ | median of §  interval for 0
0.500 2 0.446 [0.415,0.477)
0.485 2 0.446 [0.415,0.477]
0.485 5 0.446 [0.415,0.477]
0.485 10 0.446 [0.415,0.477)
0.485 20 0.447 [0.416,0.478]
0.485 100 0.450 [0.420, 0.479]
0.485 200 0.453 [0.424,0.481]

Table 2.1 Summaries of the posterior distribution of 0, the probability of a girl birth given placenta
previa, under a variety of conjugate prior distributions.

the ratio of male to female births. The posterior distribution of the ratio is illustrated
in the third histogram. The posterior median of the sex ratio is 1.24, and the 95%
posterior interval is [1.10,1.41]. The posterior distribution is concentrated on values
far above the usual European-race sex ratio of 1.06, implying that the probability of
a female birth given placenta previa is less than in the general population.

Analysis using different conjugate prior distributions. The sensitivity of posterior
inference about 6 to the proposed prior distribution is exhibited in Table 2.1. The
first row corresponds to the uniform prior distribution, a« =1, =1, and subsequent
rows of the table use prior distributions that are increasingly concentrated around
0.485, the proportion of female births in the general population. The first column
shows the prior mean for 8, and the second column indexes the amount of prior
information, as measured by « + ; recall that o + 8 — 2 is, in some sense, equivalent
to the number of prior observations. Posterior inferences based on a large sample are
not particularly sensitive to the prior distribution. Only at the bottom of the table,
where the prior distribution contains information equivalent to 100 or 200 births, are
the posterior intervals pulled noticeably toward the prior distribution, and even then,
the 95% posterior intervals still exclude the prior mean.

Analysis using a nonconjugate prior distribution. As an alternative to the conjugate
beta family for this problem, we might prefer a prior distribution that is centered
around 0.485 but is flat far away from this value to admit the possibility that the
truth is far away. The piecewise linear prior density in Figure 2.4a is an example
of a prior distribution of this form; 40% of the probability mass is outside the inter-
val [0.385, 0.585]. This prior distribution has mean 0.493 and standard deviation 0.21,
similar to the standard deviation of a beta distribution with o+ /3 = 5. The unnormal-
ized posterior distribution is obtained at a grid of § values, (0.000,0.001,...,1.000),
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prior density posterior simulations
010 0‘.2 0‘.4 0‘.6 0‘.8 1.‘0 0.55 0.;10 0.;15 0.50 0.55
theta theta

Figure 2.4 (a) Prior density for 0 in an example nonconjugate analysis of birth ratio example; (b)
histogram of 1000 draws from a discrete approzimation to the posterior density. Figures are plotted
on different scales.

by multiplying the prior density and the binomial likelihood at each point. Poste-
rior simulations can be obtained by normalizing the distribution on the discrete grid
of 0 values. Figure 2.4b is a histogram of 1000 draws from the discrete posterior
distribution. The posterior median is 0.448, and the 95% central posterior interval is
[0.419,0.480]. Because the prior distribution is overwhelmed by the data, these results
match those in Table 2.1 based on beta distributions. In taking the grid approach, it
is important to avoid grids that are too coarse and distort a significant portion of the
posterior mass.

2.5 Normal distribution with known variance

The normal distribution is fundamental to most statistical modeling. The central limit
theorem helps to justify using the normal likelihood in many statistical problems, as an
approximation to a less analytically convenient actual likelihood. Also, as we shall see in
later chapters, even when the normal distribution does not itself provide a good model fit,
it can be useful as a component of a more complicated model involving ¢ or finite mixture
distributions. For now, we simply work through the Bayesian results assuming the normal
model is appropriate. We derive results first for a single data point and then for the general
case of many data points.

Likelihood of one data point

As the simplest first case, consider a single scalar observation y from a normal distribution
parameterized by a mean  and variance o2, where for this initial development we assume
that o2 is known. The sampling distribution is

o1 2
p(yle) = 2 =0,

1
e
V2o
Congugate prior and posterior distributions

Considered as a function of 6, the likelihood is an exponential of a quadratic form in 6, so
the family of conjugate prior densities looks like

p(6) = A0 +BO+C
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We parameterize this family as
(0) xe —L(ﬁ —10)? ) ;
p Xp 27_3 Ho ’

that is, @ ~ N(uo,73), with hyperparameters po and 73. As usual in this preliminary
development, we assume that the hyperparameters are known.

The conjugate prior density implies that the posterior distribution for € is the exponential
of a quadratic form and thus normal, but some algebra is required to reveal its specific
form. In the posterior density, all variables except 6 are regarded as constants, giving the

conditional density,
1 —0)? 0 — 1o)?

2
g 70

Expanding the exponents, collecting terms and then completing the square in 6 (see Exercise
2.14(a) for details) gives

1
P(9|y) X exp (—2—2(9 - Nl)z) ) (2-9)

71

that is, 0]y ~ N(u1,72), where
1
T2Ho + 57y 11 1

[ = and — = — + —. 2.10
T R 210

Precisions of the prior and posterior distributions. In manipulating normal distributions,
the inverse of the variance plays a prominent role and is called the precision. The algebra
above demonstrates that for normal data and normal prior distribution (each with known
precision), the posterior precision equals the prior precision plus the data precision.

There are several different ways of interpreting the form of the posterior mean, p;. In
(2.10), the posterior mean is expressed as a weighted average of the prior mean and the
observed value, y, with weights proportional to the precisions. Alternatively, we can express
1 as the prior mean adjusted toward the observed y,

72
p = o+ (y — uo)f_zﬁ?,
or as the data ‘shrunk’ toward the prior mean,
o2
pm=y-(y— “O)W'

Each formulation represents the posterior mean as a compromise between the prior mean
and the observed value.
At the extremes, the posterior mean equals the prior mean or the observed data:

w=po if  y=po orrg:();
pr=y if y=pg or o2 =0.

If 7¢ = 0, the prior distribution is infinitely more precise than the data, and so the posterior
and prior distributions are identical and concentrated at the value jg. If 02 = 0, the data
are perfectly precise, and the posterior distribution is concentrated at the observed value,
y. If y = pp, the prior and data means coincide, and the posterior mean must also fall at
this point.
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Posterior predictive distribution

The posterior predictive distribution of a future observation, ¢, p(¢|y), can be calculated
directly by integration, using (1.4):

p(gly) = / p(716)p(6]y)d6

[ (007 e (510 ) .

The first line above holds because the distribution of the future observation, g, given 6,
does not depend on the past data, y. We can determine the distribution of § more easily
using the properties of the bivariate normal distribution. The product in the integrand is
the exponential of a quadratic function of (g, #); hence § and 6 have a joint normal posterior
distribution, and so the marginal posterior distribution of g is normal.

We can determine the mean and variance of the posterior predictive distribution using
the knowledge from the posterior distribution that E(f|0) = 6 and var(j|f) = o2, along
with identities (2.7) and (2.8):

E(7ly) = E(E(gl9, y)|ly) = E(O|y) = 1,

and

E(var(710,y)|y) + var(E(710,y)|y)
E(o?|y) + var(6]y)

02—|—7'12.

var(7]y)

Thus, the posterior predictive distribution of § has mean equal to the posterior mean of 6
and two components of variance: the predictive variance o from the model and the variance
72 due to posterior uncertainty in 6.

Normal model with multiple observations

This development of the normal model with a single observation can be easily extended
to the more realistic situation where a sample of independent and identically distributed
observations y = (y1,...,yn) is available. Proceeding formally, the posterior density is

p(0ly) o p(O)p(yl0)

=1
x exp <—2LT3(9 - H0)2> Eexp <—2}7(yz - 9)2)
x exp <—5 ( 20—+ 5 3 —9>2>>

Algebraic simplification of this expression (along similar lines to those used in the single
observation case, as explicated in Exercise 2.14(b)) shows that the posterior distribution
depends on y only through the sample mean, § = % >, yi; that is, 7 is a sufficient statistic
in this model. In fact, since 7|0, 02 ~ N(6,02/n), the results derived for the single normal
observation apply immediately (treating 7 as the single observation) to give

pOlyr ..., yn) = p(O]7) = N(O|pn, 77), (2.11)
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where
0+ &7 1 1 n
= d = =4 = 2.12
STIrs Y omTRTe 212
Incidentally, the same result is obtained by adding information for the data y1,ys2,...,yn

one point at a time, using the posterior distribution at each step as the prior distribution
for the next (see Exercise 2.14(c)).

In the expressions for the posterior mean and variance, the prior precision, 1/7¢, and
the data precision, n/0?, play equivalent roles, so if n is large, the posterior distribution
is largely determined by o2 and the sample value 3. For example, if 7§ = o2, then the
prior distribution has the same weight as one extra observation with the value pug. More
specifically, as 70 — oo with n fixed, or as n — oo with 7¢ fixed, we have:

p(0ly) =~ N(0[7, 0% /n), (2.13)

which is, in practice, a good approximation whenever prior beliefs are relatively diffuse over
the range of # where the likelihood is substantial.

2.6 Other standard single-parameter models

Recall that, in general, the posterior density, p(f]y), has no closed-form expression; the
normalizing constant, p(y), is often especially difficult to compute due to the integral (1.3).
Much formal Bayesian analysis concentrates on situations where closed forms are available;
such models are sometimes unrealistic, but their analysis often provides a useful starting
point when it comes to constructing more realistic models.

The standard distributions—binomial, normal, Poisson, and exponential—have natural
derivations from simple probability models. As we have already discussed, the binomial
distribution is motivated from counting exchangeable outcomes, and the normal distribu-
tion applies to a random variable that is the sum of many exchangeable or independent
terms. We will also have occasion to apply the normal distribution to the logarithm of all-
positive data, which would naturally apply to observations that are modeled as the product
of many independent multiplicative factors. The Poisson and exponential distributions arise
as the number of counts and the waiting times, respectively, for events modeled as occur-
ring exchangeably in all time intervals; that is, independently in time, with a constant rate
of occurrence. We will generally construct realistic probability models for more compli-
cated outcomes by combinations of these basic distributions. For example, in Section 22.2,
we model the reaction times of schizophrenic patients in a psychological experiment as a
binomial mixture of normal distributions on the logarithmic scale.

Each of these standard models has an associated family of conjugate prior distributions,
which we discuss in turn.

Normal distribution with known mean but unknown variance

The normal model with known mean 6 and unknown variance is an important example,
not necessarily for its direct applied value, but as a building block for more complicated,
useful models, most immediately the normal distribution with unknown mean and variance,
which we cover in Section 3.2. In addition, the normal distribution with known mean but
unknown variance provides an introductory example of the estimation of a scale parameter.

For p(y|,02%) = N(y|0,0?), with § known and ¢ unknown, the likelihood for a vector
y of n independent and identically distributed observations is

n IR
p(ylo?) o o "exp <_FZ(yi_9)2>
1=1
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_ 2\—n/2 n
= (%) ?exp (—Fv).

The sufficient statistic is N

v = %Z(yl —0)%

=1

The corresponding conjugate prior density is the inverse-gamma,
_ _ 2
p(0®) o (o?) (TPl

which has hyperparameters (a, 3). A convenient parameterization is as a scaled inverse-x?
distribution with scale 02 and vy degrees of freedom (see Appendix A); that is, the prior
distribution of ¢? is taken to be the distribution of o§ry/X, where X is a xZ random
variable. We use the convenient but nonstandard notation, 6% ~ Inv-x?(vp, 03).

The resulting posterior density for o2 is

p(@®ly) o< p(o*)p(ylo?)
2 vo/2+1 2
(o)} VOUO 2N—n/2 n v
(ﬁ) exp(‘ 202)'(”) e (~553)

1
o (02)"(Hn)/24) g (_F(”OUS + m))) .

Thus,
Voo + nv>

o?ly ~ Inv-y> (VO +n,
Vg +n

which is a scaled inverse-y? distribution with scale equal to the degrees-of-freedom-weighted
average of the prior and data scales and degrees of freedom equal to the sum of the prior
and data degrees of freedom. The prior distribution can be thought of as providing the

information equivalent to 1y observations with average squared deviation o3.

Poisson model

The Poisson distribution arises naturally in the study of data taking the form of counts;
for instance, a major area of application is epidemiology, where the incidence of diseases is
studied.

If a data point y follows the Poisson distribution with rate 6, then the probability
distribution of a single observation y is

fve?
o) = ——, fory=0,1,2,..,
y:

and for a vector y = (y1,...,y,) of independent and identically distributed observations,
the likelihood is

n

1 .. o
p(ylo) = Hﬁm‘e
i=1
o gt(y)e—n@7

where t(y) = > ; y; is the sufficient statistic. We can rewrite the likelihood in exponential
family form as

p(ylg) o e—néet(y) log 0,
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revealing that the natural parameter is ¢(6) = log 6, and the natural conjugate prior distri-
bution is
p(B) o (e=)er et

indexed by hyperparameters (1, 7). To put this argument another way, the likelihood is of
the form #%e~%? and so the conjugate prior density must be of the form p(f) ox §4e=5%. In
a more conventional parameterization,

p(0) < e P91,

which is a gamma density with parameters o and 5, Gamma(a, §); see Appendix A. Com-
paring p(y|€) and p(6) reveals that the prior density is, in some sense, equivalent to a total
count of a — 1 in 8 prior observations. With this conjugate prior distribution, the posterior
distribution is

0|y ~ Gamma(a + ny, 5 + n).
The negative binomial distribution. With conjugate families, the known form of the prior
and posterior densities can be used to find the marginal distribution, p(y), using the formula

 pwlo)p(6)
PO == pa)

For instance, the Poisson model for a single observation, y, has prior predictive distribution

Poisson(y|0)Gamma(f|c, 3)
Gamma(f|a +y, 1+ 3)
D(a+y)s*

T(a)y!(1 + B)oty’

=) () ()

which is known as the negative binomial density:

ply) =

which reduces to

y ~ Neg-bin(a, 3).

The above derivation shows that the negative binomial distribution is a mizture of Poisson
distributions with rates, 6, that follow the gamma distribution:

Neg-bin(y|a, §) = /Poisson(y|9)Gamma(9|a,B)d@.

We return to the negative binomial distribution in Section 17.2 as a robust alternative to
the Poisson distribution.

Poisson model parameterized in terms of rate and exposure

In many applications, it is convenient to extend the Poisson model for data points y1, ..., yn
to the form
y; ~ Poisson(x;0), (2.14)

where the values x; are known positive values of an explanatory variable, x, and 6 is the
unknown parameter of interest. In epidemiology, the parameter 6 is often called the rate,
and x; is called the ezposure of the ith unit. This model is not exchangeable in the y;’s but
is exchangeable in the pairs (z,y);. The likelihood for € in the extended Poisson model is

p(y]0) oc B2 i) = (i, =:)?
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(ignoring factors that do not depend on 6), and so the gamma distribution for 6 is conjugate.
With prior distribution
0 ~ Gamma(a, 3),

the resulting posterior distribution is

fly ~ Gamma (a—i—Zyi, ﬁ—l—zgci) . (2.15)

i=1 i=1

Estimating a rate from Poisson data: an idealized example

Suppose that causes of death are reviewed in detail for a city in the United States for a
single year. It is found that 3 persons, out of a population of 200,000, died of asthma,
giving a crude estimated asthma mortality rate in the city of 1.5 cases per 100,000
persons per year. A Poisson sampling model is often used for epidemiological data of
this form. The Poisson model derives from an assumption of exchangeability among
all small intervals of exposure. Under the Poisson model, the sampling distribution
of y, the number of deaths in a city of 200,000 in one year, may be expressed as
Poisson(2.06), where 6 represents the true underlying long-term asthma mortality rate
in our city (measured in cases per 100,000 persons per year). In the above notation,
y = 3 is a single observation with exposure z = 2.0 (since 0 is defined in units of
100,000 people) and unknown rate . We can use knowledge about asthma mortality
rates around the world to construct a prior distribution for # and then combine the
datum y = 3 with that prior distribution to obtain a posterior distribution.

Setting up a prior distribution. What is a sensible prior distribution for 87 Reviews
of asthma mortality rates around the world suggest that mortality rates above 1.5
per 100,000 people are rare in Western countries, with typical asthma mortality rates
around 0.6 per 100,000. Trial-and-error exploration of the properties of the gamma dis-
tribution, the conjugate prior family for this problem, reveals that a Gamma(3.0,5.0)
density provides a plausible prior density for the asthma mortality rate in this example
if we assume exchangeability between this city and other cities and this year and other
years. The mean of this prior distribution is 0.6 (with a mode of 0.4), and 97.5% of
the mass of the density lies below 1.44. In practice, specifying a prior mean sets the
ratio of the two gamma parameters, and then the shape parameter can be altered by
trial and error to match the prior knowledge about the tail of the distribution.

Posterior distribution. The result in (2.15) shows that the posterior distribution
of § for a Gamma(a,3) prior distribution is Gamma(« + y, 3 + ) in this case.
With the prior distribution and data described, the posterior distribution for 6 is
Gamma(6.0, 7.0), which has mean 0.86—substantial shrinkage has occurred toward
the prior distribution. A histogram of 1000 draws from the posterior distribution for
0 is shown as Figure 2.5a. For example, the posterior probability that the long-term
death rate from asthma in our city is more than 1.0 per 100,000 per year, computed
from the gamma posterior density, is 0.30.

Posterior distribution with additional data. To consider the effect of additional data,
suppose that ten years of data are obtained for the city in our example, instead of just
one, and it is found that the mortality rate of 1.5 per 100,000 is maintained; we find
y = 30 deaths over 10 years. Assuming the population is constant at 200,000, and
assuming the outcomes in the ten years are independent with constant long-term rate
0, the posterior distribution of € is then Gamma(33.0,25.0); Figure 2.5b displays 1000
draws from this distribution. The posterior distribution is much more concentrated
than before, and it still lies between the prior distribution and the data. After ten
years of data, the posterior mean of # is 1.32, and the posterior probability that 6
exceeds 1.0 is 0.93.
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Figure 2.5 Posterior density for 0, the asthma mortality rate in cases per 100,000 persons per year,
with a Gamma(3.0,5.0) prior distribution: (a) given y = 3 deaths out of 200,000 persons; (b) given
y = 30 deaths in 10 years for a constant population of 200,000. The histograms appear jagged
because they are constructed from only 1000 random draws from the posterior distribution in each
case.

FEzxponential model

The exponential distribution is commonly used to model ‘waiting times’ and other continu-
ous, positive, real-valued random variables, often measured on a time scale. The sampling
distribution of an outcome y, given parameter 6, is

p(yl0) = 0 exp(—y0), for y >0,

and 6 = 1/E(y|0) is called the ‘rate.” Mathematically, the exponential is a special case of the
gamma distribution with the parameters («, 8) = (1,6). In this case, however, it is being
used as a sampling distribution for an outcome y, not a prior distribution for a parameter
0, as in the Poisson example.

The exponential distribution has a ‘memoryless’ property that makes it a natural model
for survival or lifetime data; the probability that an object survives an additional length of
time ¢ is independent of the time elapsed to this point: Pr(y>t+s|y>s,0) = Pr(y>t|0) for
any s,t. The conjugate prior distribution for the exponential parameter 6, as for the Poisson
mean, is Gamma(f|«, ) with corresponding posterior distribution Gamma(f|a+1, 8+y).
The sampling distribution of n independent exponential observations, y = (y1, ..., Yn), with
constant rate 6 is

p(yl6) = 0" exp(—nFb), for 7 >0,

which when viewed as the likelihood of 0, for fixed y, is proportional to a Gamma(n+1, ng)
density. Thus the Gamma(c, 3) prior distribution for 6 can be viewed as «—1 exponential
observations with total waiting time [ (see Exercise 2.19).

2.7 Example: informative prior distribution for cancer rates

At the end of Section 2.4, we considered the effect of the prior distribution on inference
given a fixed quantity of data. Here, in contrast, we consider a large set of inferences, each
based on different data but with a common prior distribution. In addition to illustrating
the role of the prior distribution, this example introduces hierarchical modeling, to which
we return in Chapter 5.
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Highest kidney cancer death rates

Figure 2.6 The counties of the United States with the highest 10% age-standardized death rates for
cancer of kidney/ureter for U.S. white males, 1980-1989. Why are most of the shaded counties in
the middle of the country? See Section 2.7 for discussion.

Lowest kidney cancer death rates

Figure 2.7 The counties of the United States with the lowest 10% age-standardized death rates for
cancer of kidney/ureter for U.S. white males, 1980-1989. Surprisingly, the pattern is somewhat
similar to the map of the highest rates, shown in Figure 2.6.

A puzzling pattern in a map

Figure 2.6 shows the counties in the United States with the highest kidney cancer death
rates during the 1980s.! The most noticeable pattern in the map is that many of the
counties in the Great Plains in the middle of the country, but relatively few counties near
the coasts, are shaded.

When shown the map, people come up with many theories to explain the dispropor-
tionate shading in the Great Plains: perhaps the air or the water is polluted, or the people
tend not to seek medical care so the cancers get detected too late to treat, or perhaps their
diet is unhealthy ... These conjectures may all be true but they are not actually needed
to explain the patterns in Figure 2.6. To see this, look at Figure 2.7, which plots the 10%
of counties with the lowest kidney cancer death rates. These are also mostly in the middle
of the country. So now we need to explain why these areas have the lowest, as well as the
highest, rates.

IThe rates are age-adjusted and restricted to white males, issues which need not concern us here.
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The issue is sample size. Consider a county of population 1000. Kidney cancer is a
rare disease, and, in any ten-year period, a county of 1000 will probably have zero kidney
cancer deaths, so that it will be tied for the lowest rate in the country and will be shaded
in Figure 2.7. However, there is a chance the county will have one kidney cancer death
during the decade. If so, it will have a rate of 1 per 10,000 per year, which is high enough
to put it in the top 10% so that it will be shaded in Figure 2.6. The Great Plains has many
low-population counties, and so it is overrepresented in both maps. There is no evidence
from these maps that cancer rates are particularly high there.

Bayesian inference for the cancer death rates

The misleading patterns in the maps of raw rates suggest that a model-based approach to
estimating the true underlying rates might be helpful. In particular, it is natural to estimate
the underlying cancer death rate in each county j using the model

y; ~ Poisson(10n,0,), (2.16)

where y; is the number of kidney cancer deaths in county j from 1980-1989, n; is the
population of the county, and 6; is the underlying rate in units of deaths per person per
year. In this notation, the maps in Figures 2.6 and 2.7 are plotting the raw rates, 18’—;]
(Here we are ignoring the age-standardization, although a generalization of the model to
allow for this would be possible.)

This model differs from (2.14) in that 6; varies between counties, so that (2.16) is a
separate model for each of the counties in the U.S. We use the subscript j (rather than )
in (2.16) to emphasize that these are separate parameters, each being estimated from its
own data. Were we performing inference for just one of the counties, we would simply write
y ~ Poisson(10n0).

To perform Bayesian inference, we need a prior distribution for the unknown rate 0;.
For convenience we use a gamma distribution, which is conjugate to the Poisson. As we
shall discuss later, a gamma distribution with parameters o = 20 and g = 430,000 is a
reasonable prior distribution for underlying kidney cancer death rates in the counties of
the U.S. during this period. This prior distribution has a mean of % = 4.65 x 107° and

standard deviation %& =1.04 x 1075,
The posterior distribution of §; is then,

0;ly; ~ Gamma(20 + y;, 430,000 4 10n;),

which has mean and variance,

20 + y;
EO:ly,) = ——— 41
(0;1y) 430,000 + 107,
20 +y;
var(0;ly;) = .

(430,000 + 10m;)2”

The posterior mean can be viewed as a weighted average of the raw rate, 18’7”'1 -, and the
J
(7

prior mean, g = 4.65 x 10~°. (For a similar calculation, see Exercise 2.5.)

Relative importance of the local data and the prior distribution

Inference for a small county. The relative weighting of prior information and data depends
on the population size n;. For example, consider a small county with n; = 1000:

e For this county, if y; = 0, then the raw death rate is 0 but the posterior mean is

20 _ -5
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Figure 2.8 (a) Kidney cancer death rates y;/(10n;) vs. population size nj. (b) Replotted on the
scale of log,, population to see the data more clearly. The patterns come from the discreteness of
the data (n; =0,1,2,...).

o If y; = 1, then the raw death rate is 1 per 1000 per 10 years, or 10~* per person-year
(about twice as high as the national mean), but the posterior mean is only #EOO =

4.77 x 1075,

o If y; = 2, then the raw death rate is an extremely high 2 x 10~ per person-year, but
the posterior mean is still only #;2300 =5.00 x 1075,

With such a small population size, the data are dominated by the prior distribution.

But how likely, a priori, is it that y; will equal 0, 1, 2, and so forth, for this county with
n; = 10007 This is determined by the predictive distribution, the marginal distribution
of y;, averaging over the prior distribution of #;. As discussed in Section 2.6, the Poisson
model with gamma prior distribution has a negative binomial predictive distribution:

")
10nj '

It is perhaps even simpler to simulate directly the predictive distribution of y; as follows:
(1) draw 500 (say) values of 6; from the Gamma(20,430,000) distribution; (2) for each of
these, draw one value y; from the Poisson distribution with parameter 10,0006;. Of 500
simulations of y; produced in this way, 319 were 0’s, 141 were 1’s, 33 were 2’s, and 5 were
3’s.

y; ~ Neg-bin (a,

Inference for a large county. Now consider a large county with n; = 1 million. How
many cancer deaths y; might we expect to see in a ten-year period? Again we can use
the Gamma(20,430,000) and Poisson(107 6;) distributions to simulate 500 values y; from
the predictive distribution. Doing this we found a median of 473 and a 50% interval of
[393,545]. The raw death rate in such a county is then as likely or not to fall between
3.93 x 107% and 5.45 x 107°.

What about the Bayesianly estimated or ‘Bayes-adjusted’ death rate? For example, if
y; takes on the low value of 393, then the raw death rate is 3.93 x 107° and the posterior

mean of 6; is % = 3.96 x 1075, and if y; = 545, then the raw rate is 5.45 x 107°

and the posterior mean is 5.41 x 107°. In this large county, the data dominate the prior
distribution.

Yi
IOnj

is inversely proportional to the exposure parameter n;, which can thus be considered a
‘sample size’ for county j. Figure 2.8 shows how the raw kidney cancer death rates vary by
population. The extremely high and extremely low rates are all in low-population counties.
By comparison, Figure 2.9a shows that the Bayes-estimated rates are much less variable.
Finally, Figure 2.9b displays 50% interval estimates for a sample of counties (chosen because

Comparing counties of different sizes. In the Poisson model (2.16), the variance of
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Figure 2.9 (a) Bayes-estimated posterior mean kidney cancer death rates, E(0;|y;) = 430383%
J

vs. logarithm of population size n;, the 3071 counties in the U.S. (b) Posterior medians and 50%
intervals for 8; for a sample of 100 counties j. The scales on the y-azxes differ from the plots in
Figure 2.80b.

it would be hard to display all 3071 in a single plot). The smaller counties supply less
information and thus have wider posterior intervals.

Constructing a prior distribution

We now step back and discuss where we got the Gamma(20, 430,000) prior distribution for
the underlying rates. As we discussed when introducing the model, we picked the gamma
distribution for mathematical convenience. We now explain how the two parameters «, 8
can be estimated from data to match the distribution of the observed cancer death rates
18’; ~ It might seem inappropriate to use the data to set the prior distribution, but we
view this as a useful approximation to our preferred approach of hierarchical modeling
(introduced in Chapter 5), in which distributional parameters such as a, 8 in this example
are treated as unknowns to be estimated.

Under the model, the observed count y; for any county j comes from the predictive dis-

tribution, p(y;) = [p(y;10,)p(0;)d0;, which in this case is Neg-bin(a, t=—). From Appendix

! 1077,]'

A, we can find the mean and variance of this distribution:
@
E(y;) = 10n;—
( ]) J B

var(y;) = 1011,,%+(10nj)2 (2.17)

@
E .
These can also be derived directly using the mean and variance formulas (1.8) and (1.9);
see Exercise 2.6.

Matching the observed mean and variance to their expectations and solving for o and /3
yields the parameters of the prior distribution. The actual computation is more complicated
because we must deal with the age adjustment and it also is more efficient to work with the
mean and variance of the rates

Yi .
IOnj :

Y o
E - =
(107%‘) B
Yj 1 « o
- — 2= 2.18
Var<10nj> 1n, 3 52 (2.18)

After dealing with the age adjustments, we equate the observed and theoretical moments,

setting the mean of the values of 137]'1 - to % and setting the variance of the values of 137]'1 _
J J
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Figure 2.10 Empirical distribution of the age-adjusted kidney cancer death rates, —2—, for the 3071

10n; 7
counties in the U.S., along with the Gamma(20,430,000) prior distribution for the underlying cancer
rates 0;.

to E(ﬁ)% + %, using the sample average of the values %nj in place of E(ﬁnj) in that
last expression.

Figure 2.10 shows the empirical distribution of the raw cancer rates, along with the
estimated Gamma/(20,430,000) prior distribution for the underlying cancer rates 6;. The
distribution of the raw rates is much broader, which makes sense since they include the
Poisson variability as well as the variation between counties.

Our prior distribution is reasonable in this example, but this method of constructing
it—by matching moments—is somewhat sloppy and can be difficult to apply in general. In
Chapter 5, we discuss how to estimate this and other prior distributions in a more direct
Bayesian manner, using hierarchical models.

A more important way this model could be improved is by including information at the
county level that could predict variation in the cancer rates. This would move the model

toward a hierarchical Poisson regression of the sort discussed in Chapter 16.

2.8 Noninformative prior distributions

When prior distributions have no population basis, they can be difficult to construct, and
there has long been a desire for prior distributions that can be guaranteed to play a minimal
role in the posterior distribution. Such distributions are sometimes called ‘reference prior
distributions,” and the prior density is described as vague, flat, diffuse or noninformative.
The rationale for using noninformative prior distributions is often said to be ‘to let the
data speak for themselves,” so that inferences are unaffected by information external to the
current data.

A related idea is the weakly informative prior distribution, which contains some informa-
tion—enough to ‘regularize’ the posterior distribution, that is, to keep it roughly within rea-
sonable bounds—but without attempting to fully capture one’s scientific knowledge about
the underlying parameter.

Proper and improper prior distributions

We return to the problem of estimating the mean 6 of a normal model with known variance
o2, with a N(uo, 73) prior distribution on . If the prior precision, 1/78, is small relative to
the data precision, n/o?, then the posterior distribution is approximately as if 78 = oo:

p(ly) = N(6]g,0°/n).
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Putting this another way, the posterior distribution is approximately that which would result
from assuming p(#) is proportional to a constant for € (—oo, 00). Such a distribution is
not strictly possible, since the integral of the assumed p(6) is infinity, which violates the
assumption that probabilities sum to 1. In general, we call a prior density p(6) proper if it
does not depend on data and integrates to 1. (If p(6) integrates to any positive finite value,
it is called an unnormalized density and can be renormalized—multiplied by a constant—
to integrate to 1.) The prior distribution is improper in this example, but the posterior
distribution is proper, given at least one data point.

As a second example of a noninformative prior distribution, consider the normal model
with known mean but unknown variance, with the conjugate scaled inverse-x? prior distri-
bution. If the prior degrees of freedom, 1, are small relative to the data degrees of freedom,
n, then the posterior distribution is approximately as if vy = 0:

p(a”ly) = Inv-x*(0?|n, v).

This limiting form of the posterior distribution can also be derived by defining the prior
density for 02 as p(0?) o 1/02, which is improper, having an infinite integral over the range
(0, 00).

Improper prior distributions can lead to proper posterior distributions

In neither of the above two examples does the prior density combine with the likelihood to
define a proper joint probability model, p(y,#). However, we can proceed with the algebra
of Bayesian inference and define an unnormalized posterior density function by

p(Oly) o< p(y|0)p(0).

In the above examples (but not always!), the posterior density is in fact proper; that is,
[p(6ly)do is finite for all y. Posterior distributions obtained from improper prior distri-
butions must be interpreted with great care—one must always check that the posterior
distribution has a finite integral and a sensible form. Their most reasonable interpretation
is as approximations in situations where the likelihood dominates the prior density. We
discuss this aspect of Bayesian analysis more completely in Chapter 4.

Jeffreys’ invariance principle

One approach that is sometimes used to define noninformative prior distributions was in-
troduced by Jeffreys, based on considering one-to-one transformations of the parameter:
¢ = h(0). By transformation of variables, the prior density p(f) is equivalent, in terms of
expressing the same beliefs, to the following prior density on ¢:

b(6) =(0)| 52| =rO ). (2.19)

Jeffreys’ general principle is that any rule for determining the prior density p(6) should

yield an equivalent result if applied to the transformed parameter; that is, p(¢) computed

by determining p(f) and applying (2.19) should match the distribution that is obtained by
determining p(¢) directly using the transformed model, p(y, @) = p(é)p(y|o).

Jeffreys’ principle leads to defining the noninformative prior density as p(6) o [J(6)]

where J(0) is the Fisher information for 6:
_ dlogp(ylo)\*| )\ _ d?log p(yl0)
J(9)-E<< p7 0| =-E 102 0. (2.20)

1/2
)
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To see that Jeffreys’ prior model is invariant to parameterization, evaluate J(¢) at 6§ =

h=H(o):

J(¢) = —E<%¢W>
_ (dz log p(y|60=h""(¢)) ‘ o )
d6? do
- 0)| %]

thus, J(¢)/2 = J(0)'/? ’ﬁ , as required.

d¢

Jeffreys’ principle can be extended to multiparameter models, but the results are more

controversial. Simpler approaches based on assuming independent noninformative prior

distributions for the components of the vector parameter 6 can give different results than

are obtained with Jeffreys’ principle. When the number of parameters in a problem is large,

we find it useful to abandon pure noninformative prior distributions in favor of hierarchical
models, as we discuss in Chapter 5.

Various noninformative prior distributions for the binomial parameter

Consider the binomial distribution: y ~ Bin(n, ), which has log-likelihood
log p(y|6) = constant + ylogh + (n — y)log(1 — 6).
Routine evaluation of the second derivative and substitution of E(y|f) = nf yields the

Fisher information: ) W)
B d“logp(y B n
J(0) =-E ( do? ’ ) 0(1—0)

Jeffreys’ prior density is then p(6) o 6=1/2(1 — 0)~1/2, which is a Beta(3, ) density. By
comparison, recall the Bayes-Laplace uniform prior density, which can be expressed as
6 ~ Beta(1,1). On the other hand, the prior density that is uniform in the natural parameter
of the exponential family representation of the distribution is p(logit(f)) o constant (see
Exercise 2.7), which corresponds to the improper Beta(0,0) density on 6. In practice,
the difference between these alternatives is often small, since to get from 6 ~ Beta(0,0)
to 6 ~ Beta(1,1) is equivalent to passing from prior to posterior distribution given one
more success and one more failure, and usually 2 is a small fraction of the total number of
observations. But one must be careful with the improper Beta(0,0) prior distribution—if

y = 0 or n, the resulting posterior distribution is improper!

Pivotal quantities

For the binomial and other single-parameter models, different principles give (slightly) dif-
ferent noninformative prior distributions. But for two cases—location parameters and scale
parameters—all principles seem to agree.

1. If the density of y is such that p(y—0|f) is a function that is free of 6 and y, say,
f(w), where u = y — 0, then y — 0 is a pivotal quantity, and 0 is called a pure location
parameter. In such a case, it is reasonable that a noninformative prior distribution for 6
would give f(y—0) for the posterior distribution, p(y —0|y). That is, under the posterior
distribution, y — 6 should still be a pivotal quantity, whose distribution is free of both
0 and y. Under this condition, using Bayes’ rule, p(y —0|y) x p(0)p(y—0|0), thereby
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implying that the noninformative prior density is uniform on 6; that is, p(6) x constant
over the range (—00, 00).

2. If the density of y is such that p(|6) is a function that is free of # and y—say, g(u), where
u = 4—then u = ¥ is a pivotal quantity and @ is called a pure scale parameter. In such
a case, it is reasonable that a noninformative prior distribution for 6 would give g(%)
for the posterior distribution, p(¥|y). By transformation of variables, the conditional
distribution of y given # can be expressed in terms of the distribution of u given 6,

P(416) = Go(uld),

and similarly,

P(Oly) = g5p(uly).

After letting both p(ulf) and p(uly) equal g(u), we have the identity p(0ly) = 4p(y|0).
Thus, in this case, the reference prior distribution is p(6) % or, equivalently, p(log6) o 1
or p(#?) x 75.
This approach, in which the sampling distribution of the pivot is used as its posterior
distribution, can be applied to sufficient statistics in more complicated examples, such as
hierarchical normal models.

Even these principles can be misleading in some problems, in the critical sense of suggest-
ing prior distributions that can lead to improper posterior distributions. For example, the
uniform prior density does not work for the logarithm of a hierarchical variance parameter,
as we discuss in Section 5.4.

Difficulties with noninformative prior distributions

The search for noninformative priors has several problems, including:

1. Searching for a prior distribution that is always vague seems misguided: if the likelihood
is truly dominant in a given problem, then the choice among a range of relatively flat
prior densities cannot matter. Establishing a particular specification as the reference
prior distribution seems to encourage its automatic, and possibly inappropriate, use.

2. For many problems, there is no clear choice for a vague prior distribution, since a density
that is flat or uniform in one parameterization will not be in another. This is the
essential difficulty with Laplace’s principle of insufficient reason—on what scale should
the principle apply? For example, the ‘reasonable’ prior density on the normal mean 6
above is uniform, while for o2, the density p(c?) x 1/0? seems reasonable. However, if
we define ¢ = log o2, then the prior density on ¢ is

do?

3

1

x —202:1;
o

p(¢) = p(o?)

that is, uniform on ¢ = logo?. With discrete distributions, there is the analogous
difficulty of deciding how to subdivide outcomes into ‘atoms’ of equal probability.

3. Further difficulties arise when averaging over a set of competing models that have im-
proper prior distributions, as we discuss in Section 7.3.

Nevertheless, noninformative and reference prior densities are often useful when it does
not seem to be worth the effort to quantify one’s real prior knowledge as a probability
distribution, as long as one is willing to perform the mathematical work to check that
the posterior density is proper and to determine the sensitivity of posterior inferences to
modeling assumptions of convenience.
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2.9 Weakly informative prior distributions

We characterize a prior distribution as weakly informative if it is proper but is set up so that
the information it does provide is intentionally weaker than whatever actual prior knowledge
is available. We will discuss this further in the context of a specific example, but in general
any problem has some natural constraints that would allow a weakly informative model.
For example, for regression models on the logarithmic or logistic scale, with predictors that
are binary or scaled to have standard deviation 1, we can be sure for most applications that
effect sizes will be less than 10, given that a difference of 10 on the log scale changes the
expected value by a factor of exp(10) = 20,000, and on the logit scale shifts a probability
of logit™*(=5) = 0.01 to logit™'(5) = 0.99.

Rather than trying to model complete ignorance, we prefer in most problems to use
weakly informative prior distributions that include a small amount of real-world information,
enough to ensure that the posterior distribution makes sense. For example, in the sex
ratio example from Sections 2.1 and 2.4, one could use a prior distribution concentrated
between 0.4 and 0.6, for example N(0.5,0.12) or, to keep the mathematical convenience of
conjugacy, Beta(20,20).2 In the general problem of estimating a normal mean from Section
2.5, a N(0, A?) prior distribution is weakly informative, with A set to some large value that
depends on the context of the problem.

In almost every real problem, the data analyst will have more information than can
be conveniently included in the statistical model. This is an issue with the likelihood as
well as the prior distribution. In practice, there is always compromise for a number of
reasons: to describe the model more conveniently; because it may be difficult to express
knowledge accurately in probabilistic form; to simplify computations; or perhaps to avoid
using a possibly unreliable source of information. Except for the last reason, these are all
arguments for convenience and are best justified by the claim that the answer would not
have changed much had we been more accurate. If so few data are available that the choice
of noninformative prior distribution makes a difference, one should put relevant information
into the prior distribution, perhaps using a hierarchical model, as we discuss in Chapter 5.
We return to the issue of accuracy vs. convenience in likelihoods and prior distributions in
the examples of the later chapters.

Constructing a weakly informative prior distribution

One might argue that virtually all statistical models are weakly informative: a model always
conveys some information, if only in its choice of inputs and the functional form of how
they are combined, but it is not possible or perhaps even desirable to encode all of one’s
prior beliefs about a subject into a set of probability distributions. With that in mind, we
offer two principles for setting up weakly informative priors, going at the problem from two
different directions:

e Start with some version of a noninformative prior distribution and then add enough
information so that inferences are constrained to be reasonable.

e Start with a strong, highly informative prior and broaden it to account for uncertainty
in one’s prior beliefs and in the applicability of any historically based prior distribution
to new data.

Neither of these approaches is pure. In the first case, it can happen that the purportedly
noninformative prior distribution used as a starting point is in fact too strong. For example,
if a U(0,1) prior distribution is assigned to the probability of some rare disease, then in
the presence of weak data the probability can be grossly overestimated (suppose y = 0

2A quick R calculation, pbeta(.6,20,20) - pbeta(.4,20,20), reveals that 80% of the probability mass
in the Beta(20, 20) falls between 0.4 and 0.6.
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incidences out of n = 100 cases, and the true prevalence is known to be less than 1 in
10,000), and an appropriate weakly informative prior will be such that the posterior in this
case will be concentrated in that low range. In the second case, a prior distribution that is
believed to be strongly informative may in fact be too weak along some direction. This is
not to say that priors should be made more precise whenever posterior inferences are vague;
in many cases, our best strategy is simply to acknowledge whatever posterior uncertainty
we have. But we should not feel constrained by default noninformative models when we
have substantive prior knowledge available.

There are settings, however, when it can be recommended to not use relevant informa-
tion, even when it could clearly improve posterior inferences. The concern here is often
expressed in terms of fairness and encoded mathematically as a symmetry principle, that
the prior distribution should not pull inferences in any predetermined direction. For exam-
ple, consider an experimenter studying an effect that she is fairly sure is positive; perhaps
her prior distribution is N(0.5,0.5) on some appropriate scale. Such an assumption might
be pefectly reasonable given current scientific information but seems potentially risky if it
is part of the analysis of an experiment designed to test the scientist’s theory. If anything,
one might want a prior distribution that leans against an experimenter’s hypothesis in order
to require a higher standard of proof.

Ultimately, such concerns can and should be subsumed into decision analysis and some
sort of model of the entire scientific process, trading off the gains of early identification of
large and real effects against the losses entailed in overestimating the magnitudes of effects
and overreacting to patterns that could be attributed to chance. In the meantime, though,
we know that statistical inferences are taken as evidence of effects, and as guides to future
decision making, and for this purpose it can make sense to require models to have certain
constraints such as symmetry about 0 for the prior distribution of a single treatment effect.

2.10 Bibliographic note

A fascinating detailed account of the early development of the idea of ‘inverse probability’
(Bayesian inference) is provided in the book by Stigler (1986), on which our brief accounts
of Bayes’ and Laplace’s solutions to the problem of estimating an unknown proportion are
based. Bayes’ famous 1763 essay in the Philosophical Transactions of the Royal Society of
London has been reprinted as Bayes (1763); see also Laplace (1785, 1810).

Introductory textbooks providing complementary discussions of the simple models cov-
ered in this chapter were listed at the end of Chapter 1. In particular, Box and Tiao (1973)
provide a detailed treatment of Bayesian analysis with the normal model and also discuss
highest posterior density regions in some detail. The theory of conjugate prior distributions
was developed in detail by Raiffa and Schlaifer (1961). An interesting account of inference
for prediction, which also includes extensive details of particular probability models and
conjugate prior analyses, appears in Aitchison and Dunsmore (1975).

Liu et al. (2013) discuss how to efficiently compute highest posterior density intervals
using simulations.

Noninformative and reference prior distributions have been studied by many researchers.
Jeffreys (1961) and Hartigan (1964) discuss invariance principles for noninformative prior
distributions. Chapter 1 of Box and Tiao (1973) presents a straightforward and practically
oriented discussion, a brief but detailed survey is given by Berger (1985), and the article by
Bernardo (1979) is accompanied by a wide-ranging discussion. Bernardo and Smith (1994)
give an extensive treatment of this topic along with many other matters relevant to the
construction of prior distributions. Barnard (1985) discusses the relation between pivotal
quantities and noninformative Bayesian inference. Kass and Wasserman (1996) provide a
review of many approaches for establishing noninformative prior densities based on Jeffreys’
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rule, and they also discuss the problems that may arise from uncritical use of purportedly
noninformative prior specifications. Dawid, Stone, and Zidek (1973) discuss some difficulties
that can arise with noninformative prior distributions; also see Jaynes (1980).

Kerman (2011) discusses noninformative and informative conjugate prior distributions
for the binomial and Poisson models.

Jaynes (1983) discusses in several places the idea of objectively constructing prior dis-
tributions based on invariance principles and mazimum entropy. Appendix A of Bretthorst
(1988) outlines an objective Bayesian approach to assigning prior distributions, as applied
to the problem of estimating the parameters of a sinusoid from time series data. More
discussions of maximum entropy models appear in Jaynes (1982), Skilling (1989), and Gull
(1989a); see Titterington (1984) and Donoho et al. (1992) for other views.

For more on weakly informative prior distributions, see Gelman (2006a) and Gelman,
Jakulin, et al. (2008). Gelman (2004b) discusses connections between parameterization and
Bayesian modeling. Greenland (2001) discusses informative prior distributions in epidemi-
ology.

The data for the placenta previa example come from a study from 1922 reported in
James (1987). For more on the challenges of estimating sex ratios from small samples,
see Gelman and Weakliem (2009). The Bayesian analysis of age-adjusted kidney cancer
death rates in Section 2.7 is adapted from Manton et al. (1989); see also Gelman and Nolan
(2002a) for more on this particular example and Bernardinelli, Clayton, and Montomoli
(1995) for a general discussion of prior distributions for disease mapping. Gelman and
Price (1999) discuss artifacts in maps of parameter estimates, and Louis (1984), Shen and
Louis (1998), and Louis and Shen (1999) analyze the general problem of estimation of
ensembles of parameters, a topic to which we return in Chapter 5.

2.11 Exercises

1. Posterior inference: suppose you have a Beta(4, 4) prior distribution on the probability 6
that a coin will yield a ‘head’ when spun in a specified manner. The coin is independently
spun ten times, and ‘heads’ appear fewer than 3 times. You are not told how many heads
were seen, only that the number is less than 3. Calculate your exact posterior density
(up to a proportionality constant) for 6 and sketch it.

2. Predictive distributions: consider two coins, C and C5, with the following characteristics:
Pr(heads|Cy) = 0.6 and Pr(heads|Cs) = 0.4. Choose one of the coins at random and
imagine spinning it repeatedly. Given that the first two spins from the chosen coin are
tails, what is the expectation of the number of additional spins until a head shows up?

3. Predictive distributions: let y be the number of 6’s in 1000 rolls of a fair die.
(a) Sketch the approximate distribution of y, based on the normal approximation.

(b) Using the normal distribution table, give approximate 5%, 25%, 50%, 75%, and 95%
points for the distribution of y.
4. Predictive distributions: let y be the number of 6’s in 1000 independent rolls of a par-
ticular real die, which may be unfair. Let 6 be the probability that the die lands on ‘6.’
Suppose your prior distribution for € is as follows:

Pr(f =1/12) = 0.25,
Pr(§=1/6) = 0.5,
Pr(=1/4) = 0.25.

(a) Using the normal approximation for the conditional distributions, p(y|6), sketch your
approximate prior predictive distribution for y.
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(b) Give approximate 5%, 25%, 50%, 75%, and 95% points for the distribution of y. (Be
careful here: y does not have a normal distribution, but you can still use the normal
distribution as part of your analysis.)

5. Posterior distribution as a compromise between prior information and data: let y be the
number of heads in n spins of a coin, whose probability of heads is 6.

(a) If your prior distribution for 6 is uniform on the range [0, 1], derive your prior predictive
distribution for vy,

Pr(y=k) = /0 Pr(y = k|0)d6,

for each £ =0,1,...,n.

(b) Suppose you assign a Beta(c, 3) prior distribution for #, and then you observe y heads
out of n spins. Show algebraically that your posterior mean of 6 always lies between

your prior mean, and the observed relative frequency of heads, £.

o

a+p’

(c¢) Show that, if the prior distribution on € is uniform, the posterior variance of 6 is
always less than the prior variance.

(d) Give an example of a Beta(a, 8) prior distribution and data y, n, in which the posterior
variance of 6 is higher than the prior variance.

6. Predictive distributions: Derive the mean and variance (2.17) of the negative binomial
predictive distribution for the cancer rate example, using the mean and variance formulas
(1.8) and (1.9).

7. Noninformative prior densities:

(a) For the binomial likelihood, y ~ Bin(n,#), show that p(f) < 671(1 — 0)~! is the
uniform prior distribution for the natural parameter of the exponential family.

(b) Show that if y = 0 or n, the resulting posterior distribution is improper.

8. Normal distribution with unknown mean: a random sample of n students is drawn
from a large population, and their weights are measured. The average weight of the n
sampled students is § = 150 pounds. Assume the weights in the population are normally
distributed with unknown mean 6 and known standard deviation 20 pounds. Suppose
your prior distribution for # is normal with mean 180 and standard deviation 40.

(a) Give your posterior distribution for 6. (Your answer will be a function of n.)

(b) A new student is sampled at random from the same population and has a weight of
g pounds. Give a posterior predictive distribution for . (Your answer will still be a
function of n.)

(¢) For n = 10, give a 95% posterior interval for § and a 95% posterior predictive interval
for g.

(d) Do the same for n = 100.

9. Setting parameters for a beta prior distribution: suppose your prior distribution for 6,
the proportion of Californians who support the death penalty, is beta with mean 0.6 and
standard deviation 0.3.

(a) Determine the parameters o and 5 of your prior distribution. Sketch the prior density
function.

(b) A random sample of 1000 Californians is taken, and 65% support the death penalty.
What are your posterior mean and variance for 7 Draw the posterior density function.

(c) Examine the sensitivity of the posterior distribution to different prior means and
widths including a non-informative prior.
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Year Fatal Passenger  Death
accidents deaths rate
1976 24 734 0.19
1977 25 516 0.12
1978 31 754 0.15
1979 31 877 0.16
1980 22 814 0.14
1981 21 362 0.06
1982 26 764 0.13
1983 20 809 0.13
1984 16 223 0.03
1985 22 1066 0.15

Table 2.2 Worldwide airline fatalities, 1976—1985. Death rate is passenger deaths per 100 million
passenger miles. Source: Statistical Abstract of the United States.

10. Discrete sample spaces: suppose there are N cable cars in San Francisco, numbered
sequentially from 1 to N. You see a cable car at random; it is numbered 203. You wish
to estimate N. (See Goodman, 1952, for a discussion and references to several versions of
this problem, and Jeffreys, 1961, Lee, 1989, and Jaynes, 2003, for Bayesian treatments.)

a) Assume your prior distribution on N is geometric with mean 100; that is,
Y g
p(N) = (1/100)(99/100)N 1, for N =1,2,....

What is your posterior distribution for N7

(b) What are the posterior mean and standard deviation of N? (Sum the infinite series
analytically or approximate them on the computer.)

(¢) Choose a reasonable ‘noninformative’ prior distribution for N and give the resulting
posterior distribution, mean, and standard deviation for N.

11. Computing with a nonconjugate single-parameter model: suppose yi,...,ys are inde-
pendent samples from a Cauchy distribution with unknown center 6 and known scale 1:
p(yil0) oc 1/(1 + (y; — 0)?). Assume, for simplicity, that the prior distribution for 6 is
uniform on [0, 100]. Given the observations (y1,...,ys) = (43,44,45,46.5,47.5):

(a) Compute the unnormalized posterior density function, p(6)p(y|f), on a grid of points
0 =0, ﬁ, %, ..., 100, for some large integer m. Using the grid approximation, compute

and plot the normalized posterior density function, p(6|y), as a function of 6.
(b) Sample 1000 draws of 6 from the posterior density and plot a histogram of the draws.

(¢) Use the 1000 samples of 6 to obtain 1000 samples from the predictive distribution of
a future observation, yg, and plot a histogram of the predictive draws.

12. Jeffreys’ prior distributions: suppose y|6 ~ Poisson(#). Find Jeffreys’ prior density for 6,
and then find a and § for which the Gamma(c, 8) density is a close match to Jeffreys’
density.

13. Discrete data: Table 2.2 gives the number of fatal accidents and deaths on scheduled
airline flights per year over a ten-year period. We use these data as a numerical example
for fitting discrete data models.

(a) Assume that the numbers of fatal accidents in each year are independent with a
Poisson(f) distribution. Set a prior distribution for ¢ and determine the posterior
distribution based on the data from 1976 through 1985. Under this model, give a 95%
predictive interval for the number of fatal accidents in 1986. You can use the normal
approximation to the gamma and Poisson or compute using simulation.
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(b) Assume that the numbers of fatal accidents in each year follow independent Poisson
distributions with a constant rate and an exposure in each year proportional to the
number of passenger miles flown. Set a prior distribution for # and determine the
posterior distribution based on the data for 1976-1985. (Estimate the number of
passenger miles flown in each year by dividing the appropriate columns of Table 2.2
and ignoring round-off errors.) Give a 95% predictive interval for the number of fatal
accidents in 1986 under the assumption that 8 x 10! passenger miles are flown that
year.

(c) Repeat (a) above, replacing ‘fatal accidents’ with ‘passenger deaths.’
(d) Repeat (b) above, replacing ‘fatal accidents’ with ‘passenger deaths.’
(e) In which of the cases (a)-(d) above does the Poisson model seem more or less rea-

sonable?” Why? Discuss based on general principles, without specific reference to the
numbers in Table 2.2.

Incidentally, in 1986, there were 22 fatal accidents, 546 passenger deaths, and a death
rate of 0.06 per 100 million miles flown. We return to this example in Exercises 3.12,
6.2, 6.3, and 8.14.

14. Algebra of the normal model:
(a) Fill in the steps to derive (2.9)—(2.10), and (2.11)—(2.12).

(b) Derive (2.11) and (2.12) by starting with a N(ug,73) prior distribution and adding
data points one at a time, using the posterior distribution at each step as the prior
distribution for the next.

15. Beta distribution: assume the result, from standard advanced calculus, that

1uo¢71 — W) ldy = L(a)L(B)
/0 (L=w)™d CT(a+p)

If Z has a beta distribution with parameters a and 3, find E[Z™(1 — Z)"] for any non-
negative integers m and n. Hence derive the mean and variance of Z.

16. Beta-binomial distribution and Bayes’ prior distribution: suppose y has a binomial dis-

tribution for given n and unknown parameter 6, where the prior distribution of 6 is
Beta(a, ).

(a) Find p(y), the marginal distribution of y, for y = 0,...,n (unconditional on #). This
discrete distribution is known as the beta-binomial, for obvious reasons.

(b) Show that if the beta-binomial probability is constant in y, then the prior distribution
has to have a = = 1.

17. Posterior intervals: unlike the central posterior interval, the highest posterior interval
is not invariant to transformation. For example, suppose that, given o2, the quantity
nv/o? is distributed as x2, and that o has the (improper) noninformative prior density
p(o) o=t o >0.

(a) Prove that the corresponding prior density for o2 is p(0?) o< o2

(b) Show that the 95% highest posterior density region for o2 is not the same as the region
obtained by squaring the endpoints of a posterior interval for o.

18. Poisson model: derive the gamma posterior distribution (2.15) for the Poisson model
parameterized in terms of rate and exposure with conjugate prior distribution.

19. Exponential model with conjugate prior distribution:

(a) Show that if y|@ is exponentially distributed with rate 6, then the gamma prior dis-
tribution is conjugate for inferences about 6 given an independent and identically
distributed sample of y values.
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(b) Show that the equivalent prior specification for the mean, ¢ = 1/6, is inverse-gamma.
(That is, derive the latter density function.)

(¢) The length of life of a light bulb manufactured by a certain process has an exponential
distribution with unknown rate 6. Suppose the prior distribution for 6 is a gamma
distribution with coefficient of variation 0.5. (The coefficient of variation is defined
as the standard deviation divided by the mean.) A random sample of light bulbs is
to be tested and the lifetime of each obtained. If the coefficient of variation of the
distribution of 8 is to be reduced to 0.1, how many light bulbs need to be tested?

(d) In part (c), if the coefficient of variation refers to ¢ instead of 6, how would your
answer be changed?

20. Censored and uncensored data in the exponential model:

(a) Suppose y|0 is exponentially distributed with rate 0, and the marginal (prior) distri-
bution of # is Gamma(a, ). Suppose we observe that y > 100, but do not observe
the exact value of y. What is the posterior distribution, p(6]y >100), as a function of
« and 87 Write down the posterior mean and variance of 6.

(b) In the above problem, suppose that we are now told that y is exactly 100. Now what
are the posterior mean and variance of 07

(c¢) Explain why the posterior variance of € is higher in part (b) even though more in-
formation has been observed. Why does this not contradict identity (2.8) on page
327

21. Simple hierarchical modeling:
The file pew_research_center_june_elect_wknd data.dta® has data from Pew Research
Center polls taken during the 2008 election campaign. You can read these data into R
using the read.dta() function (after first loading the foreign package into R).
Your task is to estimate the percentage of the (adult) population in each state (excluding
Alaska, Hawaii, and the District of Columbia) who label themselves as ‘very liberal,’
following the general procedure that was used in Section 2.7 to estimate cancer rates,
but using the binomial and beta rather than Poisson and gamma distributions. But you
do not need to make maps; it will be enough to make scatterplots, plotting the estimate
vs. Barack Obama’s vote share in 2008 (data available at 2008ElectionResult.csv,
readable in R using read.csv()).
Make the following four graphs on a single page:

e Graph proportion very liberal among the survey respondents in each state vs. Obama
vote share—that is, a scatterplot using the two-letter state abbreviations (see state.abb()
in R).

e Graph the Bayes posterior mean in each state vs. Obama vote share.

e Repeat graphs (a) and (b) using the number of respondents in the state on the z-axis.

This exercise has four challenges: first, manipulating the data in order to get the totals
by state; second, estimating the parameters of the prior distribution; third, doing the
Bayesian analysis by state; and fourth, making the graphs.

22. Prior distributions:

A (hypothetical) study is performed to estimate the effect of a simple training program
on basketball free-throw shooting. A random sample of 100 college students is recruited
into the study. Each student first shoots 100 free-throws to establish a baseline success
probability. Each student then takes 50 practice shots each day for a month. At the end
of that time, he or she takes 100 shots for a final measurement. Let 6 be the average
improvement in success probability.

Give three prior distributions for ¢ (explaining each in a sentence):

3For data for this and other exercises, go to http://www.stat.columbia.edu/~gelman/book/ .
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(a) A noninformative prior,
(

(¢) A weakly informative prior.

b) A subjective prior based on your best knowledge, and
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Chapter 3

Introduction to multiparameter models

Virtually every practical problem in statistics involves more than one unknown or unob-
servable quantity. It is in dealing with such problems that the simple conceptual framework
of the Bayesian approach reveals its principal advantages over other methods of inference.
Although a problem can include several parameters of interest, conclusions will often be
drawn about one, or only a few, parameters at a time. In this case, the ultimate aim of a
Bayesian analysis is to obtain the marginal posterior distribution of the particular param-
eters of interest. In principle, the route to achieving this aim is clear: we first require the
joint posterior distribution of all unknowns, and then we integrate this distribution over the
unknowns that are not of immediate interest to obtain the desired marginal distribution.
Or equivalently, using simulation, we draw samples from the joint posterior distribution
and then look at the parameters of interest and ignore the values of the other unknowns.
In many problems there is no interest in making inferences about many of the unknown
parameters, although they are required in order to construct a realistic model. Parameters
of this kind are often called nuisance parameters. A classic example is the scale of the
random errors in a measurement problem.

We begin this chapter with a general treatment of nuisance parameters and then cover
the normal distribution with unknown mean and variance in Section 3.2. Sections 3.4
and 3.5 present inference for the multinomial and multivariate normal distributions—the
simplest models for discrete and continuous multivariate data, respectively. The chapter
concludes with an analysis of a nonconjugate logistic regression model, using numerical
computation of the posterior density on a grid.

3.1 Averaging over ‘nuisance parameters’

To express the ideas of joint and marginal posterior distributions mathematically, suppose
0 has two parts, each of which can be a vector, § = (01,03), and further suppose that we
are only interested (at least for the moment) in inference for 6y, so 63 may be considered a
‘nuisance’ parameter. For instance, in the simple example,

ylp, o ~ N(p, 0?),

in which both p (=01”) and 02 (=‘0’) are unknown, interest commonly centers on .
We seek the conditional distribution of the parameter of interest given the observed
data; in this case, p(f;]y). This is derived from the joint posterior density,

p(01, 02]y) o< p(y|01, 62)p(61, 02),
by averaging over 6s:

p(61]y) = / D61, 0aly)db>.

63
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Alternatively, the joint posterior density can be factored to yield

p(61]y) = / p(61]62,4)p(0:])d6s. (3.1)

which shows that the posterior distribution of interest, p(6:|y), is a mizture of the condi-
tional posterior distributions given the nuisance parameter, 65, where p(62|y) is a weighting
function for the different possible values of 5. The weights depend on the posterior density
of 2 and thus on a combination of evidence from data and prior model. The averaging over
nuisance parameters s can be interpreted generally; for example, 65 can include a discrete
component representing different possible sub-models.

We rarely evaluate the integral (3.1) explicitly, but it suggests an important practical
strategy for both constructing and computing with multiparameter models. Posterior dis-
tributions can be computed by marginal and conditional simulation, first drawing 6y from
its marginal posterior distribution and then 6, from its conditional posterior distribution,
given the drawn value of #5. In this way the integration embodied in (3.1) is performed
indirectly. A canonical example of this form of analysis is provided by the normal model
with unknown mean and variance, to which we now turn.

3.2 Normal data with a noninformative prior distribution

As the prototype example of estimating the mean of a population from a sample, we consider
a vector y of n independent observations from a univariate normal distribution, N(u, 02);
the generalization to the multivariate normal distribution appears in Section 3.5. We begin
by analyzing the model under a noninformative prior distribution, with the understanding
that this is no more than a convenient assumption for the purposes of exposition and is
easily extended to informative prior distributions.

A noninformative prior distribution

We saw in Chapter 2 that a sensible vague prior density for p and o, assuming prior
independence of location and scale parameters, is uniform on (u,logo) or, equivalently,

plp, o) o (o%) 71

The joint posterior distribution, p(u,o>|y)

Under this conventional improper prior density, the joint posterior distribution is propor-
tional to the likelihood function multiplied by the factor 1/0%:

(1, 0%ly) o< o " Zexp (—2%2 (yi u)2>
n—2 1 -
— oo (~gks [ ot
_ o exp<—2%2 (=15 40l - 1) (32)

where

is the sample variance of the y;’s. The sufficient statistics are 7 and s2.
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The conditional posterior distribution, p(u|o?,y)

In order to factor the joint posterior density as in (3.1), we consider first the conditional
posterior density, p(u|0?,y), and then the marginal posterior density, p(o2|y). To determine
the posterior distribution of j, given 02, we simply use the result derived in Section 2.5 for
the mean of a normal distribution with known variance and a uniform prior distribution:

ulo,y ~ N7, 0% /n). (3.3)

The marginal posterior distribution, p(o?|y)

To determine p(a?|y), we must average the joint distribution (3.2) over u:
202

o) o [ a2 exp (=g alln=1)s" 4 0 - 1) e

Integrating this expression over u requires evaluating the integral exp (—5=n (7 — p)?),
which is a simple normal integral; thus,

1
p(o?ly) o< o " Zexp (—F(n—l)ﬁ) V2ma?/n
g

2
2\ —(n+1)/2 _(” —1)s 3.4
x (0%) exp( 52 ) (3.4)

which is a scaled inverse-x? density:
o?ly ~ Inv-x2(n — 1, 5?). (3.5)

We have thus factored the joint posterior density (3.2) as the product of conditional and
marginal posterior densities: p(u, 0?|y) = p(ulo?, y)p(a?|y).

This marginal posterior distribution for o2 has a remarkable similarity to the analogous
sampling theory result: conditional on 62 (and p), the distribution of the appropriately
scaled sufficient statistic, (";)52 ,is x2_,. Considering our derivation of the reference prior
distribution for the scale parameter in Section 2.8, however, this result is not surprising.

Sampling from the joint posterior distribution

It is easy to draw samples from the joint posterior distribution: first draw o2 from (3.5),
then draw u from (3.3). We also derive some analytical results for the posterior distribution,
since this is one of the few multiparameter problems simple enough to solve in closed form.

Analytic form of the marginal posterior distribution of u

The population mean, pu, is typically the estimand of interest, and so the objective of the
Bayesian analysis is the marginal posterior distribution of p, which can be obtained by
integrating o2 out of the joint posterior distribution. The representation (3.1) shows that
the posterior distribution of i can be regarded as a mixture of normal distributions, mixed
over the scaled inverse-y? distribution for the variance, 02. We can derive the marginal

posterior density for p by integrating the joint posterior density over o2:

p(uly) = /000 p(p, o |y)do?.
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This integral can be evaluated using the substitution

z where A = (n —1)s* + n(u —7)?,

= 202

and recognizing that the result is an unnormalized gamma integral:

plply) o A’”/Q/ 2" D/2 exp(—2)dz
0
o [(n—1)s*+n(u—7)%"""

—\oq-n/2
)
x |14+ —77= .
(n—1)s2
This is the t,_1(7, s?/n) density (see Appendix A).
To put it another way, we have shown that, under the noninformative uniform prior
distribution on (u,log o), the posterior distribution of x has the form

L=y
where t,,_1 denotes the standard ¢ density (location 0, scale 1) with n—1 degrees of freedom.

This marginal posterior distribution provides another interesting comparison with sampling
theory. Under the sampling distribution, p(y|u,0?), the following relation holds:

Yy~ tnfla

y—

s/v/n

The sampling distribution of the pivotal quantity (g — p)/(s/+/n) does not depend on the
nuisance parameter o2, and its posterior distribution does not depend on data. In general,
a pivotal quantity for the estimand is defined as a nontrivial function of the data and the
estimand whose sampling distribution is independent of all parameters and data.

2
0~y

Posterior predictive distribution for a future observation

The posterior predictive distribution for a future observation, g, can be written as a mixture,
p(Gly) = [[p(G|p. o*, y)p(p, 0?|y)dudo?. The first of the two factors in the integral is just
the normal distribution for the future observation given the values of (i, 0?), and does not
depend on y at all. To draw from the posterior predictive distribution, first draw p, o2 from
their joint posterior distribution and then simulate § ~ N(u, 02).

In fact, the posterior predictive distribution of g is a ¢ distribution with location 7,
scale (1 + %)1/ 2s, and n — 1 degrees of freedom. This analytic form is obtained using the
same techniques as in the derivation of the posterior distribution of u. Specifically, the
distribution can be obtained by integrating out the parameters yu,o? according to their
joint posterior distribution. We can identify the result more easily by noticing that the
factorization p(glo®,y) = [p(glu, o2, y)p(plo®, y)du leads to p(glo®, y) = N(gly, (1 + ;)0?),
which is the same, up to a changed scale factor, as the distribution of u|o?,y.

Example. Estimating the speed of light

Simon Newcomb set up an experiment in 1882 to measure the speed of light. Newcomb

measured the amount of time required for light to travel a distance of 7442 meters. A

histogram of Newcomb’s 66 measurements is shown in Figure 3.1. There are two un-

usually low measurements and then a cluster of measurements that are approximately
symmetrically distributed. We (inappropriately) apply the normal model, assuming
that all 66 measurements are independent draws from a normal distribution with mean
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a [ H
-40 -20 0 20 40

Figure 3.1 Histogram of Simon Newcomb’s measurements for estimating the speed of light, from
Stigler (1977). The data are recorded as deviations from 24,800 nanoseconds.

1 and variance o2. The main substantive goal is posterior inference for . The outlying
measurements do not fit the normal model; we discuss Bayesian methods for measur-
ing the lack of fit for these data in Section 6.3. The mean of the 66 measurements is
7y = 26.2, and the sample standard deviation is s = 10.8. Assuming the noninformative
prior distribution p(u, 0?) o (02)71, a 95% central posterior interval for y is obtained
from the tg5 marginal posterior distribution of y as 7 + 1.9975/\/6_ = [23.6,28.8].
The posterior interval can also be obtained by simulation. Following the factorization
of the posterior distribution given by (3.5) and (3.3), we first draw a random value of
02 ~ Inv-x2(65, s?) as 65s? divided by a random draw from the 25 distribution (see
Appendix A). Then given this value of 02, we draw p from its conditional posterior
distribution, N(26.2,0%/66). Based on 1000 simulated values of (i, 0?), we estimate
the posterior median of 1 to be 26.2 and a 95% central posterior interval for u to be
[23.6,28.9], close to the analytically calculated interval.

Incidentally, based on the currently accepted value of the speed of light, the ‘true
value’ for 1 in Newcomb’s experiment is 33.0, which falls outside our 95% interval.
This reinforces the fact that posterior inferences are only as good as the model and
the experiment that produced the data.

3.3 Normal data with a conjugate prior distribution
A family of conjugate prior distributions

A first step toward a more general model is to assume a conjugate prior distribution for
the two-parameter univariate normal sampling model in place of the noninformative prior
distribution just considered. The form of the likelihood displayed in (3.2) and the subse-
quent discussion shows that the conjugate prior density must also have the product form
p(a?)p(p|o?), where the marginal distribution of o2 is scaled inverse-x? and the conditional
distribution of y given o2 is normal (so that marginally p has a t distribution). A convenient
parameterization is given by the following specification:

plo? ~ N(uo,0”/ko)
o? ~ Tnv-x2(vy, 07),
which corresponds to the joint prior density
_ ( 1
o) x 074 02) 02 exp (o od + ol — ). (3.6)

We label this the N-Inv-x?(p, 02| 110, 02/ ko; Vo, 05 ) density; its four parameters can be iden-
tified as the location and scale of u and the degrees of freedom and scale of o2, respectively.
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The appearance of 02 in the conditional distribution of u|o? means that u and o2 are
necessarily dependent in their joint conjugate prior density: for example, if o2 is large, then
a high-variance prior distribution is induced on p. This dependence is notable, considering
that conjugate prior distributions are used largely for convenience. Upon reflection, however,
it often makes sense for the prior variance of the mean to be tied to o2, which is the sampling
variance of the observation y. In this way, prior belief about p is calibrated by the scale of
measurement of y and is equivalent to ko prior measurements on this scale.

The joint posterior distribution, p(u,o?|y)

Multiplying the prior density (3.6) by the normal likelihood yields the posterior density
1
plp,a’ly) o ot (0%) TP exp <_F[VOU§ + ro(p — uo)zl) X
o

< (0% "2 exp (=gl ~ D2 (- 7)) (3.7

= N'InV'X2(MaU2|MmU¢21/Hn§ Vn,O'?L),

where, after some algebra (see Exercise 3.9), it can be shown that

Ko n

Hn = Iio+nMO+I€0+ny
Kn = Ko+n
vV, = UVg+n
Ron
ot = wvyop 4+ (n—1)s* + o n(y — po)?.

The parameters of the posterior distribution combine the prior information and the infor-
mation contained in the data. For example p,, is a weighted average of the prior mean and
the sample mean, with weights determined by the relative precision of the two pieces of
information. The posterior degrees of freedom, v,,, is the prior degrees of freedom plus the
sample size. The posterior sum of squares, v,02, combines the prior sum of squares, the
sample sum of squares, and the additional uncertainty conveyed by the difference between
the sample mean and the prior mean.

The conditional posterior distribution, p(u|o?,y)

The conditional posterior density of 1, given o2, is proportional to the joint posterior density
(3.7) with o2 held constant,

plo?y  ~ N(un,0/kn)
ko _|_£— 1
_ N(U“’“O oY ) (3.8)

ko 4 m 7 Ko 4 m
(72+<72 O'2+O'2

which agrees, as it must, with the analysis in Section 2.5 of y with o considered fixed.

The marginal posterior distribution, p(c?|y)

The marginal posterior density of o2, from (3.7), is scaled inverse-x?:

o?|y ~ Inv-x2(vp, 07). (3.9)
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Sampling from the joint posterior distribution

To sample from the joint posterior distribution, just as in the previous section, we first draw
o2 from its marginal posterior distribution (3.9), then draw p from its normal conditional
posterior distribution (3.8), using the simulated value of o2.

Analytic form of the marginal posterior distribution of u

Integration of the joint posterior density with respect to o2, in a precisely analogous way
to that used in the previous section, shows that the marginal posterior density for p is

Ko (1 — pin)? ) Sl

Vno2

k) (1+

= tVn (/’L|/’Ln70727,/lin)'

3.4 Multinomial model for categorical data

The binomial distribution that was emphasized in Chapter 2 can be generalized to allow
more than two possible outcomes. The multinomial sampling distribution is used to describe
data for which each observation is one of k possible outcomes. If y is the vector of counts
of the number of observations of each outcome, then

k
p(yl6) = T 6.
j=1

where the sum of the probabilities, E?Zl 0;, is 1. The distribution is typically thought of as

implicitly conditioning on the number of observations, 2521 y; = n. The conjugate prior
distribution is a multivariate generalization of the beta distribution known as the Dirichlet,

k
p(6la) o< [T 627,
j=1

where the distribution is restricted to nonnegative 6;’s with 25:1 0; = 1; see Appendix
A for details. The resulting posterior distribution for the 6;’s is Dirichlet with parameters
aj + Y.

The prior distribution expressed on the scale of « is mathematically equivalent to a
likelihood resulting from Z;C:l (aj — 1) observations with «; — 1 observations of the jth out-
come category. As in the binomial there are several plausible noninformative Dirichlet prior
distributions. A uniform density is obtained by setting «; = 1 for all j; this distribution
assigns equal density to any vector 6 satisfying Z?:l 0; = 1. Setting o; = 0 for all j results
in an improper prior distribution that is uniform in the log(6;)’s. The resulting posterior
distribution is proper if there is at least one observation in each of the k categories, so that
each component of y is positive. The bibliographic note at the end of this chapter points
to other suggested noninformative prior distributions for the multinomial model.

Example. Pre-election polling

For a simple example of a multinomial model, we consider a sample survey question
with three possible responses. In late October, 1988, a survey was conducted by CBS
News of 1447 adults in the United States to find out their preferences in the upcoming
presidential election. Out of 1447 persons, y; = 727 supported George Bush, yo = 583
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Figure 3.2 Histogram of values of (61— 02) for 1000 simulations from the posterior distribution for
the election polling example.

supported Michael Dukakis, and y3 = 137 supported other candidates or expressed no
opinion. Assuming no other information on the respondents, the 1447 observations
are exchangeable. If we also assume simple random sampling (that is, 1447 names
‘drawn out of a hat’), then the data (y1,y2,ys3) follow a multinomial distribution, with
parameters (61, 62, 03), the proportions of Bush supporters, Dukakis supporters, and
those with no opinion in the survey population. An estimand of interest is 6; — 05,
the population difference in support for the two major candidates.

With a noninformative uniform prior distribution on 6, oy =as=a3=1, the posterior
distribution for (61, 63, 03) is Dirichlet(728,584, 138). We could compute the posterior
distribution of #; — #3 by integration, but it is simpler just to draw 1000 points
(01,04,603) from the posterior Dirichlet distribution and then compute 6; — 65 for
each. The result is displayed in Figure 3.2. All of the 1000 simulations had 6; > 0s;
thus, the estimated posterior probability that Bush had more support than Dukakis
in the survey population is over 99.9%.

In fact, the CBS survey does not use independent random sampling but rather uses a
variant of a stratified sampling plan. We discuss an improved analysis of this survey,
using some knowledge of the sampling scheme, in Section 8.3 (see Table 8.2 on page
207).

In complicated problems—for example, analyzing the results of many survey questions
simultaneously—the number of multinomial categories, and thus parameters, becomes so
large that it is hard to usefully analyze a dataset of moderate size without additional
structure in the model. Formally, additional information can enter the analysis through
the prior distribution or the sampling model. An informative prior distribution might be
used to improve inference in complicated problems, using the ideas of hierarchical modeling
introduced in Chapter 5. Alternatively, loglinear models can be used to impose structure on
multinomial parameters that result from cross-classifying several survey questions; Section
16.7 provides details and an example.

3.5 Multivariate normal model with known variance

Here we give a somewhat formal account of the distributional results of Bayesian inference
for the parameters of a multivariate normal distribution. In many ways, these results
parallel those already given for the univariate normal model, but there are some important
new aspects that play a major role in the analysis of linear models, which is the central
activity of much applied statistical work (see Chapters 5, 14, and 15). This section can be
viewed at this point as reference material for future chapters.
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Multivariate normal likelihood

The basic model to be discussed concerns an observable vector y of d components, with the
multivariate normal distribution,

ylp, X~ N(p, X, (3.10)

where 1 is a (column) vector of length d and 3 is a d X d variance matrix, which is symmetric
and positive definite. The likelihood function for a single observation is

p(ylp, B) o |72 exp <—%(y — )"y - u)) :

and for a sample of n independent and identically distributed observations, y1, ..., ¥n, iS

. 1 ¢ _
P, Yl B) o< ST % exp (‘5 > i — w2 v —u)) : (3.11)
i=1

Congugate analysis
As with the univariate normal model, we analyze the multivariate normal model by first
considering the case of known X.

Conjugate prior distribution for p with known Y. The log-likelihood is a quadratic form
in p, and therefore the conjugate prior distribution for y is the multivariate normal distri-
bution, which we parameterize as u ~ N(ug, Ag).

Posterior distribution for p with known ¥. The posterior distribution of y is
1 _ - -
p(uly, ¥) o< exp <—§ <(u — p10) " AG (1 — o) + > (yi — )TE (i — u))) :
i=1

which is an exponential of a quadratic form in p. Completing the quadratic form and pulling
out constant factors (see Exercise 3.13) gives

pply,¥) o exp (—%(u — )AL (1 - un))

= N(/'L|/J"ﬂ7A’ﬂ)7
where
pn = Ayt +nE YT Ag o +nE71Y)
A o= A RS (3.12)

These are similar to the results for the univariate normal model in Section 2.5, the posterior
mean being a weighted average of the data and the prior mean, with weights given by the
data and prior precision matrices, n¥~! and Ay L respectively. The posterior precision is
the sum of the prior and data precisions.

Posterior conditional and marginal distributions of subvectors of p with known X. It follows
from the properties of the multivariate normal distribution (see Appendix A) that the
marginal posterior distribution of a subset of the parameters, (1) say, is also multivariate
normal, with mean vector equal to the appropriate subvector of the posterior mean vector
1, and variance matrix equal to the appropriate submatrix of A,. Also, the conditional
posterior distribution of a subset (! given the values of a second subset ;(?) is multivariate
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normal. If we write superscripts in parentheses to indicate appropriate subvectors and
submatrices, then

L@,y ~ N (a0 + B (u® — D), A12), (3.13)
where the regression coefficients 4!/2 and conditional variance matrix A2 are defined by
gz = A02) (A5122))_
AlZ = Aglll) -~ AS?) (Aglm))_l Agl)_

Posterior predictive distribution for new data. We now work out the analytic form of the
posterior predictive distribution for a new observation § ~ N(u, X). As with the univariate
normal, we first note that the joint distribution, p(7, uly) = N(g|u, )N (u|pn, Ay), is the
exponential of a quadratic form in (g, u); hence (7, 1) have a joint normal posterior distri-
bution, and so the marginal posterior distribution of § is (multivariate) normal. We are
still assuming the variance matrix X is known. As in the univariate case, we can determine
the posterior mean and variance of § using (2.7) and (2.8):

E(@ly) = EE@my)y)
= E(uly) = pn,
and
var(gly) = E(var(glp, y)ly) + var(E(g|u, y)|y)

= E(Z[y) + var(uly) = X+ An.

To sample from the posterior distribution or the posterior predictive distribution, re-
fer to Appendix A for a method of generating random draws from a multivariate normal
distribution with specified mean and variance matrix.

Noninformative prior density for u. A noninformative uniform prior density for p is p(p) o
constant, obtained in the limit as the prior precision tends to zero in the sense |A, 1| — 0;
in the limit of infinite prior variance (zero prior precision), the prior mean is irrelevant.
Though this choice of prior density does not combine with the likelihood to form a proper
joint probability model for p and y, the posterior density obtained by applying Bayes’ rule
is a proper posterior density. The posterior density is proportional to the likelihood (3.11)
which is an exponential of a quadratic form in . Completing the quadratic form and pulling
out constant terms yields the posterior distribution for pu, given the uniform prior density,
as u|X,y ~ N(7,2/n).

3.6 Multivariate normal with unknown mean and variance
Congugate inverse- Wishart family of prior distributions

Recall that the conjugate distribution for the univariate normal with unknown mean and
variance is the normal-inverse-y? distribution (3.6). We can use the inverse-Wishart dis-
tribution, a multivariate generalization of the scaled inverse-x?2, to describe the prior dis-
tribution of the matrix ¥. The conjugate prior distribution for (u, ), the normal-inverse-
Wishart, is conveniently parameterized in terms of hyperparameters (o, Ao/ko; Vo, Ao):

Y ~ Inv-Wishart,, (A ")
ulX ~ N(uo,/ko),
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which corresponds to the joint prior density

1
(i, E)O(|E|_((Uo+d)/2+1) exp(—itr(AoE_l) _ %(M — 1) TS — /m))-

The parameters vy and Ay describe the degrees of freedom and the scale matrix for the
inverse-Wishart distribution on ¥. The remaining parameters are the prior mean, pg, and
the number of prior measurements, xg, on the ¥ scale. Multiplying the prior density by the
normal likelihood results in a posterior density of the same family with parameters

Ko + n
Hn = Ho Y
" Ko +n Ko+ "N
Kn = Ko+n
vV, = UVg+n
RoM

A = A+ S5+ ¥ — 10) (@ — o)™,

Ko +n

where S is the sum of squares matrix about the sample mean,

5= Z(?Ji - —7)"

i=1

Other results from the univariate normal easily generalize to the multivariate case. The
marginal posterior distribution of y is multivariate t,, — g1 (tin, An/(kn(vn —d+1))). The
posterior predictive distribution of a new observation g is also multivariate ¢ with an ad-
ditional factor of k, +1 in the numerator of the scale matrix. Samples from the joint
posterior distribution of (u,Y) are easily obtained using the following procedure: first,
draw Y|y ~ Inv-Wishart,, (A1), then draw p|Z,y ~ N(un, X/k,). See Appendix A for
drawing from inverse-Wishart and multivariate normal distributions. To draw from the
posterior predictive distribution of a new observation, draw §|u, X,y ~ N(u, X), given the
already drawn values of y and X.

Different noninformative prior distributions

Inverse-Wishart with d + 1 degrees of freedom. Setting ¥ ~ Inv-Wishartyy1(I) has the
appealing feature that each of the correlations in ¥ has, marginally, a uniform prior distri-
bution. (The joint distribution is not uniform, however, because of the constraint that the
correlation matrix be positive definite.)

Inverse- Wishart with d—1 degrees of freedom.  Another proposed noninformative prior
distribution is the multivariate Jeffreys prior density,

P, T) oc [B V2,

which is the limit of the conjugate prior density as ko — 0, v9 — —1, [Ag] — 0. The
corresponding posterior distribution can be written as

Yy ~ Inv-Wishart, 1(S™1)
plEy ~ N@E/n).
Results for the marginal distribution of 1 and the posterior predictive distribution of ¥,

assuming that the posterior distribution is proper, follow from the previous paragraph. For
example, the marginal posterior distribution of u is multivariate t,,— (7, S/(n(n — d))).
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Dose, x; Number of Number of
(log g/ml) animals, n;  deaths, y;
—0.86 5 0
—0.30 5 1
—0.05 5 3
0.73 5 5

Table 3.1: Bioassay data from Racine et al. (1986).

Scaled inverse- Wishart model

When modeling covariance matrices it can help to extend the inverse-Wishart model by
multiplying by a set of scale parameters that can be modeled separately. This gives flexibility
in modeling and allows one to set up a uniform or weak prior distribution on correlations
without overly constraining the variance parameters. The scaled inverse- Wishart model for
Y has the form,

¥ = Diag(€)%, Diag(¢),

where X, is given an inverse-Wishart prior distribution (one choice is Inv-Wishartg1 (1), so
that the marginal distributions of the correlations are uniform) and then the scale param-
eters £ can be given weakly informative priors themselves. We discuss further in Section
15.4 in the context of varying-intercept, varying-slope hierarchical regression models.

3.7 Example: analysis of a bioassay experiment

Beyond the normal distribution, few multiparameter sampling models allow simple explicit
calculation of posterior distributions. Data analysis for such models is possible using the
computational methods described in Part III of this book. Here we present an example
of a nonconjugate model for a bioassay experiment, drawn from the literature on applied
Bayesian statistics. The model is a two-parameter example from the broad class of general-
ized linear models to be considered more thoroughly in Chapter 16. We use a particularly
simple simulation approach, approximating the posterior distribution by a discrete distri-
bution supported on a two-dimensional grid of points, that provides sufficiently accurate
inferences for this two-parameter example.

The scientific problem and the data

In the development of drugs and other chemical compounds, acute toxicity tests or bioassay
experiments are commonly performed on animals. Such experiments proceed by adminis-
tering various dose levels of the compound to batches of animals. The animals’ responses
are typically characterized by a dichotomous outcome: for example, alive or dead, tumor
or no tumor. An experiment of this kind gives rise to data of the form

(33177%,%)7 1= 15' "akv

where z; represents the ith of k dose levels (often measured on a logarithmic scale) given
to n; animals, of which y; subsequently respond with positive outcome. An example of real
data from such an experiment is shown in Table 3.1: twenty animals were tested, five at
each of four dose levels.

Modeling the dose-response relation

Given what we have seen so far, we must model the outcomes of the five animals within
each group i as exchangeable, and it seems reasonable to model them as independent with
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equal probabilities, which implies that the data points y; are binomially distributed:

where 6; is the probability of death for animals given dose x;. (An example of a situation
in which independence and the binomial model would not be appropriate is if the deaths
were caused by a contagious disease.) For this experiment, it is also reasonable to treat the
outcomes in the four groups as independent of each other, given the parameters 61, ..., 60,.

The simplest analysis would treat the four parameters 6; as exchangeable in their prior
distribution, perhaps using a noninformative density such as p(61,...,04) o 1, in which case
the parameters 6; would have independent beta posterior distributions. The exchangeable
prior model for the 6; parameters has a serious flaw, however; we know the dose level x;
for each group 4, and one would expect the probability of death to vary systematically as a
function of dose.

The simplest model of the dose—response relation—that is, the relation of 6; to x;—is
linear: #; = a + Bx;. Unfortunately, this model has the flaw that at low or high doses,
x; approaches +o0o (recall that the dose is measured on the log scale), whereas 6;, being a
probability, must be constrained to lie between 0 and 1. The standard solution is to use a
transformation of the #’s, such as the logistic, in the dose-response relation:

logit(6;) = o + Bz, (3.14)
where logit(6;) = log(0;/(1 — 0;)) as defined in (1.10). This is called a logistic regression

model.

The likelihood

Under the model (3.14), we can write the sampling distribution, or likelihood, for each
group 7 in terms of the parameters o and 3 as

p(yiler, Byni, x;) o [logit™ (a4 B;)]¥ [1 — logit ™" (a + Ba;)]™ Y.

The model is characterized by the parameters a and 3, whose joint posterior distribution
is

p(e, Bly,n,z) o pla, Bn, )p(yla, B,n, x) (3.15)
k
X p(%ﬁ)H?(?JzMaBa”u%)
=1

We consider the sample sizes n; and dose levels z; as fixed for this analysis and suppress
the conditioning on (n,z) in subsequent notation.

The prior distribution

We present an analysis based on a prior distribution for («, 8) that is independent and locally
uniform in the two parameters; that is, p(«, 8) o« 1. In practice, we might use a uniform
prior distribution if we really have no prior knowledge about the parameters, or if we want to
present a simple analysis of this experiment alone. If the analysis using the noninformative
prior distribution is insufficiently precise, we may consider using other sources of substantive
information (for example, from other bioassay experiments) to construct an informative
prior distribution.
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Figure 3.3 (a) Contour plot for the posterior density of the parameters in the bioassay example.
Contour lines are at 0.05,0.15,...,0.95 times the density at the mode. (b) Scatterplot of 1000 draws
from the posterior distribution.

A rough estimate of the parameters

We will compute the joint posterior distribution (3.15) at a grid of points («, 8), but before
doing so, it is a good idea to get a rough estimate of («, 8) so we know where to look. To
obtain the rough estimate, we use existing software to perform a logistic regression; that
is, finding the maximum likelihood estimate of («, 3) in (3.15) for the four data points in

Table 3.1. The estimate is (&, ) = (0.8,7.7), with standard errors of 1.0 and 4.9 for « and
B, respectively.

Obtaining a contour plot of the joint posterior density

We are now ready to compute the posterior density at a grid of points (a, 8). After some
experimentation, we use the range (o, 8) € [—5,10] x [—10,40], which captures almost all
the mass of the posterior distribution. The resulting contour plot appears in Figure 3.3a;
a general justification for setting the lowest contour level at 0.05 for two-dimensional plots
appears in Section 4.1.

Sampling from the joint posterior distribution

Having computed the unnormalized posterior density at a grid of values that cover the
effective range of (a, ), we can normalize by approximating the distribution as a step
function over the grid and setting the total probability in the grid to 1. We sample 1000
random draws («®, %) from the posterior distribution using the following procedure.

1. Compute the marginal posterior distribution of v by numerically summing over 3 in the
discrete distribution computed on the grid of Figure 3.3a.
2. For s =1,...,1000:
(a) Draw o® from the discretely computed p(a|y); this can be viewed as a discrete version
of the inverse cdf method described in Section 1.9.
(b) Draw [° from the discrete conditional distribution, p(f|«,y), given the just-sampled
value of a.

(c) For each of the sampled « and 3, add a uniform random jitter centered at zero with
a width equal to the spacing of the sampling grid. This gives the simulation draws a
continuous distribution.

The 1000 draws (a®, 3%) are displayed on a scatterplot in Figure 3.3b. The scale of the
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Figure 3.4 Histogram of the draws from the posterior distribution of the LD50 (on the scale of log
dose in g/ml) in the bioassay example, conditional on the parameter 3 being positive.

plot, which is the same as the scale of Figure 3.3a, has been set large enough that all the
1000 draws would fit on the graph.

There are a number of practical considerations when applying this two-dimensional grid
approximation. There can be difficulty finding the correct location and scale for the grid
points. A grid that is defined on too small an area may miss important features of the
posterior distribution that fall outside the grid. A grid defined on a large area with wide
intervals between points can miss important features that fall between the grid points. It
is also important to avoid overflow and underflow operations when computing the poste-
rior distribution. It is usually a good idea to compute the logarithm of the unnormalized
posterior distribution and subtract off the maximum value before exponentiating. This
creates an unnormalized discrete approximation with maximum value 1, which can then be
normalized (by setting the total probability in the grid to 1).

The posterior distribution of the LD50

A parameter of common interest in bioassay studies is the LD50—the dose level at which
the probability of death is 50%. In our logistic model, a 50% survival rate means

Yi

Uz

IDm:E( >_k@t%a+mm_0@

thus, o + Ba; = logit(0.5) = 0, and the LD50 is 2; = —«a/f. Computing the posterior
distribution of any summaries in the Bayesian approach is straightforward, as discussed at
the end of Section 1.9. Given what we have done so far, simulating the posterior distribution
of the LD50 is trivial: we just compute —«/ 8 for the 1000 draws of (¢, ) pictured in Figure
3.3b.

Difficulties with the LD50 parameterization if the drug is beneficial. In the context of this
example, LD50 is a meaningless concept if 5 < 0, in which case increasing the dose does not
cause the probability of death to increase. If we were certain that the drug could not cause
the tumor rate to decrease, we should constrain the parameter space to exclude values of 8
less than 0. However, it seems more reasonable here to allow the possibility of 8 < 0 and
just note that LD50 is hard to interpret in this case.

We summarize the inference on the LD50 scale by reporting two results: (1) the posterior
probability that 5 > 0—that is, that the drug is harmful—and (2) the posterior distribution
for the LD50 conditional on 5 > 0. All of the 1000 simulation draws had positive values of
B, so the posterior probability that 5 > 0 is roughly estimated to exceed 0.999. We compute
the LD50 for the simulation draws with positive values of 8 (which happen to be all 1000
draws for this example); a histogram is displayed in Figure 3.4. This example illustrates that
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the marginal posterior mean is not always a good summary of inference about a parameter.
We are not, in general, interested in the posterior mean of the LD50, because the posterior
mean includes the cases in which the dose-response relation is negative.

3.8 Summary of elementary modeling and computation

The lack of multiparameter models permitting easy calculation of posterior distributions is
not a major practical handicap for three main reasons. First, when there are few parame-
ters, posterior inference in nonconjugate multiparameter models can be obtained by simple
simulation methods, as we have seen in the bioassay example. Second, sophisticated models
can often be represented in a hierarchical or conditional manner, as we shall see in Chapter
5, for which effective computational strategies are available (as we discuss in general in Part
III). Finally, as we discuss in Chapter 4, we can often apply a normal approximation to
the posterior distribution, and therefore the conjugate structure of the normal model can
play an important role in practice, well beyond its application to explicitly normal sampling
models.

Our successful analysis of the bioassay example suggests the following strategy for com-
putation of simple Bayesian posterior distributions. What follows is not truly a general ap-
proach, but it summarizes what we have done so far and foreshadows the general methods—
based on successive approximations—presented in Part III.

1. Write the likelihood part of the model, p(y|f), ignoring any factors that are free of 6.

2. Write the posterior density, p(6|y) « p(0)p(y|0). If prior information is well-formulated,
include it in p(f). Otherwise use a weakly informative prior distribution or temporarily
set p(f) o constant, with the understanding that the prior density can be altered later
to include additional information or structure.

3. Create a crude estimate of the parameters, 8, for use as a starting point and a comparison
to the computation in the next step.

4. Draw simulations #',...,0°, from the posterior distribution. Use the sample draws to
compute the posterior density of any functions of 6 that may be of interest.

5. If any predictive quantities, ¢, are of interest, simulate 7', ...,7° by drawing each 7°
from the sampling distribution conditional on the drawn value 6%, p(7]0°). In Chapter
6, we discuss how to use posterior simulations of # and y to check the fit of the model to
data and substantive knowledge.

For nonconjugate models, step 4 above can be difficult. Various methods have been
developed to draw posterior simulations in complicated models, as we discuss in Part III.
Occasionally, high-dimensional problems can be solved by combining analytical and nu-
merical simulation methods. If 6 has only one or two components, it is possible to draw
simulations by computing on a grid, as we illustrated in the previous section for the bioassay
example.

3.9 Bibliographic note

Chapter 2 of Box and Tiao (1973) thoroughly treats the univariate and multivariate normal
distribution problems and also some related problems such as estimating the difference
between two means and the ratio between two variances. At the time that book was
written, computer simulation methods were much less convenient than they are now, and
so Box and Tiao, and other Bayesian authors of the period, restricted their attention to
conjugate families and devoted much effort to deriving analytic forms of marginal posterior
densities.

Many textbooks on multivariate analysis discuss the unique mathematical features of
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Survey | Bush Dukakis No opinion/other | Total
pre-debate 294 307 38 639
post-debate | 288 332 19 639

Table 3.2 Number of respondents in each preference category from ABC News pre- and post-debate
surveys tn 1988.

the multivariate normal distribution, such as the property that all marginal and conditional
distributions of components of a multivariate normal vector are normal; for example, see
Mardia, Kent, and Bibby (1979).

Simon Newcomb’s data, along with a discussion of his experiment, appear in Stigler
(1977).

The multinomial model and corresponding informative and noninformative prior distri-
butions are discussed by Good (1965) and Fienberg (1977); also see the bibliographic note
on loglinear models at the end of Chapter 16.

The data and model for the bioassay example appear in Racine et al. (1986), an article
that presents several examples of simple Bayesian analyses that have been useful in the
pharmaceutical industry.

3.10 Exercises

1. Binomial and multinomial models: suppose data (y1,...,ys) follow a multinomial distri-
bution with parameters (61,...,0;). Also suppose that § = (61,...,0,) has a Dirichlet
prior distribution. Let o = 740,

(a) Write the marginal posterior distribution for c.

(b) Show that this distribution is identical to the posterior distribution for « obtained by
treating y; as an observation from the binomial distribution with probability a and
sample size y; + y2, ignoring the data ys,...,y,.

This result justifies the application of the binomial distribution to multinomial problems
when we are only interested in two of the categories; for example, see the next problem.

2. Comparison of two multinomial observations: on September 25, 1988, the evening of a
presidential campaign debate, ABC News conducted a survey of registered voters in the
United States; 639 persons were polled before the debate, and 639 different persons were
polled after. The results are displayed in Table 3.2. Assume the surveys are independent
simple random samples from the population of registered voters. Model the data with
two different multinomial distributions. For j = 1,2, let o;; be the proportion of voters
who preferred Bush, out of those who had a preference for either Bush or Dukakis at
the time of survey j. Plot a histogram of the posterior density for as — ;. What is the
posterior probability that there was a shift toward Bush?

3. Estimation from two independent experiments: an experiment was performed on the
effects of magnetic fields on the flow of calcium out of chicken brains. Two groups
of chickens were involved: a control group of 32 chickens and an exposed group of 36
chickens. One measurement was taken on each chicken, and the purpose of the experiment
was to measure the average flow p. in untreated (control) chickens and the average flow
1 in treated chickens. The 32 measurements on the control group had a sample mean of
1.013 and a sample standard deviation of 0.24. The 36 measurements on the treatment
group had a sample mean of 1.173 and a sample standard deviation of 0.20.

(a) Assuming the control measurements were taken at random from a normal distribution
with mean p. and variance o2, what is the posterior distribution of y.? Similarly, use
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the treatment group measurements to determine the marginal posterior distribution
of py. Assume a uniform prior distribution on (., i, log o.,logoy).

(b) What is the posterior distribution for the difference, p; — p.? To get this, you may
sample from the independent ¢ distributions you obtained in part (a) above. Plot a
histogram of your samples and give an approximate 95% posterior interval for p1; — pic.

The problem of estimating two normal means with unknown ratio of variances is called
the Behrens—Fisher problem.

4. Inference for a 2 x 2 table: an experiment was performed to estimate the effect of beta-
blockers on mortality of cardiac patients. A group of patients were randomly assigned
to treatment and control groups: out of 674 patients receiving the control, 39 died, and
out of 680 receiving the treatment, 22 died. Assume that the outcomes are independent
and binomially distributed, with probabilities of death of py and p; under the control
and treatment, respectively. We return to this example in Section 5.6.

(a) Set up a noninformative prior distribution on (pg, p1) and obtain posterior simulations.
(b) Summarize the posterior distribution for the odds ratio, (p1/(1 —p1))/(Po/(1 — po)).
(c¢) Discuss the sensitivity of your inference to your choice of noninformative prior density.

5. Rounded data: it is a common problem for measurements to be observed in rounded
form (for a review, see Heitjan, 1989). For a simple example, suppose we weigh an
object five times and measure weights, rounded to the nearest pound, of 10, 10, 12, 11,
9. Assume the unrounded measurements are normally distributed with a noninformative

prior distribution on the mean u and variance o2.

(a) Give the posterior distribution for (u1, 0?) obtained by pretending that the observations
are exact unrounded measurements.

b) Give the correct posterior distribution for (4, 0?) treating the measurements as rounded.
K g

(¢) How do the incorrect and correct posterior distributions differ? Compare means,
variances, and contour plots.

(d) Let z = (z1,...,25) be the original, unrounded measurements corresponding to the five
observations above. Draw simulations from the posterior distribution of z. Compute
the posterior mean of (21 — 22)2.

6. Binomial with unknown probability and sample size: some of the difficulties with setting

prior distributions in multiparameter models can be illustrated with the simple binomial
distribution. Consider data y1,...,y, modeled as independent Bin(XNV,#), with both N
and 6 unknown. Defining a convenient family of prior distributions on (N, ) is difficult,
partly because of the discreteness of V.
Raftery (1988) considers a hierarchical approach based on assigning the parameter N
a Poisson distribution with unknown mean u. To define a prior distribution on (6, N),
Raftery defines A = u6 and specifies a prior distribution on (A, #). The prior distribution
is specified in terms of A rather than p because ‘it would seem easier to formulate prior
information about A, the unconditional expectation of the observations, than about u,
the mean of the unobserved quantity N.’

(a) A suggested noninformative prior distribution is p(\,#) oc A=!. What is a motivation
for this noninformative distribution? Is the distribution improper? Transform to
determine p(N, 6).

(b) The Bayesian method is illustrated on counts of waterbuck obtained by remote pho-
tography on five separate days in Kruger Park in South Africa. The counts were
53, 57, 66, 67, and 72. Perform the Bayesian analysis on these data and display a
scatterplot of posterior simulations of (N, #). What is the posterior probability that
N > 1007

(¢) Why not simply use a Poisson with fixed p as a prior distribution for N?
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Type of Bike Counts of bicycles/other vehicles
street route?
Residential  yes 16/58, 9/90, 10/48, 13/57, 19/103,
20/57, 18/86, 17/112, 35/273, 55/64
Residential  no 12/113, 1/18, 2/14, 4/44, 9/208,
7/67,9/29, 8/154
Fairly busy yes 8/29, 35/415, 31/425, 19/42, 38/180,
47/675, 44/620, 44/437, 29/47, 18/462
Fairly busy no 10/557, 43/1258, 5/499, 14/601, 58/1163
15/700, 0/90, 47/1093, 51/1459, 32/1086
Busy yes 60/1545, 51/1499, 58/1598, 59/503, 53,/407
68/1494, 68/1558, 60/1706, T1/476, 63/752
Busy no 8/1248, 9/1246, 6/1596, 9/1765, 19/1290,

61/2498, 31/2346, 75/3101, 14/1918, 25/2318

Table 3.3 Counts of bicycles and other vehicles in one hour in each of 10 city blocks in each of
siz categories. (The data for two of the residential blocks were lost.) For example, the first block
had 16 bicycles and 58 other vehicles, the second had 9 bicycles and 90 other vehicles, and so on.
Streets were classified as ‘residential,” ‘fairly busy,” or ‘busy’ before the data were gathered.

7. Poisson and binomial distributions: a student sits on a street corner for an hour and
records the number of bicycles b and the number of other vehicles v that go by. Two
models are considered:

e The outcomes b and v have independent Poisson distributions, with unknown means
0y and 0,,.

e The outcome b has a binomial distribution, with unknown probability p and sample
size b+ v.

Show that the two models have the same likelihood if we define p = Hbibeu .

8. Analysis of proportions: a survey was done of bicycle and other vehicular traffic in the
neighborhood of the campus of the University of California, Berkeley, in the spring of
1993. Sixty city blocks were selected at random; each block was observed for one hour,
and the numbers of bicycles and other vehicles traveling along that block were recorded.
The sampling was stratified into six types of city blocks: busy, fairly busy, and residential
streets, with and without bike routes, with ten blocks measured in each stratum. Table
3.3 displays the number of bicycles and other vehicles recorded in the study. For this
problem, restrict your attention to the first four rows of the table: the data on residential
streets.

(a) Let y1,...,y10 and 21, ..., zs be the observed proportion of traffic that was on bicycles
in the residential streets with bike lanes and with no bike lanes, respectively (so
y1 = 16/(16 4+ 58) and z; = 12/(12 + 113), for example). Set up a model so that the
yi’s are independent and identically distributed given parameters 6, and the z;’s are
independent and identically distributed given parameters 6.,.

(b) Set up a prior distribution that is independent in 6, and 6,.

(¢) Determine the posterior distribution for the parameters in your model and draw 1000
simulations from the posterior distribution. (Hint: 6, and 6, are independent in the
posterior distribution, so they can be simulated independently.)

(d) Let py = E(y;]0,) be the mean of the distribution of the y;’s; u, will be a function of
0,. Similarly, define p,. Using your posterior simulations from (c), plot a histogram of
the posterior simulations of s, — ji., the expected difference in proportions in bicycle
traffic on residential streets with and without bike lanes.

We return to this example in Exercise 5.13.
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9. Conjugate normal model: suppose y is an independent and identically distributed sam-
ple of size n from the distribution N(u,0?), where the prior distribution for (u,c?) is
N-Inv-x2(p, 02 |0, 03 / Ko; vo, 0); that is, 0% ~ Inv-x?(1p,03) and plo? ~ N(po, 02 /ko).
The posterior distribution, p(u, o2|y), is also normal-inverse-x?; derive explicitly its pa-
rameters in terms of the prior parameters and the sufficient statistics of the data.

10. Comparison of normal variances: for j = 1,2, suppose that

yjlv--'vyjnjLUJj’O? ~ iid N(HjaUJQ‘)v
p(ﬂj, Ug2) S8 Uj_2a
and (uy1,0%) are independent of (2, 03) in the prior distribution. Show that the posterior
distribution of (s?/s3)/(c3/03) is F with (n1—1) and (na—1) degrees of freedom. (Hint:
to show the required form of the posterior density, you do not need to carry along all the
normalizing constants.)

11. Computation: in the bioassay example, replace the uniform prior density by a joint nor-
mal prior distribution on (a, 3), with a ~ N(0,2?), 8 ~ N(10,10?), and corr(c, 8)=0.5.

(a) Repeat all the computations and plots of Section 3.7 with this new prior distribution.

(b) Check that your contour plot and scatterplot look like a compromise between the prior

distribution and the likelihood (as displayed in Figure 3.3).

(c) Discuss the effect of this hypothetical prior information on the conclusions in the

applied context.

12. Poisson regression model: expand the model of Exercise 2.13(a) by assuming that the
number of fatal accidents in year ¢ follows a Poisson distribution with mean o+ St. You
will estimate o and 3, following the example of the analysis in Section 3.7.

(a) Discuss various choices for a ‘noninformative’ prior for (a, 8). Choose one.

(b) Discuss what would be a realistic informative prior distribution for («, 5). Sketch its
contours and then put it aside. Do parts (c¢)—(h) of this problem using your noninfor-
mative prior distribution from (a).

Write the posterior density for («, 3). What are the sufficient statistics?

Check that the posterior density is proper.

Plot the contours and take 1000 draws from the joint posterior density of («, 3).

Using your samples of («, 8), plot a histogram of the posterior density for the ezpected

number of fatal accidents in 1986, v + 198673.

(h) Create simulation draws and obtain a 95% predictive interval for the number of fatal
accidents in 1986.

(i) How does your hypothetical informative prior distribution in (b) differ from the pos-

terior distribution in (f) and (g), obtained from the noninformative prior distribution

and the data? If they disagree, discuss.

)
)
e) Calculate crude estimates and uncertainties for («, §) using linear regression.
)
)

13. Multivariate normal model: derive equations (3.12) by completing the square in vector-
matrix notation.
14. Tmproper prior and proper posterior distributions: prove that the posterior density (3.15)
for the bioassay example has a finite integral over the range («, 8) € (—o00, 00) X (—00, 00).
15. Joint distributions: The autoregressive time-series model y1, s, ... with mean level 0,
autocorrelation 0.8, residual standard deviation 1, and normal errors can be written as
(ye|yt—1, Yt—2,...) ~ N(0.8y;_1, 1) for all ¢.
(a) Prove that the distribution of y;, given the observations at all other integer time points
t, depends only on y;—1 and y4.
(b) What is the distribution of y; given y;—1 and yz41?
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Chapter 4

Asymptotics and connections to non-Bayesian
approaches

We have seen that many simple Bayesian analyses based on noninformative prior distribu-
tions give similar results to standard non-Bayesian approaches (for example, the posterior ¢
interval for the normal mean with unknown variance). The extent to which a noninforma-
tive prior distribution can be justified as an objective assumption depends on the amount
of information available in the data: in the simple cases discussed in Chapters 2 and 3,
it was clear that as the sample size n increases, the influence of the prior distribution on
posterior inferences decreases. These ideas, sometimes referred to as asymptotic theory,
because they refer to properties that hold in the limit as n becomes large, will be reviewed
in the present chapter, along with some more explicit discussion of the connections between
Bayesian and non-Bayesian methods. The large-sample results are not actually necessary
for performing Bayesian data analysis but are often useful as approximations and as tools
for understanding.

We begin this chapter with a discussion of the various uses of the normal approximation
to the posterior distribution. Theorems about consistency and normality of the posterior
distribution in large samples are outlined in Section 4.2, followed by several counterexamples
in Section 4.3; proofs of the theorems are sketched in Appendix B. Finally, we discuss how
the methods of frequentist statistics can be used to evaluate the properties of Bayesian
inferences.

4.1 Normal approximations to the posterior distribution
Normal approzimation to the joint posterior distribution

If the posterior distribution p(|y) is unimodal and roughly symmetric, it can be convenient
to approximate it by a normal distribution; that is, the logarithm of the posterior density
is approximated by a quadratic function of 6.

Here we consider a quadratic approximation to the log-posterior density that is centered
at the posterior mode (which in general is easy to compute using off-the-shelf optimization
routines); in Chapter 13 we discuss more elaborate approximations which can be effective
in settings where simple mode-based approximations fail.

A Taylor series expansion of logp(6|y) centered at the posterior mode, 6 (where 6 can
be a vector and 6 is assumed to be in the interior of the parameter space), gives

A 1 s [ d?
log p(6ly) = logp(bly) + 5(6 —0) {—

) CE PR (B

0=0

where the linear term in the expansion is zero because the log-posterior density has zero
derivative at its mode. As we discuss in Section 4.2, the remainder terms of higher order fade
in importance relative to the quadratic term when 6 is close to 6 and n is large. Considering

83
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(4.1) as a function of 0, the first term is a constant, whereas the second term is proportional
to the logarithm of a normal density, yielding the approximation,

p(Bly) = N@, [L(9)]7), (4.2)

where 1(0) is the observed information,

2

d
I(0) = — 102 log p(0ly).

If the mode, 6, is in the interior of parameter space, then the matrix I (é) is positive definite.

Example. Normal distribution with unknown mean and variance

We illustrate the approximate normal distribution with a simple theoretical exam-
ple. Let y1,...,y, be independent observations from a N(u,o?) distribution, and,
for simplicity, we assume a uniform prior density for (u,logo). We set up a normal
approximation to the posterior distribution of (u,logo), which has the virtue of re-
stricting o to positive values. To construct the approximation, we need the second
derivatives of the log posterior density,

L (- 1) + 0@ — w?).

log p(u,log oly) = constant — nlogo — 5
o

The first derivatives are

d n(y — p)
@ logp(p,logoly) = T2
(n—1)s* + n(7 — p)?
1 1 = —
0oz o) og p(u, logoly) n+ = :

from which the posterior mode is readily obtained as

(fi,logd) = (y, log( n;l s))

The second derivatives of the log posterior density are

2

d n
g cgplwlogaly) = =75
d? y—n
S 1 = 2
(108 0) og p(,log aly) s
d? 2 9 9
Wlogp(u,logﬂy) = —;((”— 1)s™+n(y—p)°)
. o . n/6® 0
The matrix of second derivatives at the mode is then 0 _on ) From (4.2),

the posterior distribution can be approximated as

p(p,logoly) %N<< 1oga > ‘< 102& >( &ZO/H 1/(0271) ))

If we had instead constructed the normal approximation in terms of p(u, 0?), the sec-
ond derivative matrix would be multiplied by the Jacobian of the transformation from
log o to 0* and the mode would change slightly, to 5% = 2552 The two components,
(u,02), would still be independent in their approximate posterior distribution, and

p(o?|y) = N(0?|6%,26"/(n + 2)).
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Interpretation of the posterior density function relative to its maximum

In addition to its direct use as an approximation, the multivariate normal distribution pro-
vides a benchmark for interpreting the posterior density function and contour plots. In the d-
dimensional normal distribution, the logarithm of the density function is a constant plus a xZ
distribution divided by —2. For example, the 95th percentile of the x%, density is 18.31, so if
a problem has d = 10 parameters, then approximately 95% of the posterior probability mass
is associated with the values of  for which p(f|y) is no less than exp(—18.31/2) = 1.1 x 10~*
times the density at the mode. Similarly, with d = 2 parameters, approximately 95% of the
posterior mass corresponds to densities above exp(—5.99/2) = 0.05, relative to the density
at the mode. In a two-dimensional contour plot of a posterior density (for example, Figure
3.3a), the 0.05 contour line thus includes approximately 95% of the probability mass.

Summarizing posterior distributions by point estimates and standard errors

The asymptotic theory outlined in Section 4.2 shows that if n is large enough, a posterior
distribution can be approximated by a normal distribution. In many areas of application, a
standard inferential summary is the 95% interval obtained by computing a point estimate,
é, such as the maximum likelihood estimate (which is the posterior mode under a uniform
prior density), plus or minus two standard errors, with the standard error estimated from
the information at the estimate, I(6). A different asymptotic argument justifies the non-
Bayesian, frequentist interpretation of this summary, but in many simple situations both
interpretations hold. It is difficult to give general guidelines on when the normal approxi-
mation is likely to be adequate in practice. From the Bayesian point of view, the accuracy
in any given example can be directly determined by inspecting the posterior distribution.
In many cases, convergence to normality of the posterior distribution for a parameter
0 can be dramatically improved by transformation. If ¢ is a continuous transformation
of 6, then both p(¢ly) and p(f|y) approach normal distributions, but the closeness of the
approximation for finite n can vary substantially with the transformation chosen.

Data reduction and summary statistics

Under the normal approximation, the posterior distribution is summarized by its mode, é,
and the curvature of the posterior density, I (é), that is, asymptotically, these are sufficient
statistics. In the examples at the end of the next chapter, we shall see that it can be
convenient to summarize ‘local-level’ or ‘individual-level’ data from a number of sources by
their normal-theory sufficient statistics. This approach using summary statistics allows the
relatively easy application of hierarchical modeling techniques to improve each individual
estimate. For example, in Section 5.5, each of a set of eight experiments is summarized by
a point estimate and a standard error estimated from an earlier linear regression analysis.
Using summary statistics is clearly most reasonable when posterior distributions are close
to normal; the approach can otherwise discard important information and lead to erroneous
inferences.

Lower-dimensional normal approximations

For a finite sample size n, the normal approximation is typically more accurate for condi-
tional and marginal distributions of components of # than for the full joint distribution. For
example, if a joint distribution is multivariate normal, all its margins are normal, but the
converse is not true. Determining the marginal distribution of a component of @ is equiva-
lent to averaging over all the other components of 0, and averaging a family of distributions
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Figure 4.1 (a) Contour plot of the normal approzimation to the posterior distribution of the pa-
rameters in the bioassay example. Contour lines are at 0.05,0.15,...,0.95 times the density at the
mode. Compare to Figure 3.3a. (b) Scatterplot of 1000 draws from the normal approximation to
the posterior distribution. Compare to Figure 3.3b.

generally brings them closer to normality, by the same logic that underlies the central limit
theorem.

The normal approximation for the posterior distribution of a low-dimensional € is often
perfectly acceptable, especially after appropriate transformation. If 6 is high-dimensional,
two situations commonly arise. First, the marginal distributions of many individual com-
ponents of # can be approximately normal; inference about any one of these parameters,
taken individually, can then be well summarized by a point estimate and a standard error.
Second, it is possible that 6 can be partitioned into two subvectors, § = (61, 63), for which
p(02|y) is not necessarily close to normal, but p(6;|62,y) is, perhaps with mean and variance
that are functions of #;. The approach of approximation using conditional distributions is
often useful, and we consider it more systematically in Section 13.5. Lower-dimensional
approximations are increasingly popular, for example in computation for latent Gaussian
models.

Finally, approximations based on the normal distribution are often useful for debugging
a computer program or checking a more elaborate method for approximating the posterior
distribution.

Example. Bioassay experiment (continued)

We illustrate the normal approximation for the model and data from the bioassay
experiment of Section 3.7. The sample size in this experiment is relatively small, only
twenty animals in all, and we find that the normal approximation is close to the exact
posterior distribution but with important differences.

The normal approzimation to the joint posterior distribution of (a, ). To begin, we
compute the mode of the posterior distribution (using a logistic regression program)
and the normal approximation (4.2) evaluated at the mode. The posterior mode of
(o, B) is the same as the maximum likelihood estimate because we have assumed a
uniform prior density for («, 8). Figure 4.1 shows a contour plot of the bivariate normal
approximation and a scatterplot of 1000 draws from this approximate distribution.
The plots resemble the plots of the actual posterior distribution in Figure 3.3 but
without the skewness in the upper right corner of the earlier plots. The effect of
the skewness is apparent when comparing the mean of the normal approximation,
(v, B) = (0.8,7.7), to the mean of the actual posterior distribution, («, 8) = (1.4,11.9),
computed from the simulations displayed in Figure 3.3b.
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Figure 4.2 (a) Histogram of the simulations of LD50, conditional on B > 0, in the bioassay example
based on the normal approximation p(a, Bly). The wide tails of the histogram correspond to values
of B close to 0. Omitted from this histogram are five simulation draws with values of LD50 less
than —2 and four draws with values greater than 2; the extreme tails are truncated to make the
histogram wvisible. The values of LD50 for the 950 simulation draws corresponding to 8 > 0 had a
range of [—12.4,5.4]. Compare to Figure 3.4. (b) Histogram of the central 95% of the distribution.

The posterior distribution for the LD50 using the normal approzimation on («, 3).
Flaws of the normal approximation. The same set of 1000 draws from the normal
approximation can be used to estimate the probability that [ is positive and the
posterior distribution of the LD50, conditional on 8 being positive. Out of the 1000
simulation draws, 950 had positive values of 3, yielding the estimate Pr(8 > 0) = 0.95,
a different result than from the exact distribution, where Pr(8 > 0) > 0.999. Con-
tinuing with the analysis based on the normal approximation, we compute the LD50
as —a/f for each of the 950 draws with 8 > 0; Figure 4.2a presents a histogram of
the LD50 values, excluding some extreme values in both tails. (If the entire range of
the simulations were included, the shape of the distribution would be nearly impos-
sible to see.) To get a better picture of the center of the distribution, we display in
Figure 4.2b a histogram of the middle 95% of the 950 simulation draws of the LD50.
The histograms are centered in approximately the same place as Figure 3.4 but with
substantially more variation, due to the possibility that (§ is close to zero.

In summary, posterior inferences based on the normal approximation here are roughly
similar to the exact results, but because of the small sample, the actual joint posterior
distribution is substantially more skewed than the large-sample approximation, and
the posterior distribution of the LD50 actually has much shorter tails than implied by
using the joint normal approximation. Whether or not these differences imply that
the normal approximation is inadequate for practical use in this example depends on
the ultimate aim of the analysis.

4.2 Large-sample theory

To understand why the normal approximation is often reasonable, we review some theory
of how the posterior distribution behaves as the amount of data, from some fixed sampling
distribution, increases.

Notation and mathematical setup

The basic tool of large sample Bayesian inference is asymptotic normality of the posterior
distribution: as more and more data arrive from the same underlying process, the posterior
distribution of the parameter vector approaches multivariate normality, even if the true
distribution of the data is not within the parametric family under consideration. Mathe-
matically, the results apply most directly to observations yi,...,y, that are independent
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outcomes sampled from a common distribution, f(y). In many situations, the notion of a
‘true’ underlying distribution, f(y), for the data is difficult to interpret, but it is necessary
in order to develop the asymptotic theory. Suppose the data are modeled by a parametric
family, p(y|6), with a prior distribution p(). In general, the data points y; and the parame-
ter 6 can be vectors. If the true data distribution is included in the parametric family—that
is, if f(y) = p(y|6o) for some 6p—then, in addition to asymptotic normality, the property
of consistency holds: the posterior distribution converges to a point mass at the true pa-
rameter value, 0y, as n — co. When the true distribution is not included in the parametric
family, there is no longer a true value 0y, but its role in the theoretical result is replaced by
a value 6y that makes the model distribution, p(y|6), closest to the true distribution, f(y),
in a technical sense involving Kullback-Leibler divergence, as is explained in Appendix B.

In discussing the large-sample properties of posterior distributions, the concept of Fisher
information, J(0), introduced as (2.20) in Section 2.8 in the context of Jeffreys’ prior dis-
tributions, plays an important role.

Asymptotic normality and consistency

The fundamental mathematical result given in Appendix B shows that, under some regu-
larity conditions (notably that the likelihood is a continuous function of ¢ and that 6, is
not on the boundary of the parameter space), as n — oo, the posterior distribution of ¢
approaches normality with mean 6y and variance (nJ(6p))~!. At its simplest level, this
result can be understood in terms of the Taylor series expansion (4.1) of the log posterior
density centered about the posterior mode. A preliminary result shows that the posterior
mode is consistent for 6, so that as n — oo, the mass of the posterior distribution p(6y)
becomes concentrated in smaller and smaller neighborhoods of 6y, and the distance |é — 0|
approaches zero.
Furthermore, we can rewrite the coefficient of the quadratic term in (4.1):

2

d? d T2
& 1ogp<9|y>] _ [— 1ogp(9>] n [— logp<yz—|9>] |
{d6‘2 0=0 dg? 0=0 ; d6? 6=6

This coefficient is a single term for the prior plus the sum of n likelihood terms, each of
whose expected value under the true sampling distribution of y;, p(y|6y), is approximately
—J(60), as long as 6 is close to fy (we are assuming now that f(y) = p(y|f) for some ).
Therefore, for large n, the curvature of the log posterior density can be approximated by
the Fisher information, evaluated at either 6 or 6 (where only the former is available in
practice).

In summary, in the limit of large n, in the context of a specified family of models,
the posterior mode, 9, approaches 6y, and the curvature (the observed information or the
negative of the coefficient of the second term in the Taylor expansion) approaches n.J (é) or
nJ(fp). In addition, as n — oo, the likelihood dominates the prior distribution, so we can
just use the likelihood alone to obtain the mode and curvature for the normal approximation.
More precise statements of the theorems and outlines of proofs appear in Appendix B.

Likelihood dominating the prior distribution

The asymptotic results formalize the notion that the importance of the prior distribution
diminishes as the sample size increases. One consequence of this result is that in problems
with large sample sizes we need not work especially hard to formulate a prior distribution
that accurately reflects all available information. When sample sizes are small, the prior
distribution is a critical part of the model specification.



This electronic edition is for non-commercial purposes only.

4.3. COUNTEREXAMPLES TO THE THEOREMS 89
4.3 Counterexamples to the theorems

A good way to understand the limitations of the large-sample results is to consider cases in
which the theorems fail. The normal distribution is usually helpful as a starting approxi-
mation, but one must examine deviations, especially with unusual parameter spaces and in
the extremes of the distribution. The counterexamples to the asymptotic theorems gener-
ally correspond to situations in which the prior distribution has an impact on the posterior
inference, even in the limit of infinite sample sizes.

Underidentified models and nonidentified parameters. The model is underidentified given
data y if the likelihood, p(y|f), is equal for a range of values of §. This may also be called
a flat likelihood (although that term is sometimes also used for likelihoods for parameters
that are only weakly identified by the data—so the likelihood function is not strictly equal
for a range of values, only almost so). Under such a model, there is no single point 6y to
which the posterior distribution can converge.

For example, consider the model,

(2)=~((8)-(o 1))

in which only one of u or v is observed from each pair (u,v). Here, the parameter p is
nonidentified. The data supply no information about p, so the posterior distribution of p is
the same as its prior distribution, no matter how large the dataset is.

The only solution to a problem of nonidentified or underidentified parameters is to
recognize that the problem exists and, if there is a desire to estimate these parameters
more precisely, gather further information that can enable the parameters to be estimated
(either from future data collection or from external information that can inform a prior
distribution).

Number of parameters increasing with sample size. In complicated problems, there can
be large numbers of parameters, and then we need to distinguish between different types
of asymptotics. If, as n increases, the model changes so that the number of parameters
increases as well, then the simple results outlined in Sections 4.1 and 4.2, which assume a
fixed model class p(y;|0), do not apply. For example, sometimes a parameter is assigned
for each sampling unit in a study; for example, y; ~ N(6;,02). The parameters §; generally
cannot be estimated consistently unless the amount of data collected from each sampling
unit increases along with the number of units. In nonparametric models such as Gaussian
processes (see Chapter 21) there can be a new latent parameter corresponding to each data
point.

As with underidentified parameters, the posterior distribution for #; will not converge to
a point mass if new data do not bring enough information about #;. Here, the posterior dis-
tribution will not in general converge to a point in the expanding parameter space (reflecting
the increasing dimensionality of ), and its projection into any fixed space—for example,
the marginal posterior distribution of any particular #;—will not necessarily converge to a
point either.

Aliasing. Aliasing is a special case of underidentified parameters in which the same likeli-
hood function repeats at a discrete set of points. For example, consider the following normal
mixture model with independent and identically distributed data yi,...,y, and parameter
vector 0 = (1, pi2, 03,03, \):

1 — L (yi—m)? 1 — L5 (yi—p2)?
2 2 202 202

i I ) ) 7)\ )‘ € 1 1 — )\ 2

p(y |M1 M2, 07,05, A) o ) ( ) o )

If we interchange each of (u1,u2) and (0?,03), and replace A by (1 — \), the likelihood of
the data remains the same. The posterior distribution of this model generally has at least
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two modes and consists of a (50%, 50%) mixture of two distributions that are mirror images
of each other; it does not converge to a single point no matter how large the dataset is.

In general, the problem of aliasing is eliminated by restricting the parameter space so
that no duplication appears; in the above example, the aliasing can be removed by restricting
11 to be less than or equal to po.

Unbounded likelihoods. 1If the likelihood function is unbounded, then there might be no
posterior mode within the parameter space, invalidating both the consistency results and
the normal approximation. For example, consider the previous normal mixture model; for
simplicity, assume that A is known (and not equal to 0 or 1). If we set u; = y; for any
arbitrary y;, and let 07 — 0, then the likelihood approaches infinity. As n — oo, the
number of modes of the likelihood increases. If the prior distribution is uniform on 0% and
o3 in the region near zero, there will be likewise an increasing number of posterior modes,
with no corresponding normal approximations. A prior distribution proportional to oy 202_ 2
just makes things worse because this puts more probability near zero, causing the posterior
distribution to explode even faster at zero.

In general, this problem should arise rarely in practice, because the poles of an un-
bounded likelihood correspond to unrealistic conditions in a model. The problem can be
solved by restricting to a plausible set of distributions. When the problem occurs for
variance components near zero, it can be resolved in various ways, such as using a prior
distribution that declines to zero at the boundary or by assigning an informative prior
distribution to the ratio of the variance parameters.

Improper posterior distributions. If the unnormalized posterior density, obtained by multi-
plying the likelihood by a ‘formal’ prior density representing an improper prior distribution,
integrates to infinity, then the asymptotic results, which rely on probabilities summing to
1, do not follow. An improper posterior distribution cannot occur except with an improper
prior distribution.

A simple example arises from combining a Beta(0,0) prior distribution for a binomial
proportion with data consisting of n successes and 0 failures. More subtle examples, with
hierarchical binomial and normal models, are discussed in Sections 5.3 and 5.4.

The solution to this problem is clear. An improper prior distribution is only a convenient
approximation, and if it does not give rise to a proper posterior distribution then the sought
convenience is lost. In this case a proper prior distribution is needed, or at least an improper
prior density that when combined with the likelihood has a finite integral.

Prior distributions that exclude the point of convergence. If p(6p) = 0 for a discrete param-
eter space, or if p(f) = 0 in a neighborhood about 6 for a continuous parameter space, then
the convergence results, which are based on the likelihood dominating the prior distribution,
do not hold. The solution is to give positive probability density in the prior distribution to
all values of # that are even remotely plausible.

Convergence to the edge of parameter space. If 6y is on the boundary of the parameter
space, then the Taylor series expansion must be truncated in some directions, and the
normal distribution will not necessarily be appropriate, even in the limit.

For example, consider the model, y; ~ N(6, 1), with the restriction § > 0. Suppose that
the model is accurate, with # = 0 as the true value. The posterior distribution for 6 is
normal, centered at 7, truncated to be positive. The shape of the posterior distribution for
0, in the limit as n — oo, is half of a normal distribution, centered about 0, truncated to
be positive.

For another example, consider the same assumed model, but now suppose that the true
0 is —1, a value outside the assumed parameter space. The limiting posterior distribution
for 0 has a sharp spike at 0 with no resemblance to a normal distribution at all. The
solution in practice is to recognize the difficulties of applying the normal approximation if
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one is interested in parameter values near the edge of parameter space. More important,
one should give positive prior probability density to all values of 8 that are even remotely
possible, or in the neighborhood of remotely possible values.

Tails of the distribution. The normal approximation can hold for essentially all the mass
of the posterior distribution but still not be accurate in the tails. For example, suppose
p(0]y) is proportional to e~¢l?l as || — oo, for some constant ¢; by comparison, the normal
density is proportional to e~ % The distribution function still converges to normality, but
for any finite sample size n the approximation fails far out in the tail. As another example,
consider any parameter that is constrained to be positive. For any finite sample size, the
normal approximation will admit the possibility of the parameter being negative, because
the approximation is simply not appropriate at that point in the tail of the distribution,
but that point becomes farther and farther in the tail as n increases.

C

4.4 Frequency evaluations of Bayesian inferences

Just as the Bayesian paradigm can be seen to justify simple ‘classical’ techniques, the
methods of frequentist statistics provide a useful approach for evaluating the properties of
Bayesian inferences—their operating characteristics—when these are regarded as embedded
in a sequence of repeated samples. We have already used this notion in discussing the ideas
of consistency and asymptotic normality. The notion of stable estimation, which says that
for a fixed model, the posterior distribution approaches a point as more data arrive—
leading, in the limit, to inferential certainty—is based on the idea of repeated sampling.
It is certainly appealing that if the hypothesized family of probability models contains the
true distribution (and assigns it a nonzero prior density), then as more information about
0 arrives, the posterior distribution converges to the true value of 6.

Large-sample correspondence

Suppose that the normal approximation (4.2) for the posterior distribution of 6 holds; then
we can transform to the standard multivariate normal:

[L(O)2(8 — )|y ~N(0, 1), (4.3)

1/2 is any matrix square root of I(#). In addition,

where 6 is the posterior mode and [I(6)]
6 — 6y, and so we could just as well write the approximation in terms of (). If the true
data distribution is included in the class of models, so that f(y) = p(y|#) for some 6, then
in repeated sampling with fixed 6, in the limit n — oo, it can be proved that

[1(6)]'/2(6 — )16 ~N(0, 1), (4.4)

a result from classical statistical theory that is generally proved for 6 equal to the maximum
likelihood estimate but is easily extended to the case with 0 equal to the posterior mode.
These results mean that, for any function of (6 — é), the posterior distribution derived from
(4.3) is asymptotically the same as the repeated sampling distribution derived from (4.4).
Thus, for example, a 95% central posterior interval for § will cover the true value 95% of
the time under repeated sampling with any fixed true 6.

Point estimation, consistency, and efficiency

In the Bayesian framework, obtaining an ‘estimate’ of # makes most sense in large samples
when the posterior mode, 6, is the obvious center of the posterior distribution of # and the

uncertainty conveyed by nl () is so small as to be practically unimportant. More generally,
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however, in smaller samples, it is inappropriate to summarize inference about 6 by one
value, especially when the posterior distribution of # is more variable or even asymmetric.
Formally, by incorporating loss functions in a decision-theoretic context (see Section 9.1
and Exercise 9.6), one can define optimal point estimates; for the purposes of Bayesian data
analysis, however, we believe that representation of the full posterior distribution (as, for
example, with 50% and 95% central posterior intervals) is more useful. In many problems,
especially with large samples, a point estimate and its estimated standard error are adequate
to summarize a posterior inference, but we interpret the estimate as an inferential summary,
not as the solution to a decision problem. In any case, the large-sample frequency properties
of any estimate can be evaluated, without consideration of whether the estimate was derived
from a Bayesian analysis.

A point estimate is said to be consistent in the sampling theory sense if, as samples
get larger, it converges to the true value of the parameter that it is asserted to estimate.
Thus, if f(y) = p(y|hy), then a point estimate 6 of 6 is consistent if its sampling distribution
converges to a point mass at 6y as the data sample size n increases (that is, considering
6 as a function of y, which is a random variable conditional on 6y). A closely related
concept is asymptotic unbiasedness, where (E(0]6y) — 00)/sd(0]6) converges to 0 (once
again, considering 0(y) as a random variable whose distribution is determined by p(y|6o)).
When the truth is included in the family of models being fitted, the posterior mode 6, and
also the posterior mean and median, are consistent and asymptotically unbiased under mild
regularity conditions.

A point estimate 0 is said to be efficient if there exists no other function of y that
estimates @ with lower mean squared error, that is, if the expression E((6 — 6,)2[00) is at
its optimal, lowest value. More generally, the efficiency of 6 is the optimal mean squared
error divided by the mean squared error of 6. An estimate is asymptotically efficient if its
efficiency approaches 1 as the sample size n — oco. Under mild regularity conditions, the
center of the posterior distribution (defined, for example, by the posterior mean, median,
or mode) is asymptotically efficient.

Confidence coverage

If a region C(y) includes Oy at least 100(1 — a)% of the time (given any value of 6p) in
repeated samples, then C(y) is called a 100(1 — «)% confidence region for the parameter
0. The word ‘confidence’ is carefully chosen to distinguish such intervals from probability
intervals and to convey the following behavioral meaning: if one chooses a to be small
enough (for example, 0.05 or 0.01), then since confidence regions cover the truth in at least
(1 — @) of their applications, one should be confident in each application that the truth
is within the region and therefore act as if it is. We saw previously that asymptotically a
100(1 — @)% central posterior interval for 6 has the property that, in repeated samples of
y, 100(1 — )% of the intervals include the value 6.

4.5 Bayesian interpretations of other statistical methods

We consider three levels at which Bayesian statistical methods can be compared with other
methods. First, as we have already indicated, Bayesian methods are often similar to other
statistical approaches in problems involving large samples from a fixed probability model.
Second, even for small samples, many statistical methods can be considered as approxi-
mations to Bayesian inferences based on particular prior distributions; as a way of under-
standing a statistical procedure, it is often useful to determine the implicit underlying prior
distribution. Third, some methods from classical statistics (notably hypothesis testing)
can give results that differ greatly from those given by Bayesian methods. In this section,
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we briefly consider several statistical concepts—point and interval estimation, likelihood
inference, unbiased estimation, frequency coverage of confidence intervals, hypothesis test-
ing, multiple comparisons, nonparametric methods, and the jackknife and bootstrap—and
discuss their relation to Bayesian methods.

One way to develop possible models is to examine the interpretation of crude data-
analytic procedures as approximations to Bayesian inference under specific models. For
example, a widely used technique in sample surveys is ratio estimation, in which, for exam-
ple, given data from a simple random sample, one estimates R = §/T by U,ps/Tobs, i the
notation of Chapter 8. It can be shown that this estimate corresponds to a summary of
a Bayesian posterior inference given independent observations y;|z; ~ N(Rz;,0%x;) and a
noninformative prior distribution. Ratio estimates can be useful in a wide variety of cases
in which this model does not hold, but when the data deviate greatly from this model, the
ratio estimate generally is not appropriate.

For another example, standard methods of selecting regression predictors, based on
‘statistical significance,” correspond roughly to Bayesian analyses under exchangeable prior
distributions on the coefficients in which the prior distribution of each coefficient is a mixture
of a peak at zero and a widely spread distribution, as we discuss further in Section 14.6. We
believe that understanding this correspondence suggests when such models can be usefully
applied and how they can be improved. Often, in fact, such procedures can be improved
by including additional information, for example, in problems involving large numbers of
predictors, by clustering regression coefficients that are likely to be similar into batches.

Mazimum likelihood and other point estimates

From the perspective of Bayesian data analysis, we can often interpret classical point esti-
mates as exact or approximate posterior summaries based on some implicit full probability
model. In the limit of large sample size, in fact, we can use asymptotic theory to con-
struct a theoretical Bayesian justification for classical maximum likelihood inference. In the
limit (assuming regularity conditions), the maximum likelihood estimate, 6, is a sufficient
statistic—and so is the posterior mode, mean, or median. That is, for large enough n,
the maximum likelihood estimate (or any of the other summaries) supplies essentially all
the information about @ available from the data. The asymptotic irrelevance of the prior
distribution can be taken to justify the use of convenient noninformative prior models.
In repeated sampling with 6 = 6,

p(O(y)|0=00) ~ N(B(y)|00, (nJ(60))");

that is, the sampling distribution of é(y) is approximately normal with mean 6y and precision
nJ(6p), where for clarity we emphasize that 6 is a function of y. Assuming that the prior
distribution is locally uniform (or continuous and nonzero) near the true 6, the simple
analysis of the normal mean (Section 3.5) shows that the posterior Bayesian inference is

p(618) = N(914. (nJ (9))7").

This result appears directly from the asymptotic normality theorem, but deriving it indi-
rectly through Bayesian inference given 6 gives insight into a Bayesian rationale for classical
asymptotic inference based on point estimates and standard errors.

For finite n, the above approach is inefficient or wasteful of information to the extent
that 6 is not a sufficient statistic. When the number of parameters is large, the consistency
result is often not helpful, and noninformative prior distributions are hard to justify. As
discussed in Chapter 5, hierarchical models are preferable when dealing with a large number
of parameters since then their common distribution can be estimated from data. In addi-
tion, any method of inference based on the likelihood alone can be improved if real prior
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information is available that is strong enough to contribute substantially to that contained
in the likelihood function.

Unbiased estimates

Some non-Bayesian statistical methods place great emphasis on unbiasedness as a desirable
principle of estimation, and it is intuitively appealing that, over repeated sampling, the mean
(or perhaps the median) of a parameter estimate should be equal to its true value. Formally,
an estimate (y) is called unbiased if E(A(y)|0) = 0 for any value of §, where this expectation
is taken over the data distribution, p(y|f). From a Bayesian perspective, the principle of
unbiasedness is reasonable in the limit of large samples (see page 92) but otherwise is
potentially misleading. The major difficulties arise when there are many parameters to be
estimated and our knowledge or partial knowledge of some of these parameters is clearly
relevant to the estimation of others. Requiring unbiased estimates will often lead to relevant
information being ignored (as we discuss with hierarchical models in Chapter 5). In sampling
theory terms, minimizing bias will often lead to counterproductive increases in variance.

One general problem with unbiasedness (and point estimation in general) is that it is
often not possible to estimate several parameters at once in an even approximately unbiased
manner. For example, unbiased estimates of 61,...,0; yield an upwardly biased estimate
of the variance of the ;’s (except in the trivial case in which the 6;’s are known exactly).

Another problem with the principle of unbiasedness arises when treating a future ob-
servable value as a parameter in prediction problems.

Example. Prediction using regression

Consider the problem of estimating 6, the height of an adult daughter, given y, her
mother’s height. For simplicity, assume that the heights of mothers and daughters
are jointly normally distributed, with known equal means of 160 centimeters, equal
variances, and a known correlation of 0.5. Conditioning on the known value of y (in
other words, using Bayesian inference), the posterior mean of 6 is

E(f]y) = 160 + 0.5(y — 160). (4.5)

The posterior mean is not, however, an unbiased estimate of #, in the sense of repeated
sampling of y given a fixed 6. Given the daughter’s height, 6, the mother’s height, y,
has mean E(y|0) = 160+ 0.5( — 160). Thus, under repeated sampling of y given fixed
0, the posterior mean (4.5) has expectation 160+ 0.25(6 — 160) and is biased towards
the grand mean of 160. In contrast, the estimate

0 =160 + 2(y — 160)

is unbiased under repeated sampling of y, conditional on 6. Unfortunately, the esti-
mate § makes no sense for values of y not equal to 160; for example, if a mother is 10
centimeters taller than average, it estimates her daughter to be 20 centimeters taller
than average!

In this simple example, in which 8 has an accepted population distribution, a sensible
non-Bayesian statistician would not use the unbiased estimate é; instead, this problem
would be classified as ‘prediction’ rather than ‘estimation,” and procedures would not
be evaluated conditional on the random variable 6. The example illustrates, however,
the limitations of unbiasedness as a general principle: it requires unknown quantities to
be characterized either as ‘parameters’ or ‘predictions,” with different implications for
estimation but no clear substantive distinction. Chapter 5 considers similar situations
in which the population distribution of # must be estimated from data rather than
conditioning on a particular value.
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The important principle illustrated by the example is that of regression to the mean:
for any given mother, the expected value of her daughter’s height lies between her
mother’s height and the population mean. This principle was fundamental to the
original use of the term ‘regression’ for this type of analysis by Galton in the late
19th century. In many ways, Bayesian analysis can be seen as a logical extension of
the principle of regression to the mean, ensuring that proper weighting is made of
information from different sources.

Confidence intervals

Even in small samples, Bayesian (1 — «) posterior intervals often have close to (1 — «) con-
fidence coverage under repeated samples conditional on . But there are some confidence
intervals, derived purely from sampling-theory arguments, that differ considerably from
Bayesian probability intervals. From our perspective these intervals are of doubtful value.
For example, many authors have shown that a general theory based on unconditional behav-
ior can lead to clearly counterintuitive results, for example, the possibilities of confidence
intervals with zero or infinite length. A simple example is the confidence interval that is
empty 5% of the time and contains all of the real line 95% of the time: this always contains
the true value (of any real-valued parameter) in 95% of repeated samples. Such examples
do not imply that there is no value in the concept of confidence coverage but rather show
that coverage alone is not a sufficient basis on which to form reasonable inferences.

Hypothesis testing

The perspective of this book has little role for the non-Bayesian concept of hypothesis
tests, especially where these relate to point null hypotheses of the form 6 = 6. In order
for a Bayesian analysis to yield a nonzero probability for a point null hypothesis, it must
begin with a nonzero prior probability for that hypothesis; in the case of a continuous
parameter, such a prior distribution (comprising a discrete mass, of say 0.5, at 6y mixed
with a continuous density elsewhere) usually seems contrived. In fact, most of the difficulties
in interpreting hypothesis tests arise from the artificial dichotomy that is required between
0 = 60y and 0 # 6. Difficulties related to this dichotomy are widely acknowledged from all
perspectives on statistical inference. In problems involving a continuous parameter 6 (say
the difference between two means), the hypothesis that 6 is exactly zero is rarely reasonable,
and it is of more interest to estimate a posterior distribution or a corresponding interval
estimate of . For a continuous parameter 6, the question ‘Does 6 equal 07’ can generally
be rephrased more usefully as ‘What is the posterior distribution for 67’

In various simple one-sided hypothesis tests, conventional p-values may correspond with
posterior probabilities under noninformative prior distributions. For example, suppose we
observe y = 1 from the model y ~ N(6, 1), with a uniform prior density on 6. One cannot
‘reject the hypothesis’ that § = 0: the one-sided p-value is 0.16 and the two-sided p-value
is 0.32, both greater than the conventionally accepted cutoff value of 0.05 for ‘statistical
significance.” On the other hand, the posterior probability that 6 > 0 is 84%, which is a
more satisfactory and informative conclusion than the dichotomous verdict ‘reject” or ‘do
not reject.’

In contrast to the problem of making inference about a parameter within a particular
model, we do find a form of hypothesis test to be useful when assessing the goodness of fit of
a probability model. In the Bayesian framework, it is useful to check a model by comparing
observed data to possible predictive outcomes, as we discuss in detail in Chapter 6.
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Multiple comparisons and multilevel modeling

Consider a problem with independent measurements, y; ~ N(6;, 1), on each of J parameters,
in which the goal is to detect differences among and ordering of the continuous parame-
ters 6;. Several competing multiple comparisons procedures have been derived in classical
statistics, with rules about when various 6;’s can be declared ‘significantly different.” In
the Bayesian approach, the parameters have a joint posterior distribution. One can com-
pute the posterior probability of each of the J! orderings if desired. If there is posterior
uncertainty in the ordering, several permutations will have substantial probabilities, which
is a more reasonable conclusion than producing a list of §;’s that can be declared different
(with the false implication that other 6;’s may be exactly equal). With J large, the exact
ordering is probably not important, and it might be more reasonable to give a posterior
median and interval estimate of the quantile of each #; in the population.

We prefer to handle multiple comparisons problems using hierarchical models, as we
shall illustrate in a comparison of treatment effects in eight schools in Section 5.5 (see also
Exercise 5.3). Hierarchical modeling automatically partially pools estimates of different 6;’s
toward each other when there is little evidence for real variation. As a result, this Bayesian
procedure automatically addresses the key concern of classical multiple comparisons analy-
sis, which is the possibility of finding large differences as a byproduct of searching through
so many possibilities. For example, in the educational testing example, the eight schools
give 8 - 7/2 = 28 possible comparisons, and none turn out to be close to ‘statistically sig-
nificant’ (in the sense that zero is contained within the 95% intervals for all the differences
in effects between pairs of schools), which makes sense since the between-school variation
(the parameter 7 in that model) is estimated to be low.

Nonparametric methods, permutation tests, jackknife, bootstrap

Many non-Bayesian methods have been developed that avoid complete probability models,
even at the sampling level. It is difficult to evaluate many of these from a Bayesian point
of view. For instance, hypothesis tests for comparing medians based on ranks do not have
direct counterparts in Bayesian inference; therefore it is hard to interpret the resulting es-
timates and p-values from a Bayesian point of view (for example, as posterior expectations,
intervals, or probabilities for parameters or predictions of interest). In complicated prob-
lems, there is often a degree of arbitrariness in the procedures used; for example there is
generally no clear method for constructing a nonparametric inference or an estimator to
jackknife/bootstrap in hypothetical replications. Without a specified probability model,
it is difficult to see how to test the assumptions underlying a particular nonparametric
method. In such problems, we find it more satisfactory to construct a joint probability
distribution and check it against the data (as in Chapter 6) than to construct an estimator
and evaluate its frequency properties. Nonparametric methods are useful to us as tools for
data summary and description that can help us to construct models or help us evaluate
inferences from a completely different perspective.

From a different direction, one might well say that Bayesian methods involve arbitrary
choices of models and are difficult to evaluate because in practice there will always be
important aspects of a model that are impossible to check. Our purpose here is not to
dismiss or disparage classical nonparametric methods but rather to put them in a Bayesian
context to the extent this is possible.

Some nonparametric methods such as permutation tests for experiments and sampling-
theory inference for surveys turn out to give similar results in simple problems to Bayesian
inferences with noninformative prior distributions, if the Bayesian model is constructed
to fit the data reasonably well. Such simple problems include balanced designs with no
missing data and surveys based on simple random sampling. When estimating several pa-
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rameters at once or including explanatory variables in the analysis (using methods such as
the analysis of covariance or regression) or prior information on the parameters, the permu-
tation/sampling theory methods give no direct answer, and this often provides considerable
practical incentive to move to a model-based Bayesian approach.

Example. The Wilcoxon rank test

Another connection can be made by interpreting nonparametric methods in terms
of implicit models. For example, the Wilcoxon rank test for comparing two samples
(Y1,---,Yn,) and (21,. .., 2,.) proceeds by first ranking each of the points in the com-
bined data from 1 to n = n, +n_, then computing the difference between the average
ranks of the y’s and z’s, and finally computing the p-value of this difference by com-
paring to a tabulated reference distribution calculated based on the assumption of
random assignment of the n ranks. This can be formulated as a nonlinear transfor-
mation that replaces each data point by its rank in the combined data, followed by
a comparison of the mean values of the two transformed samples. Even more clear
would be to transform the ranks 1,2,...,n to quantiles %, %, ceey 22;1, so that the
difference between the two means can be interpreted as an average distance in the scale
of the quantiles of the combined distribution. From the Central Limit Theorem, the
mean difference is approximately normally distributed, and so classical normal-theory
confidence intervals can be interpreted as Bayesian posterior probability statements,
as discussed at the beginning of this section.

We see two major advantages of expressing rank tests as approximate Bayesian infer-
ences. First, the Bayesian framework is more flexible than rank testing for handling
the complications that arise, for example, from additional information such as regres-
sion predictors or from complications such as censored or truncated data. Second,
setting up the problem in terms of a nonlinear transformation reveals the general-
ity of the model-based approach-—we are free to use any transformation that might
be appropriate for the problem, perhaps now treating the combined quantiles as a
convenient default choice.

4.6 Bibliographic note

Relatively little has been written on the practical implications of asymptotic theory for
Bayesian analysis. The overview by Edwards, Lindman, and Savage (1963) remains one of
the best and includes a detailed discussion of the principle of ‘stable estimation’ or when
prior information can be satisfactorily approximated by a uniform density function. Much
more has been written comparing Bayesian and non-Bayesian approaches to inference, and
we have largely ignored the extensive philosophical and logical debates on this subject.
Some good sources on the topic from the Bayesian point of view include Lindley (1958),
Pratt (1965), and Berger and Wolpert (1984). Jaynes (1976) discusses some disadvantages
of non-Bayesian methods compared to a particular Bayesian approach.

In Appendix B we provide references to the asymptotic normality theory. The coun-
terexamples presented in Section 4.3 have arisen, in various forms, in our own applied
research. Berzuini et al. (1997) discuss Bayesian inference for sequential data problems, in
which the posterior distribution changes as data arrive, thus approaching the asymptotic
results dynamically.

An example of the use of the normal approximation with small samples is provided by
Rubin and Schenker (1987), who approximate the posterior distribution of the logit of the
binomial parameter in a real application and evaluate the frequentist operating character-
istics of their procedure; see also Agresti and Coull (1998). Clogg et al. (1991) provide
additional discussion of this approach in a more complicated setting.

Morris (1983) and Rubin (1984) discuss, from two different standpoints, the concept
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of evaluating Bayesian procedures by examining long-run frequency properties (such as
coverage of 95% confidence intervals). An example of frequency evaluation of Bayesian
procedures in an applied problem is given by Zaslavsky (1993).

Krantz (1999) discusses the strengths and weaknesses of p-values as used in statistical
data analysis in practice. Discussions of the role of p-values in Bayesian inference appear
in Bayarri and Berger (1998, 2000). Earlier work on the Bayesian analysis of hypothesis
testing and the problems of interpreting conventional p-values is provided by Berger and
Sellke (1987), which contains a lively discussion and many further references. Gelman
(2008a) and discussants provide a more recent airing of arguments for and against Bayesian
statistics. Gelman (2006b) compares Bayesian inference and the more generalized approach
known as belief functions (Dempster, 1967, 1968) using a simple toy example.

Greenland and Poole (2013) and Gelman (2013a) present some more recent discussions
of the relevance of classical p-values in Bayesian inference.

A simple and pragmatic discussion of the need to consider Bayesian ideas in hypothesis
testing in a biostatistical context is given by Browner and Newman (1987), and further dis-
cussion of the role of Bayesian thinking in medical statistics appears in Goodman (1999a, b)
and Sterne and Smith (2001). Gelman and Tuerlinckx (2000), Efron and Tibshirani (2002),
and Gelman, Hill, and Yajima (2012) give a Bayesian perspective on multiple comparisons
in the context of hierarchical modeling.

Stigler (1983) discusses the similarity between Bayesian inference and regression predic-
tion that we mention in our critique of unbiasedness in Section 4.5; Stigler (1986) discusses
Galton’s use of regression.

Sequential monitoring and analysis of clinical trials in medical research is an important
area of practical application that has been dominated by frequentist thinking but has re-
cently seen considerable discussion of the merits of a Bayesian approach; recent reviews
and examples are provided by Freedman, Spiegelhalter, and Parmar (1994), Parmar et al.
(2001), and Vail et al. (2001). Thall, Simon, and Estey (1995) consider frequency properties
of Bayesian analyses of sequential trials. More references on sequential designs appear in
the bibliographic note at the end of Chapter 8.

The non-Bayesian principles and methods mentioned in Section 4.5 are covered in many
books, for example, Lehmann (1983, 1986), Cox and Hinkley (1974), Hastie and Tibshi-
rani (1990), and Efron and Tibshirani (1993). The connection between ratio estimation
and modeling alluded to in Section 4.5 is discussed by Brewer (1963), Royall (1970), and,
from our Bayesian approach, Rubin (1987a, p. 46). Conover and Iman (1980) discuss the
connection between nonparametric tests and data transformations.

4.7 Exercises

1. Normal approximation: suppose that yi,...,ys are independent samples from a Cauchy
distribution with unknown center § and known scale 1: p(y;|0) o 1/(1 + (y; — 0)2).
Assume that the prior distribution for € is uniform on [0,1]. Given the observations
(W15, y5) = (—2,-1,0,1.5,2.5):

(a) Determine the derivative and the second derivative of the log posterior density.

(b) Find the posterior mode of 8 by iteratively solving the equation determined by setting
the derivative of the log-likelihood to zero.

(¢) Construct the normal approximation based on the second derivative of the log posterior
density at the mode. Plot the approximate normal density and compare to the exact
density as computed using the approach described in Exercise 2.11.

2. Normal approximation: derive the analytic form of the information matrix and the nor-
mal approximation variance for the bioassay example.

3. Normal approximation to the marginal posterior distribution of an estimand: in the
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bioassay example, the normal approximation to the joint posterior distribution of (c, 3)
is obtained. The posterior distribution of any estimand, such as the LD50, can be ap-
proximated by a normal distribution fit to its marginal posterior mode and the curvature
of the marginal posterior density about the mode. This is sometimes called the ‘delta
method.” Expand the posterior distribution of the LD50, —«/ 8, as a Taylor series around
the posterior mode and thereby derive the asymptotic posterior median and standard
deviation. Compare to the histogram in Figure 4.2.

4. Asymptotic normality: assuming the regularity conditions hold, we know that p(8|y)
approaches normality as n — oo. In addition, if ¢ = f(6) is any one-to-one continuous
transformation of 6, we can express the Bayesian inference in terms of ¢ and find that
p(dly) also approaches normality. But a nonlinear transformation of a normal distribution
is no longer normal. How can both limiting normal distributions be valid?

5. Approximate mean and variance:

(a) Suppose z and y are independent normally distributed random variables, where x has
mean 4 and standard deviation 1, and y has mean 3 and standard deviation 2. What
are the mean and standard deviation of y/x? Compute this using simulation.

(b) Suppose z and y are independent random variables, where x has mean 4 and standard
deviation 1, and y has mean 3 and standard deviation 2. What are the approximate
mean and standard deviation of y/x? Determine this without using simulation.

(c) What assumptions are required for the approximation in (b) to be reasonable?

6. Statistical decision theory: a decision-theoretic approach to the estimation of an unknown
parameter § introduces the loss function L(6, a) which, loosely speaking, gives the cost of
deciding that the parameter has the value a, when it is in fact equal to 6. The estimate
a can be chosen to minimize the posterior expected loss,

B(L(aly)) = / L(0, a)p(6]y)db.

This optimal choice of a is called a Bayes estimate for the loss function L. Show that:
(a) If L(0,a) = (6 — a)? (squared error loss), then the posterior mean, E(fy), if it exists,
is the unique Bayes estimate of 6.
(b) If L(#,a) = |0 — a|, then any posterior median of 6 is a Bayes estimate of 6.
(¢) If ko and ky are nonnegative numbers, not both zero, and

| ko(@—a) if O6>a
L(9,a) = { ki(a—0) if 0<a,

ko
ko+k1
7. Unbiasedness: prove that the Bayesian posterior mean, based on a proper prior distri-

bution, cannot be an unbiased estimator except in degenerate problems (see Bickel and
Blackwell, 1967, and Lehmann, 1983, p. 244).

8. Regression to the mean: work through the details of the example of mother’s and daugh-
ter’s heights on page 94, illustrating with a sketch of the joint distribution and relevant
conditional distributions.

then any quantile of the posterior distribution p(f|y) is a Bayes estimate of 6.

9. Point estimation: suppose a measurement y is recorded with a N(6,0?) sampling dis-
tribution, with o known exactly and € known to lie in the interval [0,1]. Consider two
point estimates of #: (1) the maximum likelihood estimate, restricted to the range [0, 1],
and (2) the posterior mean based on the assumption of a uniform prior distribution on
6. Show that if o is large enough, estimate (1) has a higher mean squared error than
(2) for any value of € in [0, 1]. (The unrestricted maximum likelihood estimate has even
higher mean squared error.)
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11.

12.

13.

14.

15

. Non-Bayesian inference: replicate the analysis of the bioassay example in Section 3.7

using non-Bayesian inference. This problem does not have a unique answer, so be clear
on what methods you are using.

(a) Construct an ‘estimator’ of («, 8); that is, a function whose input is a dataset, (z, n, y),
and whose output is a point estimate (&, B) Compute the value of the estimate for
the data given in Table 3.1.

(b) The bias and variance of this estimate are functions of the true values of the parameters
(o, B) and also of the sampling distribution of the data, given «, 3. Assuming the
binomial model, estimate the bias and variance of your estimator.

(¢) Create approximate 95% confidence intervals for «, 8, and the LD50 based on asymp-
totic theory and the estimated bias and variance.

(d) Does the inaccuracy of the normal approximation for the posterior distribution (com-
pare Figures 3.3 and 4.1) cast doubt on the coverage properties of your confidence
intervals in (c)? If so, why?

(e) Create approximate 95% confidence intervals for «, 3, and the LD50 using the jack-
knife or bootstrap (see Efron and Tibshirani, 1993).

(f) Compare your 95% intervals for the LD50 in (c) and (e) to the posterior distribution
displayed in Figure 3.4 and the posterior distribution based on the normal approxima-
tion, displayed in 4.2b. Comment on the similarities and differences among the four
intervals. Which do you prefer as an inferential summary about the LD50? Why?

Bayesian interpretation of non-Bayesian estimates: consider the following estimation
procedure, which is based on classical hypothesis testing. A matched pairs experiment
is done, and the differences vy, ..., y, are recorded and modeled as independent draws
from N(6, 02). For simplicity, assume o2 is known. The parameter 6 is estimated as the
average observed difference if it is ‘statistically significant’ and zero otherwise:

é{ y ify>1.960//n

0 otherwise.

Can this be interpreted, in some sense, as an approximate summary (for example, a
posterior mean or mode) of a Bayesian inference under some prior distribution on 67

Bayesian interpretation of non-Bayesian estimates: repeat the above problem but with
o replaced by s, the sample standard deviation of y1,...,yn.

Objections to Bayesian inference: discuss the criticism, ‘Bayesianism assumes: (a) Either
a weak or uniform prior [distribution], in which case why bother?, (b) Or a strong prior
[distribution], in which case why collect new data?, (¢) Or more realistically, something
in between, in which case Bayesianism always seems to duck the issue’ (Ehrenberg, 1986).
Feel free to use any of the examples covered so far to illustrate your points.

Objectivity and subjectivity: discuss the statement, ‘People tend to believe results that
support their preconceptions and disbelieve results that surprise them. Bayesian methods
encourage this undisciplined mode of thinking.’

. Coverage of posterior intervals:

(a) Consider a model with scalar parameter 6. Prove that, if you draw 6 from the prior,
draw y|6 from the data model, then perform Bayesian inference for 6 given y, that
there is a 50% probability that your 50% interval for 6 contains the true value.

(b) Suppose 6 ~ N(0,22) and y|6 ~ N(6,1). Suppose the true value of § is 1. What is the
coverage of the posterior 50% interval for 7 (You have to work this one out; it’s not
50% or any other number you could just guess.)

(c) Suppose § ~ N(0,22) and y|§ ~ N(#,1). Suppose the true value of 0 is 5. Make a
plot showing the coverage of the posterior 50% interval for 6, as a function of 6.
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Chapter 5

Hierarchical models

Many statistical applications involve multiple parameters that can be regarded as related
or connected in some way by the structure of the problem, implying that a joint probability
model for these parameters should reflect their dependence. For example, in a study of the
effectiveness of cardiac treatments, with the patients in hospital j having survival probability
0;, it might be reasonable to expect that estimates of the 6;’s, which represent a sample of
hospitals, should be related to each other. We shall see that this is achieved in a natural
way if we use a prior distribution in which the 6;’s are viewed as a sample from a common
population distribution. A key feature of such applications is that the observed data, y;;,
with units indexed by ¢ within groups indexed by j, can be used to estimate aspects of
the population distribution of the 6;’s even though the values of §; are not themselves
observed. It is natural to model such a problem hierarchically, with observable outcomes
modeled conditionally on certain parameters, which themselves are given a probabilistic
specification in terms of further parameters, known as hyperparameters. Such hierarchical
thinking helps in understanding multiparameter problems and also plays an important role
in developing computational strategies.

Perhaps even more important in practice is that simple nonhierarchical models are usu-
ally inappropriate for hierarchical data: with few parameters, they generally cannot fit large
datasets accurately, whereas with many parameters, they tend to ‘overfit’ such data in the
sense of producing models that fit the existing data well but lead to inferior predictions for
new data. In contrast, hierarchical models can have enough parameters to fit the data well,
while using a population distribution to structure some dependence into the parameters,
thereby avoiding problems of overfitting. As we show in the examples in this chapter, it is
often sensible to fit hierarchical models with more parameters than there are data points.

In Section 5.1, we consider the problem of constructing a prior distribution using hierar-
chical principles but without fitting a formal probability model for the hierarchical structure.
We first consider the analysis of a single experiment, using historical data to create a prior
distribution, and then we consider a plausible prior distribution for the parameters of a set
of experiments. The treatment in Section 5.1 is not fully Bayesian, because, for the purpose
of simplicity in exposition, we work with a point estimate, rather than a complete joint
posterior distribution, for the parameters of the population distribution (the hyperparam-
eters). In Section 5.2, we discuss how to construct a hierarchical prior distribution in the
context of a fully Bayesian analysis. Sections 5.3-5.4 present a general approach to compu-
tation with hierarchical models in conjugate families by combining analytical and numerical
methods. We defer details of the most general computational methods to Part III in order
to explore immediately the important practical and conceptual advantages of hierarchical
Bayesian models. The chapter continues with two extended examples: a hierarchical model
for an educational testing experiment and a Bayesian treatment of the method of ‘meta-
analysis’ as used in medical research to combine the results of separate studies relating to
the same research question. We conclude with a discussion of weakly informative priors,
which become important for hierarchical models fit to data from a small number of groups.

101
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Previous experiments:

0/20 0/20 0/20 0/20 0/20 0/20 0/20 0/19 0/19 0/19

0/19 0/18 0/18 0/17 1/20 1/20 1/20 1/20 1/19  1/19

1/18 1/18 2/25 2/24 2/23  2/20 2/20 2/20 2/20  2/20

2/20 1/10 5/49 2/19 5/46 3/27 2/17 7/49 7/47  3/20

3/20 2/13  9/48 10/50 4/20 4/20 4/20 4/20 4/20  4/20

4/20 10/48 4/19 4/19  4/19 5/22 11/46 12/49 5/20 5/20

6/23 5/19  6/22 6/20 6/20 6/20 16/52 15/47 15/46 9/24

Current experiment:
4/14

Table 5.1 Tumor incidence in historical control groups and current group of rats, from Tarone
(1982). The table displays the values of 2L : (number of rats with tumors)/(total number of rats).
J

5.1 Constructing a parameterized prior distribution
Analyzing a single experiment in the context of historical data

To begin our description of hierarchical models, we consider the problem of estimating a
parameter 6 using data from a small experiment and a prior distribution constructed from
similar previous (or historical) experiments. Mathematically, we will consider the current
and historical experiments to be a random sample from a common population.

Example. Estimating the risk of tumor in a group of rats

In the evaluation of drugs for possible clinical application, studies are routinely per-
formed on rodents. For a particular study drawn from the statistical literature, sup-
pose the immediate aim is to estimate 0, the probability of tumor in a population of
female laboratory rats of type ‘F344’ that receive a zero dose of the drug (a control
group). The data show that 4 out of 14 rats developed endometrial stromal polyps (a
kind of tumor). It is natural to assume a binomial model for the number of tumors,

given 6. For convenience, we select a prior distribution for € from the conjugate family,
0 ~ Beta(a, B3).

Analysis with a fized prior distribution. From historical data, suppose we knew that
the tumor probabilities # among groups of female lab rats of type F344 follow an
approximate beta distribution, with known mean and standard deviation. The tumor
probabilities 6 vary because of differences in rats and experimental conditions among
the experiments. Referring to the expressions for the mean and variance of the beta
distribution (see Appendix A), we could find values for «, 3 that correspond to the
given values for the mean and standard deviation. Then, assuming a Beta(«, 3) prior
distribution for # yields a Beta(a + 4, 8 + 10) posterior distribution for 6.

Approximate estimate of the population distribution using the historical data. Typ-
ically, the mean and standard deviation of underlying tumor risks are not available.
Rather, historical data are available on previous experiments on similar groups of rats.
In the rat tumor example, the historical data were in fact a set of observations of tu-
mor incidence in 70 groups of rats (Table 5.1). In the jth historical experiment, let the
number of rats with tumors be y; and the total number of rats be n;. We model the
y;’s as independent binomial data, given sample sizes n; and study-specific means 6;.
Assuming that the beta prior distribution with parameters (a, ) is a good description
of the population distribution of the #;’s in the historical experiments, we can display
the hierarchical model schematically as in Figure 5.1, with 67; and y7; corresponding
to the current experiment.

The observed sample mean and standard deviation of the 70 values Z—J] are 0.136 and
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Figure 5.1: Structure of the hierarchical model for the rat tumor example.

0.103. If we set the mean and standard deviation of the population distribution to
these values, we can solve for a and f—see (A.3) on page 585 in Appendix A. The
resulting estimate for (a, 3) is (1.4,8.6). This is not a Bayesian calculation because
it is not based on any specified full probability model. We present a better, fully
Bayesian approach to estimating («, 8) for this example in Section 5.3. The estimate
(1.4,8.6) is simply a starting point from which we can explore the idea of estimating
the parameters of the population distribution.

Using the simple estimate of the historical population distribution as a prior distribu-
tion for the current experiment yields a Beta(5.4, 18.6) posterior distribution for 67;:
the posterior mean is 0.223, and the standard deviation is 0.083. The prior informa-
tion has resulted in a posterior mean substantially lower than the crude proportion,
4/14 = 0.286, because the weight of experience indicates that the number of tumors
in the current experiment is unusually high.

These analyses require that the current tumor risk, 671, and the 70 historical tumor
risks, 61,...,070, be considered a random sample from a common distribution, an
assumption that would be invalidated, for example, if it were known that the historical
experiments were all done in laboratory A but the current data were gathered in
laboratory B, or if time trends were relevant. In practice, a simple, although arbitrary,
way of accounting for differences between the current and historical data is to inflate
the historical variance. For the beta model, inflating the historical variance means
decreasing («+ ) while holding % constant. Other systematic differences, such as a
time trend in tumor risks, can be incorporated in a more extensive model.

Having used the 70 historical experiments to form a prior distribution for 671, we might
now like also to use this same prior distribution to obtain Bayesian inferences for the tumor
probabilities in the first 70 experiments, 61, ...,079. There are several logical and practical
problems with the approach of directly estimating a prior distribution from existing data:

e If we wanted to use the estimated prior distribution for inference about the first 70
experiments, then the data would be used twice: first, all the results together are used to
estimate the prior distribution, and then each experiment’s results are used to estimate
its #. This would seem to cause us to overestimate our precision.

e The point estimate for o and [ seems arbitrary, and using any point estimate for o and
B necessarily ignores some posterior uncertainty.

e We can also make the opposite point: does it make sense to ‘estimate’ o and 3 at all?
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They are part of the ‘prior’ distribution: should they be known before the data are
gathered, according to the logic of Bayesian inference?

Logic of combining information

Despite these problems, it clearly makes more sense to try to estimate the population
distribution from all the data, and thereby to help estimate each 6;, than to estimate all 71
values 0; separately. Consider the following thought experiment about inference on two of
the parameters, f26 and 027, each corresponding to experiments with 2 observed tumors out
of 20 rats. Suppose our prior distribution for both s and 627 is centered around 0.15; now
suppose that you were told after completing the data analysis that 25 = 0.1 exactly. This
should influence your estimate of f27; in fact, it would probably make you think that 67
is lower than you previously believed, since the data for the two parameters are identical,
and the postulated value of 0.1 is lower than you previously expected for 854 from the prior
distribution. Thus, f2 and 057 should be dependent in the posterior distribution, and they
should not be analyzed separately.

We retain the advantages of using the data to estimate prior parameters and eliminate
all of the disadvantages just mentioned by putting a probability model on the entire set of
parameters and experiments and then performing a Bayesian analysis on the joint distribu-
tion of all the model parameters. A complete Bayesian analysis is described in Section 5.3.
The analysis using the data to estimate the prior parameters, which is sometimes called
empirical Bayes, can be viewed as an approximation to the complete hierarchical Bayesian
analysis. We prefer to avoid the term ‘empirical Bayes’ because it misleadingly suggests
that the full Bayesian method, which we discuss here and use for the rest of the book, is
not ‘empirical.’

5.2 Exchangeability and hierarchical models

Generalizing from the example of the previous section, consider a set of experiments j =
1,...,J, in which experiment j has data (vector) y; and parameter (vector) 6;, with like-
lihood p(y;|0,). (Throughout this chapter we use the word ‘experiment’ for convenience,
but the methods can apply equally well to nonexperimental data.) Some of the parameters
in different experiments may overlap; for example, each data vector y; may be a sample of
observations from a normal distribution with mean p; and common variance o, in which
case 0; = (uj,0?). In order to create a joint probability model for all the parameters 6, we
use the crucial idea of exchangeability introduced in Chapter 1 and used repeatedly since

then.

Ezchangeability

If no information—other than the data y—is available to distinguish any of the 6;’s from any
of the others, and no ordering or grouping of the parameters can be made, one must assume
symmetry among the parameters in their prior distribution. This symmetry is represented
probabilistically by exchangeability; the parameters (01,...,0;) are exchangeable in their
joint distribution if p(6y,...,0,) is invariant to permutations of the indexes (1,...,J). For
example, in the rat tumor problem, suppose we have no information to distinguish the 71
experiments, other than the sample sizes n;, which presumably are not related to the values
of 6;; we therefore use an exchangeable model for the 6;’s.

We have already encountered the concept of exchangeability in constructing independent
and identically distributed models for direct data. In practice, ignorance implies exchange-
ability. Generally, the less we know about a problem, the more confidently we can make
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claims of exchangeability. (This is not, we hasten to add, a good reason to limit our knowl-
edge of a problem before embarking on statistical analysis!) Consider the analogy to a
roll of a die: we should initially assign equal probabilities to all six outcomes, but if we
study the measurements of the die and weigh the die carefully, we might eventually notice
imperfections, which might make us favor one outcome over the others and thus eliminate
the symmetry among the six outcomes.

The simplest form of an exchangeable distribution has each of the parameters §; as an
independent sample from a prior (or population) distribution governed by some unknown

parameter vector ¢; thus,
J

p(0]¢) = [ ] p(0;19). (5.1)

j=1

In general, ¢ is unknown, so our distribution for # must average over our uncertainty in ¢:

w0 = [ (]ip(%l@)p(@dqﬁ, (5.2)

This form, the mixture of independent identical distributions, is usually all that we need to
capture exchangeability in practice.

A related theoretical result, de Finetti’s theorem, to which we alluded in Section 1.2,
states that in the limit as J — oo, any suitably well-behaved exchangeable distribution
on (0,...,0;) can be expressed as a mixture of independent and identical distributions
as in (5.2). The theorem does not hold when J is finite (see Exercises 5.1, 5.2, and 5.4).
Statistically, the mixture model characterizes parameters 6 as drawn from a common ‘su-
perpopulation’ that is determined by the unknown hyperparameters, ¢. We are already
familiar with exchangeable models for data, vy, ..., yn, in the form of likelihoods in which
the n observations are independent and identically distributed, given some parameter vector
0.

As a simple counterexample to the above mixture model, consider the probabilities of a
given die landing on each of its six faces. The probabilities 01, ..., 0s are exchangeable, but
the six parameters §; are constrained to sum to 1 and so cannot be modeled with a mixture
of independent identical distributions; nonetheless, they can be modeled exchangeably.

Example. Exchangeability and sampling

The following thought experiment illustrates the role of exchangeability in inference
from random sampling. For simplicity, we use a nonhierarchical example with ex-
changeability at the level of y rather than 6.

We, the authors, have selected eight states out of the United States and recorded the
divorce rate per 1000 population in each state in 1981. Call these y1,...,ys. What
can you, the reader, say about yg, the divorce rate in the eighth state?

Since you have no information to distinguish any of the eight states from the others,
you must model them exchangeably. You might use a beta distribution for the eight
y;’s, a logit normal, or some other prior distribution restricted to the range [0, 1].
Unless you are familiar with divorce statistics in the United States, your distribution
on (y1,...,ys) should be fairly vague.

We now randomly sample seven states from these eight and tell you their divorce
rates: 5.8,6.6,7.8,5.6,7.0,7.1,5.4, each in numbers of divorces per 1000 population
(per year). Based primarily on the data, a reasonable posterior (predictive) distri-
bution for the remaining value, ys, would probably be centered around 6.5 and have
most of its mass between 5.0 and 8.0. Changing the indexing does not change the
joint distribution. If we relabel the remaining value to be any other y; the posterior
estimate would be the same. y; are exchangeable but they are not independent as we
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assume that the divorce rate in the eighth unobserved state is probably similar to the
observed rates.

Suppose initially we had given you the further prior information that the eight states
are Mountain states: Arizona, Colorado, Idaho, Montana, Nevada, New Mexico, Utah,
and Wyoming, but selected in a random order; you still are not told which observed
rate corresponds to which state. Now, before the seven data points were observed,
the eight divorce rates should still be modeled exchangeably. However, your prior
distribution (that is, before seeing the data), for the eight numbers should change:
it seems reasonable to assume that Utah, with its large Mormon population, has a
much lower divorce rate, and Nevada, with its liberal divorce laws, has a much higher
divorce rate, than the remaining six states. Perhaps, given your expectation of outliers
in the distribution, your prior distribution should have wide tails. Given this extra
information (the names of the eight states), when you see the seven observed values
and note that the numbers are so close together, it might seem a reasonable guess that
the missing eighth state is Nevada or Utah. Therefore its value might be expected to
be much lower or much higher than the seven values observed. This might lead to a
bimodal or trimodal posterior distribution to account for the two plausible scenarios.
The prior distribution on the eight values y; is still exchangeable, however, because
you have no information telling which state corresponds to which index number. (See
Exercise 5.6.)

Finally, we tell you that the state not sampled (corresponding to ys) was Nevada.
Now, even before seeing the seven observed values, you cannot assign an exchangeable
prior distribution to the set of eight divorce rates, since you have information that
distinguishes yg from the other seven numbers, here suspecting it is larger than any
of the others. Once y1,...,y7 have been observed, a reasonable posterior distribution
for ys plausibly should have most of its mass above the largest observed rate, that is,
p(ys > max(y1,...,y7)|y1,--.,yr) should be large.

Incidentally, Nevada’s divorce rate in 1981 was 13.9 per 1000 population.

Exchangeability when additional information is available on the units

Often observations are not fully exchangeable, but are partially or conditionally exchange-
able:

e If observations can be grouped, we may make hierarchical model, where each group has its
own submodel, but the group properties are unknown. If we assume that group properties
are exchangeable, we can use a common prior distribution for the group properties.

e If y; has additional information x; so that y; are not exchangeable but (y;,x;) still are
exchangeable, then we can make a joint model for (y;, ;) or a conditional model for
In the rat tumor example, y; were exchangeable as no additional knowledge was available

on experimental conditions. If we knew that specific batches of experiments were made in

different laboratories we could assume partial exchangeability and use two level hierarchical
model to model variation within each laboratory and between laboratories.

In the divorce example, if we knew z;, the divorce rate in state j last year, for j =
1,...,8, but not which index corresponded to which state, then we would certainly be able
to distinguish the eight values of y;, but the joint prior distribution p(x;,y;) would be the
same for each state. For states having the same last year divorce rates x;, we could use
grouping and assume partial exchangeability or if there are many possible values for z; (as
we would assume for divorce rates) we could assume conditional exchangeability and use z;
as covariate in regression model.

In general, the usual way to model exchangeability with covariates is through con-



This electronic edition is for non-commercial purposes only.

5.2. EXCHANGEABILITY AND HIERARCHICAL MODELS 107
ditional independence: p(61,...,0 |z1,...,25) = I[H}le p(0;|0, z;)|p(¢lx)de, with = =
(x1,...,27). In this way, exchangeable models become almost universally applicable, be-

cause any information available to distinguish different units should be encoded in the x
and y variables.

In the rat tumor example, we have already noted that the sample sizes n; are the only
available information to distinguish the different experiments. It does not seem likely that
n; would be a useful variable for modeling tumor rates, but if one were interested, one
could create an exchangeable model for the J pairs (n,y);. A natural first step would be
to plot Y1 ys. n; to see any obvious relation that could be modeled. For example, perhaps
some stuéhes j had larger sample sizes n; because the investigators correctly suspected rarer
events; that is, smaller #; and thus smaller expected values of y] . In fact, the plot of yj

versus n;, not shown here, shows no apparent relation between the two variables.

Objections to exchangeable models

In virtually any statistical application, it is natural to object to exchangeability on the
grounds that the units actually differ. For example, the 71 rat tumor experiments were
performed at different times, on different rats, and presumably in different laboratories.
Such information does not, however, invalidate exchangeability. That the experiments differ
implies that the 6;’s differ, but it might be perfectly acceptable to consider them as if drawn
from a common distribution. In fact, with no information available to distinguish them, we
have no logical choice but to model the §;’s exchangeably. Objecting to exchangeability for
modeling ignorance is no more reasonable than objecting to an independent and identically
distributed model for samples from a common population, objecting to regression models
in general, or, for that matter, objecting to displaying points in a scatterplot without
individual labels. As with regression, the valid concern is not about exchangeability, but
about encoding relevant knowledge as explanatory variables where possible.

The full Bayesian treatment of the hierarchical model

Returning to the problem of inference, the key ‘hierarchical’ part of these models is that
¢ is not known and thus has its own prior distribution, p(¢). The appropriate Bayesian
posterior distribution is of the vector (¢, 6). The joint prior distribution is

p(9,0) = p(o)p(0]9),

and the joint posterior distribution is

p(9,0ly) o< p(,0)p(ylo,0)
= p(¢,0)p(yl0), (5.3)

with the latter simplification holding because the data distribution, p(y|¢, ), depends only
on 0; the hyperparameters ¢ affect y only through 6. Previously, we assumed ¢ was known,
which is unrealistic; now we include the uncertainty in ¢ in the model.

The hyperprior distribution

In order to create a joint probability distribution for (¢, 0), we must assign a prior distri-
bution to ¢. If little is known about ¢, we can assign a diffuse prior distribution, but we
must be careful when using an improper prior density to check that the resulting poste-
rior distribution is proper, and we should assess whether our conclusions are sensitive to
this simplifying assumption. In most real problems, one should have enough substantive
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knowledge about the parameters in ¢ at least to constrain the hyperparameters into a finite
region, if not to assign a substantive hyperprior distribution. As in nonhierarchical models,
it is often practical to start with a simple, relatively noninformative, prior distribution on ¢
and seek to add more prior information if there remains too much variation in the posterior
distribution.

In the rat tumor example, the hyperparameters are (a, ), which determine the beta
distribution for #. We illustrate one approach to constructing an appropriate hyperprior
distribution in the continuation of that example in the next section.

Posterior predictive distributions

Hierarchical models are characterized both by hyperparameters, ¢, in our notation, and
parameters #. There are two posterior predictive distributions that might be of interest to
the data analyst: (1) the distribution of future observations ¢ corresponding to an existing
0;, or (2) the distribution of observations g corresponding to future ¢;’s drawn from the
same superpopulation. We label the future 6;’s as 6. Both kinds of replications can be used
to assess model adequacy, as we discuss in Chapter 6. In the rat tumor example, future
observations can be (1) additional rats from an existing experiment, or (2) results from a
future experiment. In the former case, the posterior predictive draws y are based on the
posterior draws of 0; for the existing experiment. In the latter case, one must first draw
6 for the new experiment from the population distribution, given the posterior draws of ¢,
and then draw gy given the simulated 6.

5.3 Bayesian analysis of conjugate hierarchical models

Our inferential strategy for hierarchical models follows the general approach to multiparam-
eter problems presented in Section 3.8 but is more difficult in practice because of the large
number of parameters that commonly appear in a hierarchical model. In particular, we
cannot generally plot the contours or display a scatterplot of the simulations from the joint
posterior distribution of (6, ¢). With care, however, we can follow a similar simulation-based
approach as before.

In this section, we present an approach that combines analytical and numerical methods
to obtain simulations from the joint posterior distribution, p(0, ¢|y), for the beta-binomial
model for the rat-tumor example, for which the population distribution, p(f|¢), is conjugate
to the likelihood, p(y|@). For the many nonconjugate hierarchical models that arise in
practice, more advanced computational methods, presented in Part IIT of this book, are
necessary. Even for more complicated problems, however, the approach using conjugate
distributions is useful for obtaining approximate estimates and starting points for more
accurate computations.

Analytic derivation of conditional and marginal distributions

We first perform the following three steps analytically.

1. Write the joint posterior density, p(6, ¢|y), in unnormalized form as a product of the
hyperprior distribution p(¢), the population distribution p(6|¢), and the likelihood p(y|0).

2. Determine analytically the conditional posterior density of 6 given the hyperparameters
¢; for fixed observed y, this is a function of ¢, p(8]¢,y).

3. Estimate ¢ using the Bayesian paradigm; that is, obtain its marginal posterior distribu-
tion, p(¢ly).
The first step is immediate, and the second step is easy for conjugate models because,

conditional on ¢, the population distribution for € is just the independent and identically
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distributed model (5.1), so that the conditional posterior density is a product of conjugate
posterior densities for the components 0;.

The third step can be performed by brute force by integrating the joint posterior distri-
bution over 6:

p(@ly) = / (6, 6ly)db. (5.4)

For many standard models, however, including the normal distribution, the marginal pos-
terior distribution of ¢ can be computed algebraically using the conditional probability
formula,

p(6, ¢ly)

ploly) = B, (55)
This expression is useful because the numerator is just the joint posterior distribution (5.3),
and the denominator is the posterior distribution for 6 if ¢ were known. The difficulty in
using (5.5), beyond a few standard conjugate models, is that the denominator, p(6|¢,y),
regarded as a function of both 6 and ¢ for fixed y, has a normalizing factor that depends on
¢ as well as y. One must be careful with the proportionality ‘constant’ in Bayes’ theorem,
especially when using hierarchical models, to make sure it is actually constant. Exercise
5.11 has an example of a nonconjugate model in which the integral (5.4) has no closed-form
solution so that (5.5) is no help.

Drawing simulations from the posterior distribution

The following strategy is useful for simulating a draw from the joint posterior distribution,
(0, @|y), for simple hierarchical models such as are considered in this chapter.

1. Draw the vector of hyperparameters, ¢, from its marginal posterior distribution, p(¢|y).
If ¢ is low-dimensional, the methods discussed in Chapter 3 can be used; for high-
dimensional ¢, more sophisticated methods such as described in Part IIT may be needed.

2. Draw the parameter vector  from its conditional posterior distribution, p(6|,y), given
the drawn value of ¢. For the examples we consider in this chapter, the factorization
p(0lé,y) = [1; p(0;]¢,y) holds, and so the components #; can be drawn independently,
one at a time.

3. If desired, draw predictive values ¢ from the posterior predictive distribution given the
drawn 6. Depending on the problem, it might be necessary first to draw a new value 6,
given ¢, as discussed at the end of the previous section.

As usual, the above steps are performed L times in order to obtain a set of L draws. From
the joint posterior simulations of § and gy, we can compute the posterior distribution of any
estimand or predictive quantity of interest.

Application to the model for rat tumors

We now perform a full Bayesian analysis of the rat tumor experiments described in Section
5.1. Once again, the data from experiments j = 1,...,J, J = 71, are assumed to follow
independent binomial distributions:

y; ~ Bin(n;, 0;),

with the number of rats, n;, known. The parameters 0; are assumed to be independent
samples from a beta distribution:

0; ~ Beta(a, B8),
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and we shall assign a noninformative hyperprior distribution to reflect our ignorance about
the unknown hyperparameters. As usual, the word ‘noninformative’ indicates our attitude
toward this part of the model and is not intended to imply that this particular distribution
has any special properties. If the hyperprior distribution turns out to be crucial for our
inference, we should report this and if possible seek further substantive knowledge that
could be used to construct a more informative prior distribution. If we wish to assign an
improper prior distribution for the hyperparameters, («, ), we must check that the poste-
rior distribution is proper. We defer the choice of noninformative hyperprior distribution,
a relatively arbitrary and unimportant part of this particular analysis, until we inspect the
integrability of the posterior density.

Joint, conditional, and marginal posterior distributions. We first perform the three steps
for determining the analytic form of the posterior distribution. The joint posterior distri-
bution of all parameters is

p(0, o, Bly) o ple, B)p(0]a, B)p(yl0, v, B)
Hr O“Lﬂ 9“ Y1 -9, 1H9yf — ;)Y (5.6)
j=1 j=1

Given (a, 8), the components of 6 have independent posterior densities that are of the form
93-4(1 — 0;)P—that is, beta densities—and the joint density is

J

a+ﬁ+”]) aty;—1 B4n;—y,;—1
p(60 ;" (1 —0,)7Ta YT 5.7

We can determine the marginal posterior distribution of («, ) by substituting (5.6) and
(5.7) into the conditional probability formula (5.5):
J
H a+ﬁ [(a+y)T(B+nj —yj)
D(a+B+ny) '

p(av, Bly) oc p(a (5.8)

The product in equation (5.8) cannot be simplified analytically but is easy to compute for
any specified values of («, 8) using a standard routine to compute the gamma function.

Choosing a standard parameterization and setting up a ‘noninformative’ hyperprior dis-
tribution. Because we have no immediately available information about the distribution
of tumor rates in populations of rats, we seek a relatively diffuse hyperprior distribu-
tion for (a, ). Before assigning a hyperprior distribution, we reparameterize in terms
of logit(;35) = log(5) and log(a+ ), which are the logit of the mean and the logarithm
of the ‘sample size’ in the beta population distribution for 6. It would seem reasonable to
assign independent hyperprior distributions to the prior mean and ‘sample size,” and we
use the logistic and logarithmic transformations to put each on a (—oo, 00) scale. Unfortu-
nately, a uniform prior density on these newly transformed parameters yields an improper
posterior density, with an infinite integral in the limit («+/3) — oo, and so this particular
prior density cannot be used here.

In a problem such as this with a reasonably large amount of data, it is possible to set up a
‘noninformative’ hyperprior density that is dominated by the likelihood and yields a proper
posterior distribution. One reasonable choice of diffuse hyperprior density is uniform on
(a%ﬁ, (a+B)~1/?), which when multiplied by the appropriate Jacobian yields the following
densities on the original scale,

ple, B) o (a+B)"%/2, (5.9)
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Figure 5.2 First try at a contour plot of the marginal posterior density of (log(%)7 log(a+p)) for
the rat tumor example. Contour lines are at 0.05,0.15,...,0.95 times the density at the mode.

and on the natural transformed scale:

a
B

See Exercise 5.9 for a discussion of this prior density.

We could avoid the mathematical effort of checking the integrability of the posterior
density if we were to use a proper hyperprior distribution. Another approach would be
tentatively to use a flat hyperprior density, such as p(a_%ﬂ, a+pP) x 1, or even p(a, ) x 1,
and then compute the contours and simulations from the posterior density (as detailed
below). The result would clearly show the posterior contours drifting off toward infinity,
indicating that the posterior density is not integrable in that limit. The prior distribution
would then have to be altered to obtain an integrable posterior density.

Incidentally, setting the prior distribution for (log(5),log(a+f)) to uniform in a vague

p<log( ),log(oz—l—ﬂ)) x af(a+p)752. (5.10)

but finite range, such as [-10%°,101°] x [-10'9,10%°], would not be an acceptable solution
for this problem, as almost all the posterior mass in this case would be in the range of «
and (3 near ‘infinity,” which corresponds to a Beta(c, ) distribution with a variance of zero,
meaning that all the 6; parameters would be essentially equal in the posterior distribution.
When the likelihood is not integrable, setting a faraway finite cutoff to a uniform prior
density does not necessarily eliminate the problem.

Computing the marginal posterior density of the hyperparameters. Now that we have estab-
lished a full probability model for data and parameters, we compute the marginal posterior
distribution of the hyperparameters. Figure 5.2 shows a contour plot of the unnormalized
marginal posterior density on a grid of values of (log(%), log(a+0)). To create the plot, we
first compute the logarithm of the density function (5.8) with prior density (5.9), multiply-
ing by the Jacobian to obtain the density p(log(%), log(a+3)]y). We set a grid in the range
(log(%),log(a+p)) € [-2.5,—1] x [1.5, 3], which is centered near our earlier point estimate
(—1.8,2.3) (that is, (v, ) = (1.4, 8.6)) and covers a factor of 4 in each parameter. Then, to
avoid computational overflows, we subtract the maximum value of the log density from each
point on the grid and exponentiate, yielding values of the unnormalized marginal posterior
density.

The most obvious features of the contour plot are (1) the mode is not far from the
point estimate (as we would expect), and (2) important parts of the marginal posterior
distribution lie outside the range of the graph.

We recompute p(log(5),log(a+ B)[y), this time in the range (log(F),log(er+5)) €
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Figure 5.3 (a) Contour plot of the marginal posterior density of (log(5), log(c+B)) for the rat tumor
example. Contour lines are at 0.05,0.15,...,0.95 times the density at the mode. (b) Scatterplot of
1000 draws (log(5),log(a+p)) from the numerically computed marginal posterior density.

[-2.3,—1.3] x [1,5]. The resulting grid, shown in Figure 5.3a, displays essentially all of
the marginal posterior distribution. Figure 5.3b displays 1000 random draws from the
numerically computed posterior distribution. The graphs show that the marginal poste-
rior distribution of the hyperparameters, under this transformation, is approximately sym-
metric about the mode, roughly (—1.75,2.8). This corresponds to approximate values of
(o, B) = (2.4, 14.0), which differs somewhat from the crude estimate obtained earlier.
Having computed the relative posterior density at a grid that covers the effective range
of (a, 8), we normalize by approximating the distribution as a step function over the grid
and setting the total probability in the grid to 1.
We can then compute posterior moments based on the grid of (log(%),log(a—i—ﬁ)); for
example,
«
E(aly) is estimated by Z a - p(log(=),log(a+8)|y).
log(§),log(o+8) p

From the grid in Figure 5.3, we compute E(a|y) = 2.4 and E(8|y) = 14.3. This is close to the

estimate based on the mode of Figure 5.3a, given above, because the posterior distribution is

approximately symmetric on the scale of (log(5), log(a+3)). A more important consequence
of averaging over the grid is to account for the posterior uncertainty in (a, ), which is not
captured in the point estimate.

Sampling from the joint posterior distribution of parameters and hyperparameters. We

draw 1000 random samples from the joint posterior distribution of (a,S,01,...,60;), as

follows.

1. Simulate 1000 draws of (log(%),log(a—i—ﬁ)) from their posterior distribution displayed
in Figure 5.3, using the same discrete-grid sampling procedure used to draw («, 3) for
Figure 3.3b in the bioassay example of Section 3.8.

2. Forl=1,...,1000:

(a) Transform the Ith draw of (log(%),log(a+p)) to the scale (o, B) to yield a draw of
the hyperparameters from their marginal posterior distribution.

(b) Foreachj =1,...,J, sample §; from its conditional posterior distribution, 6;|a, 8,y ~
Beta(a + y;, 8+ n; —y;).

Displaying the results. Figure 5.4 shows posterior medians and 95% intervals for the 6,’s,
computed by simulation. The rates 6; are shrunk from their sample point estimates,

b) .9
nj
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Figure 5.4 Posterior medians and 95% intervals of rat tumor rates, 0; (plotted vs. observed tumor
rates y;/n;), based on simulations from the joint posterior distribution. The 45° line corresponds
to the unpooled estimates, él = yi/ni. The horizontal positions of the line have been jittered to
reduce overlap.

towards the population distribution, with approximate mean 0.14; experiments with fewer
observations are shrunk more and have higher posterior variances. The results are superfi-
cially similar to what would be obtained based on a point estimate of the hyperparameters,
which makes sense in this example, because of the fairly large number of experiments.
But key differences remain, notably that posterior variability is higher in the full Bayesian
analysis, reflecting posterior uncertainty in the hyperparameters.

5.4 Normal model with exchangeable parameters

We now present a full treatment of a simple hierarchical model based on the normal distribu-
tion, in which observed data are normally distributed with a different mean for each ‘group’
or ‘experiment,” with known observation variance, and a normal population distribution
for the group means. This model is sometimes termed the one-way normal random-effects
model with known data variance and is widely applicable, being an important special case
of the hierarchical normal linear model, which we treat in some generality in Chapter 15.
In this section, we present a general treatment following the computational approach of
Section 5.3. The following section presents a detailed example; those impatient with the
algebraic details may wish to look ahead at the example for motivation.

The data structure

Consider J independent experiments, with experiment j estimating the parameter 6; from
n; independent normally distributed data points, y;;, each with known error variance o?;
that is,

yij0; ~N(0;,0%), fori=1,...,n5; j=1,...,J. (5.11)

Using standard notation from the analysis of variance, we label the sample mean of each
group Jj as

1 &
V=D Vi
L

with sampling variance
2 _ 2
o; =0 /n;.
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We can then write the likelihood for each 6; using the sufficient statistics, ¥ ;:
7,105 ~ N(9;,07), (5.12)

a notation that will prove useful later because of the flexibility in allowing a separate
variance 0]2 for the mean of each group j. For the rest of this chapter, all expressions will
be implicitly conditional on the known values O'JQ-. The problem of estimating a set of means
with unknown variances will require some additional computational methods, presented in
Sections 11.6 and 13.6. Although rarely strictly true, the assumption of known variances
at the sampling level of the model is often an adequate approximation.

The treatment of the model provided in this section is also appropriate for situations
in which the variances differ for reasons other than the number of data points in the ex-
periment. In fact, the likelihood (5.12) can appear in much more general contexts than
that stated here. For example, if the group sizes n; are large enough, then the means y ;
are approximately normally distributed, given 6;, even when the data y;; are not. Other
applications where the actual likelihood is well approximated by (5.12) appear in the next
two sections.

Constructing a prior distribution from pragmatic considerations

Rather than considering immediately the problem of specifying a prior distribution for the
parameter vector 6§ = (61,...,0;), let us consider what sorts of posterior estimates might
be reasonable for 0, given data (y;;). A simple natural approach is to estimate 6; by 7. j» the
average outcome in experiment j. But what if, for example, there are J = 20 experiments
with only n; = 2 observations per experimental group, and the groups are 20 pairs of
assays taken from the same strain of rat, under essentially identical conditions? The two
observations per group do not permit accurate estimates. Since the 20 groups are from the
same strain of rat, we might now prefer to estimate each ¢; by the pooled estimate,

J _
I e Gt (5.13)
ey : :
Zj:l ;112_

To decide which estimate to use, a traditional approach from classical statistics is to
perform an analysis of variance F' test for differences among means: if the J group means
appear significantly variable, choose separate sample means, and if the variance between
the group means is not significantly greater than what could be explained by individual
variability within groups, use ¥ . The theoretical analysis of variance table is as follows,
where 72 is the variance of 01, ...,6;. For simplicity, we present the analysis of variance for
a balanced design in which n; = n and o7 = ¢*/n for all j.

df SS MS E(MS|o?,7)
Between groups J —1 ) . Z]( SS/(J—-1) nr?+o°
Within groups J(n —1) >, E; (yij SS/(J(n —1)) o?
Total Jn—1 3. Z] (ym SS/(Jn —1)

In the classical random-effects analysis of variance, one computes the sum of squares (SS)
and the mean square (MS) columns of the table and uses the ‘between’ and ‘within’ mean
squares to estimate 7. If the ratio of between to within mean squares is significantly greater
than 1, then the analysis of variance suggests separate estimates, éj =7y ; for each j. If
the ratio of mean squares is not ‘statistically significant,” then the F' test cannot ‘reject the
hypothesis’ that 7 = 0, and pooling is reasonable: éj =7 , for all j. We discuss Bayesian
analysis of variance in Section 15.6 in the context of hierarchical regression models.

@I ,@I @l
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But we are not forced to choose between complete pooling and none at all. An alternative
is to use a weighted combination:
0; = N7+ (1= X)7.,
where \; is between 0 and 1.
What kind of prior models produce these various posterior estimates?
1. The unpooled estimate 9 =17 ; is the posterior mean if the J values 6; have independent
uniform prior densities on (—o0, 00).

2. The pooled estimate 6 = Y. is the posterior mean if the J values ¢; are restricted to be
equal, with a uniform prior density on the common 6.

3. The weighted combination is the posterior mean if the J values 6; have independent and
identically distributed normal prior densities.

All three of these options are exchangeable in the s, and options 1 and 2 are special cases
of option 3. No pooling corresponds to A; = 1 for all j and an infinite prior variance for
the 6;’s, and complete pooling corresponds to A\; = 0 for all j and a zero prior variance for
the 6;’s.

The hierarchical model

For the convenience of conjugacy (more accurately, partial conjugacy), we assume that the
parameters ¢; are drawn from a normal distribution with hyperparameters (u, 7):

<

P01, 05l 7) = H (051, 7 (5.14)

p(r...05) = /H (031, 7)] o1, )l 7).

That is, the #;’s are conditionally independent given (p, 7). The hierarchical model also
permits the interpretation of the 6;’s as a random sample from a shared population distri-
bution, as illustrated in Figure 5.1 for the rat tumors.

We assign a noninformative uniform hyperprior distribution to u, given 7:

p(p, 7) = p(p|T)p(7) o< p(7). (5.15)

The uniform prior density for u is generally reasonable for this problem; because the com-
bined data from all J experiments are generally highly informative about p, we can afford
to be vague about its prior distribution. We defer discussion of the prior distribution of
T to later in the analysis, although relevant principles have already been discussed in the
context of the rat tumor example. As usual, we first work out the answer conditional on
the hyperparameters and then consider their prior and posterior distributions.

The joint posterior distribution

Combining the sampling model for the observable y;;’s and the prior distribution yields
the joint posterior distribution of all the parameters and hyperparameters, which we can
express in terms of the sufficient statistics, 7 ;:

(0,1, 7ly) o< pu, T)p(Olp, T)p(y|0)
J

7) HN(9j|ﬂ77—2)H N(y. | Js _]) (5'16)
=1

Jj=1
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where we can ignore factors that depend only on y and the parameters o, which are assumed
known for this analysis.

The conditional posterior distribution of the normal means, given the hyperparameters

As in the general hierarchical structure, the parameters #; are independent in the prior
distribution (given p and 7) and appear in different factors in the likelihood (5.11); thus,
the conditional posterior distribution p(6|u, 7,y) factors into J components.

Conditional on the hyperparameters, we simply have J independent unknown normal
means, given normal prior distributions, so we can use the methods of Section 2.5 inde-
pendently on each ;. The conditional posterior distributions for the 6;’s are independent,
and .

ejlﬂ‘v Y~ N(9j7 ‘/J)a

where L
_2
J

1
T+%

_l’_
0; = ] and V; = T (5.17)

W|H <:|
W=l 4
Y N|H

The posterior mean is a precision-weighted average of the prior population mean and the
sample mean of the jth group; these expressions for §; and Vj are functions of p and 7 as
well as the data. The conditional posterior density for each 6; given p, 7 is proper.

The marginal posterior distribution of the hyperparameters

The solution so far is only partial because it depends on the unknown g and 7. The next step
in our approach is a full Bayesian treatment for the hyperparameters. Section 5.3 mentions
integration or analytic computation as two approaches for obtaining p(p, 7|y) from the joint
posterior density p(0, i, 7|y). For the hierarchical normal model, we can simply consider
the information supplied by the data about the hyperparameters directly:

P, Tly) o< p(p, T)p (Y|, 7).

For many problems, this decomposition is no help, because the ‘marginal likelihood’ factor,
p(y|u, ), cannot generally be written in closed form. For the normal distribution, however,
the marginal likelihood has a particularly simple form. The marginal distributions of the
group means y ;, averaging over 6, are independent (but not identically distributed) normal:

y.j|,u77- ~ N(,uv 0]2‘ + 72)'

Thus we can write the marginal posterior density as

J
(e, 7ly) o pu, 7) [ N@ 1, 07 +72). (5.18)

Jj=1

Posterior distribution of p given 7. We could use (5.18) to compute directly the posterior
distribution p(u, 7|y) as a function of two variables and proceed as in the rat tumor example.
For the normal model, however, we can further simplify by integrating over u, leaving a
simple univariate numerical computation of p(7|y). We factor the marginal posterior density
of the hyperparameters as we did the prior density (5.15):

p(i, 7ly) = p(p|m, y)p(Tly). (5.19)

The first factor on the right side of (5.19) is just the posterior distribution of u if 7 were
known. From inspection of (5.18) with 7 assumed known, and with a uniform conditional
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prior density p(u|7), the log posterior distribution is found to be quadratic in p; thus,
p(p|7,y) must be normal. The mean and variance of this distribution can be obtained
immediately by considering the group means 7 ; as J independent estimates of u with
variances (02 + 72). Combining the data with the unif ior densit ield

: . g the data wi e uniform prior density p(u|7) yields

plm,y ~ N(i, V),

where fi is the precision-weighted average of the ¥ ;-values, and V#_1 is the total precision:

S T )
R =1 of+7r27 1
fl=—F—"—— and V,'=> ——— (5.20)
Yot rm foEetT

The result is a proper posterior density for u, given 7.

Posterior distribution of 7. We can now obtain the posterior distribution of 7 analyti-
cally from (5.19) and substitution of (5.18) and (5.20) for the numerator and denominator,
respectively:

C pluTly)
Pl = Sy
p(M) [T N@ ;lp 02 + 72)
N(/LL&?V#)

This identity must hold for any value of u (in other words, all the factors of u must cancel
when the expression is simplified); in particular, it holds if we set p to fi, which makes
evaluation of the expression simple:

p() I N@ 1o, oF +72)

Pty NGl Vi)
2 . @, — i)’
Jj=1 J

with 4 and V), defined in (5.20). Both expressions are functions of 7, which means that
p(7|y) is a complicated function of 7.

Prior distribution for . To complete our analysis, we must assign a prior distribution to
7. For convenience, we use a diffuse noninformative prior density for 7 and hence must
examine the resulting posterior density to ensure it has a finite integral. For our illustrative
analysis, we use the uniform prior distribution, p(7) o< 1. We leave it as an exercise to show
mathematically that the uniform prior density for 7 yields a proper posterior density and
that, in contrast, the seemingly reasonable ‘noninformative’ prior distribution for a variance
component, p(log7) o 1, yields an improper posterior distribution for 7. Alternatively, in
applications it involves little extra effort to determine a ‘best guess’ and an upper bound
for the population variance 7, and a reasonable prior distribution can then be constructed
from the scaled inverse-x? family (the natural choice for variance parameters), matching the
‘best guess’ to the mean of the scaled inverse-y? density and the upper bound to an upper
percentile such as the 99th. Once an initial analysis is performed using the noninformative
‘uniform’ prior density, a sensitivity analysis with a more realistic prior distribution is often
desirable.
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Computation

For this model, computation of the posterior distribution of 8 is most conveniently performed
via simulation, following the factorization used above:

p(0, p, 7ly) = p(rly)p(ulT,y)p(O]1, 7, ).

The first step, simulating 7, is easily performed numerically using the inverse cdf method
(see Section 1.9) on a grid of uniformly spaced values of 7, with p(7]y) computed from
(5.21). The second and third steps, simulating p and then 6, can both be done easily by
sampling from normal distributions, first (5.20) to obtain p and then (5.17) to obtain the
0;’s independently.

Posterior predictive distributions

Sampling from the posterior predictive distribution of new data, either from a current or
new batch, is straightforward given draws from the posterior distribution of the parameters.
We consider two scenarios: (1) future data ¢ from the current set of batches, with means
0= (01,...,0,), and (2) future data § from J future batches, with means 6 = (61,...,0;).
In the latter case, we must also specify the J individual sample sizes n; for the future
batches.

To obtain a draw from the posterior predictive distribution of new data ¢ from the
current batch of parameters, 0, first obtain a draw from p(0, u, 7|y) and then draw the
predictive data ¢ from (5.11).

To obtain posterior predictive simulations of new data g for J new groups, perform the
following three steps: first, draw (u,7) from their posterior distribution; second, draw J
new parameters § = (0~1, cee éj) from the population distribution p(§j|u,7'), which is the
population, or prior, distribution for 6 given the hyperparameters (equation (5.14)); and
third, draw § given # from the data distribution (5.11).

Difficulty with a natural non-Bayesian estimate of the hyperparameters

To see some advantages of our fully Bayesian approach, we compare it to an approximate
method that is sometimes used based on a point estimate of ;1 and 7 from the data. Unbiased
point estimates, derived from the analysis of variance presented earlier, are

= 7.
72 = (MSp — MSy)/n. (5.22)

[C =

The terms MSp and MSyy are the ‘between’ and ‘within’ mean squares, respectively, from
the analysis of variance. In this alternative approach, inference for 6,...,60; is based on
the conditional posterior distribution, p(6|/i, 7), given the point estimates.

As we saw in the rat tumor example of the previous section, the main problem with
substituting point estimates for the hyperparameters is that it ignores our real uncertainty
about them. The resulting inference for 6 cannot be interpreted as a Bayesian posterior
summary. In addition, the estimate 72 in (5.22) has the flaw that it can be negative! The
problem of a negative estimate for a variance component can be avoided by setting 72 to
zero in the case that MSy exceeds MSp, but this creates new issues. Estimating 72 = 0
whenever MSy, > MSp seems too strong a claim: if MSy, > MSp, then the sample size is
too small for 72 to be distinguished from zero, but this is not the same as saying we know
that 72 = 0. The latter claim, made implicitly by the point estimate, implies that all the
group means §; are absolutely identical, which leads to scientifically indefensible claims, as
we shall see in the example in the next section. It is possible to construct a point estimate
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of (i, 7) to avoid this particular difficulty, but it would still have the problem, common to
all point estimates, of ignoring uncertainty.

5.5 Example: parallel experiments in eight schools

We illustrate the hierarchical normal model with a problem in which the Bayesian analysis
gives conclusions that differ in important respects from other methods.

A study was performed for the Educational Testing Service to analyze the effects of
special coaching programs on test scores. Separate randomized experiments were performed
to estimate the effects of coaching programs for the SAT-V (Scholastic Aptitude Test-
Verbal) in each of eight high schools. The outcome variable in each study was the score on
a special administration of the SAT-V, a standardized multiple choice test administered by
the Educational Testing Service and used to help colleges make admissions decisions; the
scores can vary between 200 and 800, with mean about 500 and standard deviation about
100. The SAT examinations are designed to be resistant to short-term efforts directed
specifically toward improving performance on the test; instead they are designed to reflect
knowledge acquired and abilities developed over many years of education. Nevertheless,
each of the eight schools in this study considered its short-term coaching program to be
successful at increasing SAT scores. Also, there was no prior reason to believe that any of
the eight programs was more effective than any other or that some were more similar in
effect to each other than to any other.

The results of the experiments are summarized in Table 5.2. All students in the ex-
periments had already taken the PSAT (Preliminary SAT), and allowance was made for
differences in the PSAT-M (Mathematics) and PSAT-V test scores between coached and
uncoached students. In particular, in each school the estimated coaching effect and its
standard error were obtained by an analysis of covariance adjustment (that is, a linear
regression was performed of SAT-V on treatment group, using PSAT-M and PSAT-V as
control variables) appropriate for a completely randomized experiment. A separate regres-
sion was estimated for each school. Although not simple sample means (because of the
covariance adjustments), the estimated coaching effects, which we label y;, and their sam-
pling variances, O'JQ-, play the same role in our model as 7 ; and 032- in the previous section.
The estimates y; are obtained by independent experiments and have approximately normal
sampling distributions with sampling variances that are known, for all practical purposes,
because the sample sizes in all of the eight experiments were relatively large, over thirty
students in each school (recall the discussion of data reduction in Section 4.1). Incidentally,
an increase of eight points on the SAT-V corresponds to about one more test item correct.

Inferences based on nonhierarchical models and their problems

Before fitting the hierarchical Bayesian model, we first consider two simpler nonhierarchical
methods—estimating the effects from the eight experiments independently, and complete
pooling—and discuss why neither of these approaches is adequate for this example.

Separate estimates. A cursory examination of Table 5.2 may at first suggest that some
coaching programs have moderate effects (in the range 18-28 points), most have small
effects (0-12 points), and two have small negative effects; however, when we take note
of the standard errors of these estimated effects, we see that it is difficult statistically
to distinguish between any of the experiments. For example, treating each experiment
separately and applying the simple normal analysis in each yields 95% posterior intervals
that all overlap substantially.

A pooled estimate. The general overlap in the posterior intervals based on independent
analyses suggests that all experiments might be estimating the same quantity. Under the
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Estimated Standard error
treatment of effect

School  effect, y; estimate, o;
A 28 15
B 8 10
C -3 16
D 7 11
E -1 9
F 1 11
G 18 10
H 12 18

Table 5.2 Observed effects of special preparation on SAT-V scores in eight randomized experiments.
Estimates are based on separate analyses for the eight experiments.

hypothesis that all experiments have the same effect and produce independent estimates
of this common effect, we could treat the data in Table 5.2 as eight normally distributed
observations with known variances. With a noninformative prior distribution, the posterior
mean for the common coaching effect in the schools is 7 , as defined in equation (5.13) with
y; in place of 7 ;. This pooled estimate is 7.7, and the posterior variance is (Z?Zl %)’1 =
16.6 because the eight experiments are independent. Thus, we would estimate the common
effect to be 7.7 points with standard error equal to 4/16.6 = 4.1, which would lead to the
95% posterior interval [—0.5,15.9], or approximately [8 + 8]. Supporting this analysis, the
classical test of the hypothesis that all 6;’s are estimating the same quantity yields a x?
statistic less than its degrees of freedom (seven, in this case): 25:1 (yj —7y.)*/o? =4.6. To
put it another way, the estimate 72 from (5.22) is negative.

Would it be possible to have one school’s observed effect be 28 just by chance, if the
coaching effects in all eight schools were really the same? To get a feeling for the natural
variation that we would expect across eight studies if this assumption were true, suppose
the estimated treatment effects are eight independent draws from a normal distribution
with mean 8 points and standard deviation 13 points (the square root of the mean of the
eight variances O'JQ-). Then, based on the expected values of normal order statistics, we
would expect the largest observed value of y; to be about 26 points and the others, in
diminishing order, to be about 19, 14, 10, 6, 2, —3, and —9 points. These expected effect
sizes are consistent with the set of observed effect sizes in Table 5.2. Thus, it would appear
imprudent to believe that school A really has an effect as large as 28 points.

Difficulties with the separate and pooled estimates. To see the problems with the two ex-
treme attitudes—the separate analyses that consider each 6, separately, and the alternative
view (a single common effect) that leads to the pooled estimate—consider 6, the effect in
school A. The effect in school A is estimated as 28.4 with a standard error of 14.9 under
the separate analysis, versus a pooled estimate of 7.7 with a standard error of 4.1 under
the common-effect model. The separate analyses of the eight schools imply the following
posterior statement: ‘the probability is % that the true effect in A is more than 28.4, a
doubtful statement, considering the results for the other seven schools. On the other hand,
the pooled model implies the following statement: ‘the probability is % that the true effect
in A is less than 7.7,” which, despite the non-significant x? test, seems an inaccurate sum-
mary of our knowledge. The pooled model also implies the statement: ‘the probability is %
that the true effect in A is less than the true effect in C,” which also is difficult to justify
given the data in Table 5.2. As in the theoretical discussion of the previous section, neither

estimate is fully satisfactory, and we would like a compromise that combines information
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Figure 5.5 Marginal posterior density, p(t|y), for standard deviation of the population of school
effects 0; in the educational testing example.

from all eight experiments without assuming all the 6;’s to be equal. The Bayesian analysis
under the hierarchical model provides exactly that.

Posterior simulation under the hierarchical model

Consequently, we compute the posterior distribution of 61,...,60s, based on the normal
model presented in Section 5.4. (More discussion of the reasonableness of applying this
model in this problem appears in Sections 6.5 and 17.4.) We draw from the posterior
distribution for the Bayesian model by simulating the random variables 7, u, and 6, in that
order, from their posterior distribution, as discussed at the end of the previous section. The
sampling standard deviations, o;, are assumed known and equal to the values in Table 5.2,
and we assume independent uniform prior densities on p and 7.

Results

The marginal posterior density function, p(7|y) from (5.21), is plotted in Figure 5.5. Values
of 7 near zero are most plausible; zero is the most likely value, values of 7 larger than 10
are less than half as likely as 7 = 0, and Pr(7 > 25) ~ 0. Inference regarding the marginal
distributions of the other model parameters and the joint distribution are obtained from the
simulated values. Illustrations are provided in the discussion that follows this section. In
the normal hierarchical model, however, we learn a great deal by considering the conditional
posterior distributions given 7 (and averaged over p).

The conditional posterior means E(6,|7,y) (averaging over ) are displayed as functions
of 7 in Figure 5.6; the vertical axis displays the scale for the 6;’s. Comparing Figure 5.6
to Figure 5.5, which has the same scale on the horizontal axis, we see that for most of the
likely values of 7, the estimated effects are relatively close together; as 7 becomes larger,
corresponding to more variability among schools, the estimates become more like the raw
values in Table 5.2.

The lines in Figure 5.7 show the conditional standard deviations, sd(#;|7,y), as a func-
tion of 7. As 7 increases, the population distribution allows the eight effects to be more
different from each other, and hence the posterior uncertainty in each individual 6; increases,
approaching the standard deviations in Table 5.2 in the limit of 7 — co. (The posterior
means and standard deviations for the components 6;, given 7, are computed using the
mean and variance formulas (2.7) and (2.8), averaging over y; see Exercise 5.12.)

The general conclusion from an examination of Figures 5.5-5.7 is that an effect as large
as 28.4 points in any school is unlikely. For the likely values of 7, the estimates in all
schools are substantially less than 28 points. For example, even at 7 = 10, the probability
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Figure 5.6 Conditional posterior means of treatment effects, E(0;|7,vy), as functions of the between-
school standard deviation T, for the educational testing example. The line for school C crosses the
lines for E and F because C has a higher measurement error (see Table 5.2) and its estimate is
therefore shrunk more strongly toward the overall mean in the Bayesian analysis.
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Figure 5.7 Conditional posterior standard deviations of treatment effects, sd(0;|7,y), as functions
of the between-school standard deviation T, for the educational testing example.

that the effect in school A is less than 28 points is ®[(28 — 14.5)/9.1] = 93%, where @ is
the standard normal cumulative distribution function; the corresponding probabilities for
the effects being less than 28 points in the other schools are 99.5%, 99.2%, 98.5%, 99.96%,
99.8%, 97%, and 98%.

Of substantial importance, we do not obtain an accurate summary of the data if we
condition on the posterior mode of 7. The technique of conditioning on a modal value (for
example, the maximum likelihood estimate) of a hyperparameter such as 7 is often used
in practice (at least as an approximation), but it ignores the uncertainty conveyed by the
posterior distribution of the hyperparameter. At 7 = 0, the inference is that all experiments
have the same size effect, 7.7 points, and the same standard error, 4.1 points. Figures 5.5
5.7 certainly suggest that this answer represents too much pulling together of the estimates
in the eight schools. The problem is especially acute in this example because the posterior
mode of 7 is on the boundary of its parameter space. A joint posterior modal estimate of
(01,...,07,u,7) suffers from even worse problems in general.

Discussion

Table 5.3 summarizes the 200 simulated effect estimates for all eight schools. In one sense,
these results are similar to the pooled 95% interval [8 + 8], in that the eight Bayesian 95%
intervals largely overlap and are median-centered between 5 and 10. In a second sense,
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School Posterior quantiles
2.5% 25% median 75% 97.5%
A -2 7 10 16 31
B -5 3 8 12 23
C —11 2 7 11 19
D -7 4 8 11 21
E -9 1 5 10 18
F -7 2 6 10 28
G -1 7 10 15 26
H —6 3 8 13 33

Table 5.3: Summary of 200 simulations of the treatment effects in the eight schools.

0 20 40 60 -20 20 40 60
Effect in School A Largest Effect

Figure 5.8 Histograms of two quantities of interest computed from the 200 simulation draws: (a)
the effect in school A, 01; (b) the largest effect, max{0;}. The jaggedness of the histograms is just
an artifact caused by sampling variability from using only 200 random draws.

the results in the table differ from the pooled estimate in a direction toward the eight
independent answers: the 95% Bayesian intervals are each almost twice as wide as the one
common interval and suggest substantially greater probabilities of effects larger than 16
points, especially in school A, and greater probabilities of negative effects, especially in
school C. If greater precision were required in the posterior intervals, one could simulate
more simulation draws; we use only 200 draws here to illustrate that a small simulation
gives adequate inference for many practical purposes.

The ordering of the effects in the eight schools as suggested by Table 5.3 is essentially the
same as would be obtained by the eight separate estimates. However, there are differences
in the details; for example, the Bayesian probability that the effect in school A is as large
as 28 points is less than 10%, which is substantially less than the 50% probability based on
the separate estimate for school A.

As an illustration of the simulation-based posterior results, 200 simulations of school
A’s effect are shown in Figure 5.8a. Having simulated the parameter 0, it is easy to ask
more complicated questions of this model. For example, what is the posterior distribution
of max{6,}, the effect of the most successful of the eight coaching programs? Figure 5.8b
displays a histogram of 200 values from this posterior distribution and shows that only 22
draws are larger than 28.4; thus, Pr(max{f;} > 28.4) ~ 2. Since Figure 5.8a gives the
marginal posterior distribution of the effect in school A, and Figure 5.8b gives the marginal
posterior distribution of the largest effect no matter which school it is in, the latter figure has
larger values. For another example, we can estimate Pr(6; > 603|y), the posterior probability
that the coaching program is more effective in school A than in school C, by the proportion
of simulated draws of 8 for which 6; > 03; the result is % = 0.705.

To sum up, the Bayesian analysis of this example not only allows straightforward infer-
ences about many parameters that may be of interest, but the hierarchical model is flexible
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Study Raw data Log- . Posterior quantiles of effect 6;
* (deaths/total) odds, ’ mnormal approx. (on log-odds scale)
j  Control Treated Y o;  25% 25% median 75% 97.5%
3/39 3/38 0.028 0.850 —0.57 —0.33 —0.24 —0.16 0.12
14/116 7/114 —0.741 0.483 —0.64 —0.37 —0.28 —0.20 —0.00
11/93 5/69 —0.541 0.565 —0.60 —0.35 —0.26 —0.18 0.05

127/1520 102/1533 —0.246 0.138 —0.45 —0.31 —0.25 —0.19 —0.05
27/365  28/355 0.069 0.281 —0.43 —0.28 —0.21 —0.11 0.15

6/52 4/59 —0.584 0.676 —0.62 —0.35 —0.26 —0.18 0.05

7 152/939  98/945 —0.512 0.139 —0.61 —0.43 —0.36 —0.28 —0.17
8  48/471 60/632 —0.079 0.204 —0.43 —0.28 —0.21 —0.13  0.08
9 37/282  25/278 —0.424 0.274 —0.58 —0.36 —0.28 —0.20 —0.02
10 188/1921 138/1916 —0.335 0.117 —0.48 —0.35 —0.29 —0.23 —0.13
11 52/583  64/873 —0.213 0.195 —0.48 —0.31 —0.24 —0.17 0.01
12 47/266  45/263 —0.039 0.229 —0.43 —0.28 —0.21 —0.12 0.11
13 16,/293 9/291 —0.593 0.425 —0.63 —0.36 —0.28 —0.20 0.01
14 45/883  57/858  0.282 0.205 —0.34 —0.22 —0.12 0.00 0.27
15 31/147  25/154 —0.321 0.298 —0.56 —0.34 —0.26 —0.19 0.01
16 38/213  33/207 —0.135 0.261 —0.48 —0.30 —0.23 —0.15 0.08
17 12/122  28/251 0.141 0.364 —0.47 —0.29 —0.21 —0.12 0.17
18 6/154 8/151  0.322 0.553 —0.51 —0.30 —0.23 —0.13 0.15
19 3/134 6/174  0.444 0.717 —0.53 —0.31 —0.23 —0.14 0.15
20 40/218  32/209 —0.218 0.260 —0.50 —0.32 —0.25 —0.17 0.04
21 43/364  27/391 —0.591 0.257 —0.64 —0.40 —0.31 —0.23 —0.09
22 39/674  22/680 —0.608 0.272 —0.65 —0.40 —0.31 —0.23 —0.07

DU W N

Table 5.4 Results of 22 clinical trials of beta-blockers for reducing mortality after myocardial infarc-
tion, with empirical log-odds and approzimate sampling variances. Data from Yusuf et al. (1985).
Posterior quantiles of treatment effects are based on 5000 draws from a Bayesian hierarchical model
described here. Negative effects correspond to reduced probability of death under the treatment.

enough to adapt to the data, thereby providing posterior inferences that account for the
partial pooling as well as the uncertainty in the hyperparameters.

5.6 Hierarchical modeling applied to a meta-analysis

Meta-analysis is an increasingly popular and important process of summarizing and inte-
grating the findings of research studies in a particular area. As a method for combining
information from several parallel data sources, meta-analysis is closely connected to hierar-
chical modeling. In this section we consider a relatively simple application of hierarchical
modeling to a meta-analysis in medicine. We consider another meta-analysis problem in
the context of a decision problem in Section 9.2.

The data in our medical example are displayed in the first three columns of Table 5.4,
which summarize mortality after myocardial infarction in 22 clinical trials, each consisting of
two groups of heart attack patients randomly allocated to receive or not receive beta-blockers
(a family of drugs that affect the central nervous system and can relax the heart muscles).
Mortality varies from 3% to 21% across the studies, most of which show a modest, though
not ‘statistically significant,” benefit from the use of beta-blockers. The aim of a meta-
analysis is to provide a combined analysis of the studies that indicates the overall strength
of the evidence for a beneficial effect of the treatment under study. Before proceeding to a
formal meta-analysis, it is important to apply rigorous criteria in determining which studies
are included. (This relates to concerns of ignorability in data collection for observational
studies, as discussed in Chapter 8.)
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Defining a parameter for each study

In the beta-blocker example, the meta-analysis involves data in the form of several 2 x 2
tables. If clinical trial j (in the series to be considered for meta-analysis) involves the use
of ng; subjects in the control group and n;; in the treatment group, giving rise to yo; and
y1; deaths in control and treatment groups, respectively, then the usual sampling model
involves two independent binomial distributions with probabilities of death py; and p.;,
respectively. Estimands of interest include the difference in probabilities, p1; — poj, the
probability or risk ratio, pi;/po;, and the odds ratio, p; = 15—;5” 15—250]_. For a number of
reasons, including interpretability in a range of study designs (including case-control studies
as well as clinical trials and cohort studies), and the fact that its posterior distribution is
close to normality even for relatively small sample sizes, we concentrate on inference for the
(natural) logarithm of the odds ratio, which we label 8; = log p;.

A normal approximation to the likelihood

Relatively simple Bayesian meta-analysis is possible using the normal-theory results of the
previous sections if we summarize the results of each experiment j with an approximate
normal likelihood for the parameter 6;. This is possible with a number of standard analytic
approaches that produce a point estimate and standard errors, which can be regarded as
approximating a normal mean and standard deviation. One approach is based on empirical
logits: for each study j, one can estimate 6; by

y; = log (L) —log (y#> , (5.23)
Ny — Y1y noj — Yoy

with approximate sampling variance

1 1 1 1
0]2»:—4—74———!—7. (5.24)
Yij nij; — Yiy Yoy noj; — Yoy

We use the notation y; and O'JQ- to be consistent with our earlier expressions for the hier-
archical normal model. There are various refinements of these estimates that improve the
asymptotic normality of the sampling distributions involved (in particular, it is often rec-
ommended to add a fraction such as 0.5 to each of the four counts in the 2 x 2 table), but
whenever study-specific sample sizes are moderately large, such details do not concern us.

The estimated log-odds ratios y; and their estimated standard errors sz are displayed
as the fourth and fifth columns of Table 5.4. We use a hierarchical Bayesian analysis to
combine information from the 22 studies and gain improved estimates of each ¢;, along with

estimates of the mean and variance of the effects over all studies.

Goals of inference in meta-analysis

Discussions of meta-analysis are sometimes imprecise about the estimands of interest in the
analysis, especially when the primary focus is on testing the null hypothesis of no effect in
any of the studies to be combined. Our focus is on estimating meaningful parameters, and
for this objective there appear to be three possibilities, accepting the overarching assumption
that the studies are comparable in some broad sense. The first possibility is that we view
the studies as identical replications of each other, in the sense we regard the individuals in
all the studies as independent samples from a common population, with the same outcome
measures and so on. A second possibility is that the studies are so different that the results
of any one study provide no information about the results of any of the others. A third, more
general, possibility is that we regard the studies as exchangeable but not necessarily either



This electronic edition is for non-commercial purposes only.

126 5. HIERARCHICAL MODELS

identical or completely unrelated; in other words we allow differences from study to study,
but such that the differences are not expected a priori to have predictable effects favoring
one study over another. As we have discussed in detail in this chapter, this third possibility
represents a continuum between the two extremes, and it is this exchangeable model (with
unknown hyperparameters characterizing the population distribution) that forms the basis
of our Bayesian analysis.

Exchangeability does not dictate the form of the joint distribution of the study effects.
In what follows we adopt the convenient assumption of a normal distribution for the varying
parameters; in practice it is important to check this assumption using some of the techniques
discussed in Chapter 6.

The first potential estimand of a meta-analysis, or a hierarchically structured problem
in general, is the mean of the distribution of effect sizes, since this represents the overall
‘average’ effect across all studies that could be regarded as exchangeable with the observed
studies. Other possible estimands are the effect size in any of the observed studies and the
effect size in another, comparable (exchangeable) unobserved study.

What if exchangeability is inappropriate?

When assuming exchangeability we assume there are no important covariates that might
form the basis of a more complex model, and this assumption (perhaps misguidedly) is
widely adopted in meta-analysis. What if other information (in addition to the data (n,y))
is available to distinguish among the J studies in a meta-analysis, so that an exchangeable
model is inappropriate? In this situation, we can expand the framework of the model to be
exchangeable in the observed data and covariates, for example using a hierarchical regression
model, as in Chapter 15, so as to estimate how the treatment effect behaves as a function
of the covariates. The real aim might in general be to estimate a response surface so that
one could predict an effect based on known characteristics of a population and its exposure
to risk.

A hierarchical normal model

A normal population distribution in conjunction with the approximate normal sampling
distribution of the study-specific effect estimates allows an analysis of the same form as
used for the SAT coaching example in the previous section. Let y; represent generically the
point estimate of the effect #; in the jth study, obtained from (5.23), where j =1,...,J.
The first stage of the hierarchical normal model assumes that

yjl0;, 05 ~ N(8;,07),

where o; represents the corresponding estimated standard error from (5.24), which is as-
sumed known without error. The simplification of known variances has little effect here
because, with the large sample sizes (more than 50 persons in each treatment group in
nearly all of the studies in the beta-blocker example), the binomial variances in each study
are precisely estimated. At the second stage of the hierarchy, we again use an exchangeable
normal prior distribution, with mean p and standard deviation 7, which are unknown hy-
perparameters. Finally, a hyperprior distribution is required for x and 7. For this problem,
it is reasonable to assume a noninformative or locally uniform prior density for pu, since
even with a small number of studies (say 5 or 10), the combined data become relatively
informative about the center of the population distribution of effect sizes. As with the
SAT coaching example, we also assume a locally uniform prior density for 7, essentially for
convenience, although it is easy to modify the analysis to include prior information.
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Posterior quantiles
Estimand 2.5% 25%  median 5%  97.5%
Mean, p —0.37 —0.29 —-0.25 —0.20 —0.11
Standard deviation, T 0.02 0.08 0.13 0.18 0.31
Predicted effect, éj —-0.58 —0.34 -0.25 —0.17 0.11

Table 5.5 Summary of posterior inference for the overall mean and standard deviation of study
effects, and for the predicted effect in a hypothetical future study, from the meta-analysis of the
beta-blocker trials in Table 5.4. All effects are on the log-odds scale.

Results of the analysis and comparison to simpler methods

The analysis of our meta-analysis model now follows exactly the same methodology as in
the previous sections. First, a plot (not shown here) similar to Figure 5.5 shows that the
marginal posterior density of 7 peaks at a nonzero value, although values near zero are
clearly plausible, zero having a posterior density only about 25% lower than that at the
mode. Posterior quantiles for the effects 6; for the 22 studies on the logit scale are displayed
as the last columns of Table 5.4.

Since the posterior distribution of 7 is concentrated around values that are small relative
to the sampling standard deviations of the data (compare the posterior median of 7, 0.13,
in Table 5.5 to the values of ¢; in the fourth column of Table 5.4), considerable shrinkage
is evident in the Bayes estimates, especially for studies with low internal precision (for
example, studies 1, 6, and 18). The substantial degree of homogeneity between the studies
is further reflected in the large reductions in posterior variance obtained when going from
the study-specific estimates to the Bayesian ones, which borrow strength from each other.
Using an approximate approach fixing 7 would yield standard deviations that would be too
small compared to the fully Bayesian ones.

Histograms (not shown) of the simulated posterior densities for each of the individual
effects exhibit skewness away from the central value of the overall mean, whereas the distri-
bution of the overall mean has greater symmetry. The imprecise studies, such as 2 and 18,
exhibit longer-tailed posterior distributions than the more precise ones, such as 7 and 14.

In meta-analysis, interest often focuses on the estimate of the overall mean effect, u.
Superimposing the graphs (not shown here) of the conditional posterior mean and standard
deviation of y given 7 on the posterior density of 7 reveals a small range in the plausible
values of E(u|7,y), from about —0.26 to just over —0.24, but sd(u|r,y) varies by a factor
of more than 2 across the plausible range of values of 7. The latter feature indicates
the importance of averaging over 7 in order to account adequately for uncertainty in its
estimation. In fact, the conditional posterior standard deviation, sd(u|7,y) has the value
0.060 at 7 = 0.13, whereas upon averaging over the posterior distribution for 7 we find a
value of sd(p|y) = 0.071.

Table 5.5 gives a summary of posterior inferences for the hyperparameters u and 7 and
the predicted effect, éj, in a hypothetical future study. The approximate 95% highest pos-
terior density interval for p is [—0.37,—0.11], or [0.69,0.90] when converted to the odds
ratio scale (that is, exponentiated). In contrast, the 95% posterior interval that results
from complete pooling—that is, assuming 7 = 0—is considerably narrower, [0.70,0.85]. In
the original published discussion of these data, it was remarked that the latter seems an
‘unusually narrow range of uncertainty.” The hierarchical Bayesian analysis suggests that
this was due to the use of an inappropriate model that had the effect of claiming all the
studies were identical. In mathematical terms, complete pooling makes the assumption that
the parameter 7 is exactly zero, whereas the data supply evidence that 7 might be close
to zero, but might also plausibly be as high as 0.3. A related concern is that commonly
used analyses tend to place undue emphasis on inference for the overall mean effect. Un-
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certainty about the probable treatment effect in a particular population where a study has
not been performed (or indeed in a previously studied population but with a slightly mod-
ified treatment) might be more reasonably represented by inference for a new study effect,
exchangeable with those for which studies have been performed, rather than for the overall
mean. In this case, uncertainty is even greater, as exhibited in the ‘Predicted effect’ row of
Table 5.5; uncertainty for an individual patient includes yet another component of varia-
tion. In particular, with the beta-blocker data, there is just over 10% posterior probability
that the true effect, éj, in a new study would be positive (corresponding to the treatment
increasing the probability of death in that study).

5.7 Weakly informative priors for variance parameters

A key element in the analyses above is the prior distribution for the scale parameter, 7.
We have used the uniform, but various other noninformative prior distributions have been
suggested in the Bayesian literature. It turns out that the choice of ‘noninformative’ prior
distribution can have a big effect on inferences, especially for problems where the number
of groups J is small or the group-level variation 7 is small.

We discuss the options here in the context of the normal model, but the principles apply
to inferences for group-level variances more generally.

Concepts relating to the choice of prior distribution

Improper limit of a prior distribution. Improper prior densities can, but do not necessarily,
lead to proper posterior distributions. To avoid confusion it is useful to define improper
distributions as particular limits of proper distributions. For the group-level variance pa-
rameter, two commonly considered improper densities are uniform(0, A) on 7, as A — oo,
and inverse-gammal(e, €) on 72, as € — 0.

As we shall see, the uniform(0, A) model yields a limiting proper posterior density as
A — o0, as long as the number of groups J is at least 3. Thus, for a finite but sufficiently
large A, inferences are not sensitive to the choice of A.

In contrast, the inverse-gammaf(e, ¢) model does not have any proper limiting poste-
rior distribution. As a result, posterior inferences are sensitive to e—it cannot simply be
comfortably set to a low value such as 0.001.

Calibration. Posterior inferences can be evaluated using the concept of calibration of the
posterior mean, the Bayesian analogue to the classical notion of bias. For any parameter
0, if we label the posterior mean as § = E(]y), we can define the miscalibration of the
posterior mean as E(0]f) — . 1If the prior distribution is true—that is, if the data are
constructed by first drawing 6 from p(), then drawing y from p(y|f#)—then the posterior
mean is automatically calibrated; that is, the miscalibration is 0 for all values of 0.

To restate: in classical bias analysis, we condition on the true 6 and look at the distri-
bution of the data-based estimate, 6. In a Bayesian calibration analysis, we condition on
the data y (and thus also on the estimate, é) and look at the distribution of parameters ¢
that could have produced these data.

When considering improper models, the theory must be expanded, since it is impossible
for 6 to be drawn from an unnormalized density. To evaluate calibration in this context,
it is necessary to posit a ‘true prior distribution’ from which 6 is drawn along with the
‘inferential prior distribution’ that is used in the Bayesian inference.

For the hierarchical model for the 8 schools, we can consider the improper uniform
density on 7 as a limit of uniform prior densities on the range (0, A), with A — oo. For
any finite value of A, we can then see that the improper uniform density leads to inferences
with a positive miscalibration—that is, overestimates (on average) of 7.
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We demonstrate this miscalibration in two steps. First, suppose that both the true
and inferential prior distributions for 7 are uniform on (0, A). Then the miscalibration is
trivially zero. Now keep the true prior distribution at U(0, A) and let the inferential prior
distribution go to U(0, c0). This will necessarily increase 6 for any data y (since we are now
averaging over values of # in the range [A, 00)) without changing the true 6, thus causing
the average value of the miscalibration to become positive.

Classes of noninformative and weakly informative prior distributions for hierarchical
variance parameters

General considerations. We view any noninformative or weakly informative prior distribu-
tion as inherently provisional—after the model has been fit, one should look at the posterior
distribution and see if it makes sense. If the posterior distribution does not make sense,
this implies that additional prior knowledge is available that has not been included in the
model, and that contradicts the assumptions of the prior distribution that has been used.
It is then appropriate to go back and alter the prior distribution to be more consistent with
this external knowledge.

Uniform prior distributions. We first consider uniform priors while recognizing that we
must be explicit about the scale on which the distribution is defined. Various choices have
been proposed for modeling variance parameters. A uniform prior distribution on logT
would seem natural—working with the logarithm of a parameter that must be positive—
but it results in an improper posterior distribution. An alternative would be to define the
prior distribution on a compact set (e.g., in the range [—A, A] for some large value of A),
but then the posterior distribution would depend strongly on the lower bound —A of the
prior support.

The problem arises because the marginal likelihood, p(y|7)—after integrating over 6 and
& in (5.16)—approaches a finite nonzero value as 7 — 0. Thus, if the prior density for log T
is uniform, the posterior will have infinite mass integrating to the limit log 7 — —o0. To put
it another way, in a hierarchical model the data can never rule out a group-level variance
of zero, and so the prior distribution cannot put an infinite mass in this area.

Another option is a uniform prior distribution on 7 itself, which has a finite integral
near 7 = 0 and thus avoids the above problem. We have generally used this noninformative
density in our applied work (as illustrated in Section 5.5), but it has a slightly disagreeable
miscalibration toward positive values, with its infinite prior mass in the range 7 — oo.
With J =1 or 2 groups, this actually results in an improper posterior density, essentially
concluding 7 = oo and doing no pooling. In a sense this is reasonable behavior, since it
would seem difficult from the data alone to decide how much, if any, pooling should be
done with data from only one or two groups. However, from a Bayesian perspective it is
awkward for the decision to be made ahead of time, as it were, with the data having no say
in the matter. In addition, for small J, such as 4 or 5, we worry that the heavy right tail of
the posterior distribution would lead to overestimates of 7 and thus result in pooling that
is less than optimal for estimating the individual ;’s.

We can interpret these improper uniform prior densities as limits of weakly informative
conditionally conjugate priors. The uniform prior distribution on log7 is equivalent to
p(T) o< 771 or p(7?) &< 772, which has the form of an inverse-x? density with 0 degrees of
freedom and can be taken as a limit of proper inverse-gamma priors.

The uniform density on 7 is equivalent to p(7?) oc 771, an inverse-x? density with —1
degrees of freedom. This density cannot easily be seen as a limit of proper inverse-x?2
densities (since these must have positive degrees of freedom), but it can be interpreted as a
limit of the half-t family on 7, where the scale approaches co (and any value of v).

Another noninformative prior distribution sometimes proposed in the Bayesian literature



This electronic edition is for non-commercial purposes only.

130 5. HIERARCHICAL MODELS

is uniform on 72. We do not recommend this, as it seems to have the miscalibration toward
higher values as described above, but more so, and also requires J > 4 groups for a proper
posterior distribution.

Inverse-gammal(e, €) prior distributions. The parameter 7 in model (5.21) does not have
any simple family of conjugate prior distributions because its marginal likelihood depends
in a complex way on the data from all J groups. However, the inverse-gamma family
is conditionally conjugate given the other parameters in the model: that is, if 72 has an
inverse-gamma prior distribution, then the conditional posterior distribution p(72 |6, u, )
is also inverse-gamma. The inverse-gamma(a, 3) model for 72 can also be expressed as an
inverse-x? distribution with scale s? = g and degrees of freedom v = 2a. The inverse-
x? parameterization can be helpful in understanding the information underlying various
choices of proper prior distributions.

The inverse-gammale, €) prior distribution is an attempt at noninformativeness within
the conditionally conjugate family, with e set to a low value such as 1 or 0.01 or 0.001.
A difficulty of this prior distribution is that in the limit of ¢ — 0 it yields an improper
posterior density, and thus € must be set to a reasonable value. Unfortunately, for datasets
in which low values of 7 are possible, inferences become very sensitive to € in this model,
and the prior distribution hardly looks noninformative, as we illustrate in Figure 5.9.

Half-Cauchy prior distributions. We shall also consider the ¢ family of distributions (actu-
ally, the half-¢, since the scale parameter 7 is constrained to be positive) as an alternative
class that includes normal and Cauchy as edge cases. We first considered the ¢t model for
this problem because it can be expressed as a conditionally conjugate prior distribution for
T using a reparameterization.

For our purposes here, however, it is enough to recognize that the half-Cauchy can be a
convenient weakly informative family; the distribution has a broad peak at zero and a single
scale parameter, which we shall label A to indicate that it could be set to some large value.
In the limit A — oo this becomes a uniform prior density on 7. Large but finite values of
A represent prior distributions which we consider weakly informative because, even in the
tail, they have a gentle slope (unlike, for example, a half-normal distribution) and can let
the data dominate if the likelihood is strong in that region. We shall consider half-Cauchy
models for variance parameters which are estimated from a small number of groups (so that
inferences are sensitive to the choice of weakly informative prior distribution).

Application to the 8-schools example

We demonstrate the properties of some proposed noninformative prior densities on the
eight-schools example of Section 5.5. Here, the parameters 64, ..., 0s represent the relative
effects of coaching programs in eight different schools, and 7 represents the between-school
standard deviations of these effects. The effects are measured as points on the test, which
was scored from 200 to 800 with an average of about 500; thus the largest possible range of
effects could be about 300 points, with a realistic upper limit on 7 of 100, say.

Noninformative prior distributions for the 8-schools problem. Figure 5.9 displays the pos-
terior distributions for the 8-schools model resulting from three different choices of prior
distributions that are intended to be noninformative.

The leftmost histogram shows posterior inference for 7 for the model with uniform prior
density. The data show support for a range of values below 7 = 20, with a slight tail after
that, reflecting the possibility of larger values, which are difficult to rule out given that the
number of groups J is only 8—that is, not much more than the J = 3 required to ensure a
proper posterior density with finite mass in the right tail.

In contrast, the middle histogram in Figure 5.9 shows the result with an inverse-

gamma(1, 1) prior distribution for 72. This new prior distribution leads to changed in-
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8 schools: posterior on t given 8 schools: posterior on T given 8 schools: posterior on t given
uniform prior on © inv—gamma (1, 1) prior on 2 inv—gamma (.001, .001) prior on t
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Figure 5.9 Histograms of posterior simulations of the between-school standard deviation, T,
from models with three different prior distributions: (a) uniform prior distribution on 7, (b)
inverse-gamma(1,1) prior distribution on 72, (c) inverse-gamma(0.001,0.001) prior distribution
on 2. Ouerlain on each is the corresponding prior density function for T. (For models (b) and
(c), the density for T is calculated using the gamma density function multiplied by the Jacobian of
the 1/72 transformation.) In models (b) and (c), posterior inferences are strongly constrained by
the prior distribution.

ferences. In particular, the posterior mean and median of 7 are lower, and shrinkage of the
0;’s is greater than in the previously fitted model with a uniform prior distribution on 7. To
understand this, it helps to graph the prior distribution in the range for which the posterior
distribution is substantial. The graph shows that the prior distribution is concentrated in
the range [0.5, 5], a narrow zone in which the likelihood is close to flat compared to this prior
(as we can see because the distribution of the posterior simulations of 7 closely matches the
prior distribution, p(7)). By comparison, in the left graph, the uniform prior distribution
on 7 seems closer to ‘noninformative’ for this problem, in the sense that it does not appear
to be constraining the posterior inference.

Finally, the rightmost histogram in Figure 5.9 shows the corresponding result with an
inverse-gamma(0.001, 0.001) prior distribution for 72. This prior distribution is even more
sharply peaked near zero and further distorts posterior inferences, with the problem arising
because the marginal likelihood for 7 remains high near zero.

In this example, we do not consider a uniform prior density on log 7, which would yield
an improper posterior density with a spike at 7 = 0, like the rightmost graph in Figure 5.9
but more so. We also do not consider a uniform prior density on 72, which would yield a
posterior similar to the leftmost graph in Figure 5.9, but with a slightly higher right tail.

This example is a gratifying case in which the simplest approach—the uniform prior
density on 7—seems to perform well. As detailed in Appendix C, this model is also straight-
forward to program directly in R or Stan.

The appearance of the histograms and density plots in Figure 5.9 is crucially affected by
the choice to plot them on the scale of 7. If instead they were plotted on the scale of log 7,
the inverse-gamma(0.001, 0.001) prior density would appear to be the flattest. However, the
inverse-gammayf(e, €) prior is not at all ‘noninformative’ for this problem since the resulting
posterior distribution remains highly sensitive to the choice of €. The hierarchical model
likelihood does not constrain log 7 in the limit log 7 — —o0, and so a prior distribution that
is noninformative on the log scale will not work.

Weakly informative prior distribution for the 3-schools problem

The uniform prior distribution seems fine for the 8-school analysis, but problems arise if the
number of groups J is much smaller, in which case the data supply little information about
the group-level variance, and a noninformative prior distribution can lead to a posterior
distribution that is improper or is proper but unrealistically broad. We demonstrate by
reanalyzing the 8-schools example using just the data from the first three of the schools.
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3 schools: posterior on T given 3 schools: posterior on t given
uniform prior on t half-Cauchy (25) prior on ©
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Figure 5.10 Histograms of posterior simulations of the between-school standard deviation, T, from
models for the 3-schools data with two different prior distributions on 7: (a) uniform (0,00), (b)
half-Cauchy with scale 25, set as a weakly informative prior distribution given that T was expected
to be well below 100. The histograms are not on the same scales. Owverlain on each histogram is
the corresponding prior density function. With only J = 3 groups, the noninformative uniform
prior distribution is too weak, and the proper Cauchy distribution works better, without appearing
to distort inferences in the area of high likelihood.

Figure 5.10 displays the inferences for 7 based on two different priors. First we continue
with the default uniform distribution that worked well with J = 8 (as seen in Figure 5.9).
Unfortunately, as the left histogram of Figure 5.10 shows, the resulting posterior distribution
for the 3-schools dataset has an extremely long right tail, containing values of 7 that are
too high to be reasonable. This heavy tail is expected since J is so low (if J were any lower,
the right tail would have an infinite integral), and using this as a posterior distribution will
have the effect of underpooling the estimates of the school effects ;.

The right histogram of Figure 5.10 shows the posterior inference for 7 resulting from
a half-Cauchy prior distribution with scale parameter A = 25 (a value chosen to be a bit
higher than we expect for the standard deviation of the underlying 6;’s in the context of
this educational testing example, so that the model will constrain 7 only weakly). As the
line on the graph shows, this prior distribution is high over the plausible range of 7 < 50,
falling off gradually beyond this point. This prior distribution appears to perform well in
this example, reflecting the marginal likelihood for 7 at its low end but removing much of
the unrealistic upper tail.

This half-Cauchy prior distribution would also perform well in the 8-schools problem;
however it was unnecessary because the default uniform prior gave reasonable results. With
only 3 schools, we went to the trouble of using a weakly informative prior, a distribution
that was not intended to represent our actual prior state of knowledge about 7 but rather
to constrain the posterior distribution, to an extent allowed by the data.

5.8 Bibliographic note

The early non-Bayesian work on shrinkage estimation of Stein (1955) and James and Stein
(1960) was influential in the development of hierarchical normal models. Efron and Morris
(1971, 1972) present subsequent theoretical work on the topic. Robbins (1955, 1964) con-
structs and justifies hierarchical methods from a decision-theoretic perspective. De Finetti’s
theorem is described by de Finetti (1974); Bernardo and Smith (1994) discuss its role in
Bayesian modeling. An early thorough development of the idea of Bayesian hierarchical
modeling is given by Good (1965).

Mosteller and Wallace (1964) analyzed a hierarchical Bayesian model using the negative
binomial distribution for counts of words in a study of authorship. Restricted to the limited
computing power at the time, they used various approximations and point estimates for
hyperparameters.

Other historically influential papers on ‘empirical Bayes’ (or, in our terminology, hierar-
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chical Bayes) include Hartley and Rao (1967), Laird and Ware (1982) on longitudinal mod-
eling, and Clayton and Kaldor (1987) and Breslow (1990) on epidemiology and biostatistics.
Morris (1983) and Deely and Lindley (1981) explored the relation between Bayesian and
non-Bayesian ideas for these models.

The problem of estimating several normal means using an exchangeable hierarchical
model was treated in a fully Bayesian framework by Hill (1965), Tiao and Tan (1965,
1966), and Lindley (1971b). Box and Tiao (1973) present hierarchical normal models using
slightly different notation from ours. They compare Bayesian and non-Bayesian methods
and discuss the analysis of variance table in some detail. More references on hierarchical
normal models appear in the bibliographic note at the end of Chapter 15.

The past few decades have seen the publication of applied Bayesian analyses using hierar-
chical models in a wide variety of application areas. For example, an important application
of hierarchical models is ‘small-area estimation,” in which estimates of population charac-
teristics for local areas are improved by combining the data from each area with information
from neighboring areas (with important early work from Fay and Herriot, 1979, Dempster
and Raghunathan, 1987, and Mollie and Richardson, 1991). Other applications that have
motivated methodological development include measurement error problems in epidemiol-
ogy (for example, Richardson and Gilks, 1993), multiple comparisons in toxicology (Meng
and Dempster, 1987), and education research (Bock, 1989). We provide references to a
number of other applications in later chapters dealing with specific model types.

Hierarchical models can be viewed as a subclass of ‘graphical models,” and this connec-
tion has been elegantly exploited for Bayesian inference in the development of the computer
package Bugs, using techniques that will be explained in Chapter 11 (see also Appendix C);
see Thomas, Spiegelhalter, and Gilks (1992), and Spiegelhalter et al. (1994, 2003). Related
discussion and theoretical work appears in Lauritzen and Spiegelhalter (1988), Pearl (1988),
Wermuth and Lauritzen (1990), and Normand and Tritchler (1992).

The rat tumor data were analyzed hierarchically by Tarone (1982) and Dempster, Sel-
wyn, and Weeks (1983); our approach is close in spirit to the latter paper’s. Leonard (1972)
and Novick, Lewis, and Jackson (1973) are early examples of hierarchical Bayesian analysis
of binomial data.

Much of the material in Sections 5.4 and 5.5, along with much of Section 6.5, originally
appeared in Rubin (1981a), which is an early example of an applied Bayesian analysis using
simulation techniques. For later work on the effects of coaching on Scholastic Aptitude Test
scores, see Hansen (2004).

The weakly-informative half-Cauchy prior distribution for the 3-schools problem in Sec-
tion 5.7 comes from Gelman (2006a). Polson and Scott (2012) provide a theoretical justifi-
cation for this model.

The material of Section 5.6 is adapted from Carlin (1992), which contains several key
references on meta-analysis; the original data for the example are from Yusuf et al. (1985);
a similar Bayesian analysis of these data under a slightly different model appears as an
example in Spiegelhalter et al. (1994, 2003). Thall et al. (2003) discuss hierarchical models
for medical treatments that vary across subtypes of a disease. More general treatments
of meta-analysis from a Bayesian perspective are provided by DuMouchel (1990), Rubin
(1989), Skene and Wakefield (1990), and Smith, Spiegelhalter, and Thomas (1995). An ex-
ample of a Bayesian meta-analysis appears in Dominici et al. (1999). DuMouchel and Harris
(1983) present what is essentially a meta-analysis with covariates on the studies; this article
is accompanied by some interesting discussion by prominent Bayesian and non-Bayesian
statisticians. Higgins and Whitehead (1996) discuss how to construct a prior distribution
for the group-level variance in a meta-analysis by considering it as an example from larger
population of meta-analyses. Lau, Ioannidis, and Schmid (1997) provide practical advice
on meta-analysis.
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5.9 Exercises

1. Exchangeability with known model parameters: For each of the following three examples,
answer: (i) Are observations y; and ys exchangeable? (ii) Are observations y; and ys
independent? (iii) Can we act as if the two observations are independent?

(a) A box has one black ball and one white ball. We pick a ball y; at random, put it back,
and pick another ball y» at random.

(b) A box has one black ball and one white ball. We pick a ball y; at random, we do not
put it back, then we pick ball ys.

(¢) A box has a million black balls and a million white balls. We pick a ball y; at random,
we do not put it back, then we pick ball y, at random.

2. Exchangeability with unknown model parameters: For each of the following three exam-
ples, answer: (i) Are observations y; and ys exchangeable? (ii) Are observations y; and
y2 independent? (iii) Can we act as if the two observations are independent?

(a) A box has n black and white balls but we do not know how many of each color. We
pick a ball y; at random, put it back, and pick another ball y5 at random.

(b) A box has n black and white balls but we do not know how many of each color. We
pick a ball y; at random, we do not put it back, then we pick ball y5 at random.

(c) Same as (b) but we know that there are many balls of each color in the box.
3. Hierarchical models and multiple comparisons:

(a) Reproduce the computations in Section 5.5 for the educational testing example. Use
the posterior simulations to estimate (i) for each school j, the probability that its
coaching program is the best of the eight; and (ii) for each pair of schools, j and k,
the probability that the coaching program in school j is better than that in school k.

(b) Repeat (a), but for the simpler model with 7 set to oo (that is, separate estimation
for the eight schools). In this case, the probabilities (ii) can be computed analytically.

(c) Discuss how the answers in (a) and (b) differ.

(d) In the model with 7 set to 0, the probabilities (i) and (ii) have degenerate values; what
are they?

4. Exchangeable prior distributions: suppose it is known a priori that the 2J parameters
01,...,02; are clustered into two groups, with exactly half being drawn from a N(1,1)
distribution, and the other half being drawn from a N(—1,1) distribution, but we have
not observed which parameters come from which distribution.

(a) Are 04,...,02; exchangeable under this prior distribution?

(b) Show that this distribution cannot be written as a mixture of independent and iden-
tically distributed components.

(¢) Why can we not simply take the limit as J — oo and get a counterexample to de
Finetti’s theorem?

See Exercise 8.10 for a related problem.

5. Mixtures of independent distributions: suppose the distribution of 6§ = (64,...,60;) can
be written as a mixture of independent and identically distributed components:

J
o6) = [ T[os10m(0)do.
j=1

Prove that the covariances cov(;,6;) are all nonnegative.

6. Exchangeable models:
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(a) In the divorce rate example of Section 5.2, set up a prior distribution for the values
Y1,...,ys that allows for one low value (Utah) and one high value (Nevada), with
independent and identical distributions for the other six values. This prior distribution
should be exchangeable, because it is not known which of the eight states correspond
to Utah and Nevada.

(b) Determine the posterior distribution for ys under this model given the observed values
of y1,...,y7 given in the example. This posterior distribution should probably have
two or three modes, corresponding to the possibilities that the missing state is Utah,
Nevada, or one of the other six.

(¢) Now consider the entire set of eight data points, including the value for ys given at
the end of the example. Are these data consistent with the prior distribution you gave
in part (a) above? In particular, did your prior distribution allow for the possibility
that the actual data have an outlier (Nevada) at the high end, but no outlier at the
low end?

7. Continuous mixture models:

(a) If y|@ ~ Poisson(d), and § ~ Gamma(w,3), then the marginal (prior predictive)
distribution of y is negative binomial with parameters « and 8 (or p = 8/(1 + B)).
Use the formulas (2.7) and (2.8) to derive the mean and variance of the negative
binomial.

(b) In the normal model with unknown location and scale (u,0?), the noninformative
prior density, p(u, 0?) o< 1/0?2, results in a normal-inverse-x? posterior distribution for
(u,02). Marginally then v/n(u — %)/s has a posterior distribution that is ¢,_1. Use
(2.7) and (2.8) to derive the first two moments of the latter distribution, stating the
appropriate condition on n for existence of both moments.

8. Discrete mixture models: if p,,,(#), for m = 1,..., M, are conjugate prior densities for
the sampling model y|#, show that the class of finite mixture prior densities given by

M
p(0) = Z AmPm (0)

is also a conjugate class, where the \A,,’s are nonnegative weights that sum to 1. This
can provide a useful extension of the natural conjugate prior family to more flexible
distributional forms. As an example, use the mixture form to create a bimodal prior
density for a normal mean, that is thought to be near 1, with a standard deviation of
0.5, but has a small probability of being near —1, with the same standard deviation. If
the variance of each observation yi,...,y10 is known to be 1, and their observed mean
is ¥ = —0.25, derive your posterior distribution for the mean, making a sketch of both
prior and posterior densities. Be careful: the prior and posterior mixture proportions are
different.

9. Noninformative hyperprior distributions: consider the hierarchical binomial model in
Section 5.3. Improper posterior distributions are, in fact, a general problem with hier-
archical models when a uniform prior distribution is specified for the logarithm of the
population standard deviation of the exchangeable parameters. In the case of the beta
population distribution, the prior variance is approximately (a+/3)~! (see Appendix A),
and so a uniform distribution on log(a+0) is approximately uniform on the log standard
deviation. The resulting unnormalized posterior density (5.8) has an infinite integral
in the limit as the population standard deviation approaches 0. We encountered the
problem again in Section 5.4 for the hierarchical normal model.

(a) Show that, with a uniform prior density on (log(%),log(a+ 3)), the unnormalized
posterior density has an infinite integral.
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(b) A simple way to avoid the impropriety is to assign a uniform prior distribution to the
standard deviation parameter itself, rather than its logarithm. For the beta population
distribution we are considering here, this is achieved approximately by assigning a uni-
form prior distribution to (a+3)~/2. Show that combining this with an independent
uniform prior distribution on oc%ﬁ yields the prior density (5.10).

(c) Show that the resulting posterior density (5.8) is proper as long as 0 < y; < n; for at
least one experiment j.

10. Checking the integrability of the posterior distribution: consider the hierarchical normal
model in Section 5.4.

(a) If the hyperprior distribution is p(p,7) oc 771 (that is, p(u,log ) o< 1), show that the
posterior density is improper.

(b) If the hyperprior distribution is p(p, 7) o 1, show that the posterior density is proper
if J > 2.

(¢) How would you analyze SAT coaching data if J = 2 (that is, data from only two
schools)?

11. Nonconjugate hierarchical models: suppose that in the rat tumor example, we wish to
use a normal population distribution on the log-odds scale: logit(#;) ~ N(u,7?), for
j=1,...,J. As in Section 5.3, you will assign a noninformative prior distribution to the
hyperparameters and perform a full Bayesian analysis.

(a) Write the joint posterior density, p(6, i, 7|y).
(b) Show that the integral (5.4) has no closed-form expression.
(¢) Why is expression (5.5) no help for this problem?

In practice, we can solve this problem by normal approximation, importance sampling,
and Markov chain simulation, as described in Part III.

12. Conditional posterior means and variances: derive analytic expressions for E(6;|7,y) and
var(f;|7,y) in the hierarchical normal model (and used in Figures 5.6 and 5.7). (Hint:
use (2.7) and (2.8), averaging over p.)

13. Hierarchical binomial model: Exercise 3.8 described a survey of bicycle traffic in Berkeley,
California, with data displayed in Table 3.3. For this problem, restrict your attention to
the first two rows of the table: residential streets labeled as ‘bike routes,” which we will
use to illustrate this computational exercise.

(a) Set up a model for the data in Table 3.3 so that, for j = 1,..., 10, the observed number
of bicycles at location j is binomial with unknown probability 6; and sample size equal
to the total number of vehicles (bicycles included) in that block. The parameter 6;
can be interpreted as the underlying or ‘true’ proportion of traffic at location j that is
bicycles. (See Exercise 3.8.) Assign a beta population distribution for the parameters
; and a noninformative hyperprior distribution as in the rat tumor example of Section
5.3. Write down the joint posterior distribution.

(b) Compute the marginal posterior density of the hyperparameters and draw simulations
from the joint posterior distribution of the parameters and hyperparameters, as in
Section 5.3.

(c) Compare the posterior distributions of the parameters 6; to the raw proportions,
(number of bicycles / total number of vehicles) in location j. How do the inferences
from the posterior distribution differ from the raw proportions?

(d) Give a 95% posterior interval for the average underlying proportion of traffic that is
bicycles.

(e) A new city block is sampled at random and is a residential street with a bike route. In
an hour of observation, 100 vehicles of all kinds go by. Give a 95% posterior interval
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for the number of those vehicles that are bicycles. Discuss how much you trust this
interval in application.

(f) Was the beta distribution for the §;’s reasonable?

14. Hierarchical Poisson model: consider the dataset in the previous problem, but suppose
only the total amount of traffic at each location is observed.

(a) Set up a model in which the total number of vehicles observed at each location j
follows a Poisson distribution with parameter 6;, the ‘true’ rate of traffic per hour at
that location. Assign a gamma population distribution for the parameters 6; and a
noninformative hyperprior distribution. Write down the joint posterior distribution.

(b) Compute the marginal posterior density of the hyperparameters and plot its contours.
Simulate random draws from the posterior distribution of the hyperparameters and
make a scatterplot of the simulation draws.

(c) Is the posterior density integrable? Answer analytically by examining the joint pos-
terior density at the limits or empirically by examining the plots of the marginal
posterior density above.

(d) If the posterior density is not integrable, alter it and repeat the previous two steps.

(e) Draw samples from the joint posterior distribution of the parameters and hyperpa-
rameters, by analogy to the method used in the hierarchical binomial model.

15. Meta-analysis: perform the computations for the meta-analysis data of Table 5.4.

(a) Plot the posterior density of 7 over an appropriate range that includes essentially all
of the posterior density, analogous to Figure 5.5.

(b) Produce graphs analogous to Figures 5.6 and 5.7 to display how the posterior means
and standard deviations of the 6;’s depend on 7.

(¢) Produce a scatterplot of the crude effect estimates vs. the posterior median effect
estimates of the 22 studies. Verify that the studies with smallest sample sizes are
partially pooled the most toward the mean.

(d) Draw simulations from the posterior distribution of a new treatment effect, éj. Plot
a histogram of the simulations.

(e) Given the simulations just obtained, draw simulated outcomes from replications of
a hypothetical new experiment with 100 persons in each of the treated and control
groups. Plot a histogram of the simulations of the crude estimated treatment effect
(5.23) in the new experiment.

16. Equivalent data: Suppose we wish to apply the inferences from the meta-analysis example
in Section 5.6 to data on a new study with equal numbers of people in the control and
treatment groups. How large would the study have to be so that the prior and data were
weighted equally in the posterior inference for that study?

17. Informative prior distributions: Continuing the example from Exercise 2.22, consider a
(hypothetical) study of a simple training program for basketball free-throw shooting. A
random sample of 100 college students is recruited into the study. Each student first
shoots 100 free-throws to establish a baseline success probability. Each student then
takes 50 practice shots each day for a month. At the end of that time, he or she takes
100 shots for a final measurement.

Let 6; be the improvement in success probability for person i. For simplicity, assume the
0;’s are normally distributed with mean p and standard deviation o.
Give three joint prior distributions for pu,o:

(a) A noninformative prior distribution,
(b) A subjective prior distribution based on your best knowledge, and
(¢) A weakly informative prior distribution.
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Part II: Fundamentals of Bayesian Data
Analysis

For most problems of applied Bayesian statistics, the data analyst must go beyond the
simple structure of prior distribution, likelihood, and posterior distribution. In Chapter 6,
we discuss methods of assessing the sensitivity of posterior inferences to model assumptions
and checking the fit of a probability model to data and substantive information. Model
checking allows an escape from the tautological aspect of formal approaches to Bayesian
inference, under which all conclusions are conditional on the truth of the posited model.
Chapter 7 considers evaluating and comparing models using predictive accuracy, adjusting
for the parameters being fit to the data. Chapter 8 outlines the role of study design and
methods of data collection in probability modeling, focusing on how to set up Bayesian
inference for sample surveys, designed experiments, and observational studies; this chapter
contains some of the most conceptually distinctive and potentially difficult material in
the book. Chapter 9 discusses the use of Bayesian inference in applied decision analysis,
illustrating with examples from social science, medicine, and public health. These four
chapters explore the creative choices that are required, first to set up a Bayesian model in
a complex problem, then to perform the model checking and confidence building that is
typically necessary to make posterior inferences scientifically defensible, and finally to use
the inferences in decision making.
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Chapter 6

Model checking

6.1 The place of model checking in applied Bayesian statistics

Once we have accomplished the first two steps of a Bayesian analysis—constructing a prob-
ability model and computing the posterior distribution of all estimands—we should not
ignore the relatively easy step of assessing the fit of the model to the data and to our
substantive knowledge. It is difficult to include in a probability distribution all of one’s
knowledge about a problem, and so it is wise to investigate what aspects of reality are not
captured by the model.

Checking the model is crucial to statistical analysis. Bayesian prior-to-posterior infer-
ences assume the whole structure of a probability model and can yield misleading inferences
when the model is poor. A good Bayesian analysis, therefore, should include at least some
check of the adequacy of the fit of the model to the data and the plausibility of the model
for the purposes for which the model will be used. This is sometimes discussed as a problem
of sensitivity to the prior distribution, but in practice the likelihood model is typically just
as suspect; throughout, we use ‘model’ to encompass the sampling distribution, the prior
distribution, any hierarchical structure, and issues such as which explanatory variables have
been included in a regression.

Sensitivity analysis and model improvement

It is typically the case that more than one reasonable probability model can provide an
adequate fit to the data in a scientific problem. The basic question of a sensitivity analysis
is: how much do posterior inferences change when other reasonable probability models
are used in place of the present model? Other reasonable models may differ substantially
from the present model in the prior specification, the sampling distribution, or in what
information is included (for example, predictor variables in a regression). It is possible that
the present model provides an adequate fit to the data, but that posterior inferences differ
under plausible alternative models.

In theory, both model checking and sensitivity analysis can be incorporated into the
usual prior-to-posterior analysis. Under this perspective, model checking is done by set-
ting up a comprehensive joint distribution, such that any data that might be observed are
plausible outcomes under the joint distribution. That is, this joint distribution is a mixture
of all possible ‘true’ models or realities, incorporating all known substantive information.
The prior distribution in such a case incorporates prior beliefs about the likelihood of the
competing realities and about the parameters of the constituent models. The posterior dis-
tribution of such an exhaustive probability model automatically incorporates all ‘sensitivity
analysis’ but is still predicated on the truth of some member of the larger class of models.

In practice, however, setting up such a super-model to include all possibilities and all
substantive knowledge is both conceptually impossible and computationally infeasible in all
but the simplest problems. It is thus necessary for us to examine our models in other ways
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to see how they fail to fit reality and how sensitive the resulting posterior distributions are
to arbitrary specifications.

Judging model flaws by their practical implications

We do not like to ask, ‘Is our model true or false?’, since probability models in most
data analyses will not be perfectly true. Even the coin tosses and die rolls ubiquitous in
probability theory texts are not truly exchangeable. The more relevant question is, ‘Do the
model’s deficiencies have a noticeable effect on the substantive inferences?’

In the examples of Chapter 5, the beta population distribution for the tumor rates and
the normal distribution for the eight school effects are both chosen partly for convenience.
In these examples, making convenient distributional assumptions turns out not to matter,
in terms of the impact on the inferences of most interest. How to judge when assumptions
of convenience can be made safely is a central task of Bayesian sensitivity analysis. Failures
in the model lead to practical problems by creating clearly false inferences about estimands
of interest.

6.2 Do the inferences from the model make sense?

In any applied problem, there will be knowledge that is not included formally in either
the prior distribution or the likelihood, for reasons of convenience or objectivity. If the
additional information suggests that posterior inferences of interest are false, then this
suggests a potential for creating a more accurate probability model for the parameters and
data collection process. We illustrate with an example of a hierarchical regression model.

Example. Evaluating election predictions by comparing to substantive po-
litical knowledge

Figure 6.1 displays a forecast, made in early October, 1992, of the probability that Bill
Clinton would win each state in the U.S. presidential election that November. The
estimates are posterior probabilities based on a hierarchical linear regression model.
For each state, the height of the shaded part of the box represents the estimated
probability that Clinton would win the state. Even before the election occurred, the
forecasts for some of the states looked wrong; for example, from state polls, Clinton
was known in October to be much weaker in Texas and Florida than shown in the
map. This does not mean that the forecast is useless, but it is good to know where
the weak points are. Certainly, after the election, we can do an even better job of
criticizing the model and understanding its weaknesses. We return to this election
forecasting example in Section 15.2 as an example of a hierarchical linear model.

FExternal validation

More formally, we can check a model by external validation using the model to make predic-
tions about future data, and then collecting those data and comparing to their predictions.
Posterior means should be correct on average, 50% intervals should contain the true values
half the time, and so forth. We used external validation to check the empirical probability
estimates in the record-linkage example in Section 1.7, and we apply the idea again to check
a toxicology model in Section 19.2. In the latter example, the external validation (see Figure
19.10 on page 484) reveals a generally reasonable fit but with some notable discrepancies
between predictions and external data. Often we need to check the model before obtaining
new data or waiting for the future to happen. In this chapter and the next, we discuss
methods which can approximate external validation using the data we already have.
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Figure 6.1 Summary of a forecast of the 1992 U.S. presidential election performed one month
before the election. For each state, the proportion of the box that is shaded represents the estimated
probability of Clinton winning the state; the width of the box is proportional to the number of
electoral votes for the state.

Choices in defining the predictive quantities

A single model can be used to make different predictions. For example, in the SAT example
we could consider a joint prediction for future data from the 8 schools in the study, p(g|y),
a joint prediction for 8 new schools p(%;|y), i =9, ..., 16, or any other combination of new
and existing schools. Other scenarios may have even more different choices in defining the
focus of predictions. For example, in analyses of sample surveys and designed experiments,
it often makes sense to consider hypothetical replications of the experiment with a new
randomization of selection or treatment assignment, by analogy to classical randomization
tests.

Sections 6.3 and 6.4 discuss posterior predictive checking, which use global summaries
to check the joint posterior predictive distribution p(g|y). At the end of Section 6.3 we
briefly discuss methods that combine inferences for local quantities to check marginal pre-
dictive distributions p(9;|y), an idea that is related to cross-validation methods considered
in Chapter 7.

6.3 Posterior predictive checking

If the model fits, then replicated data generated under the model should look similar to
observed data. To put it another way, the observed data should look plausible under
the posterior predictive distribution. This is really a self-consistency check: an observed
discrepancy can be due to model misfit or chance.

Our basic technique for checking the fit of a model to data is to draw simulated values
from the joint posterior predictive distribution of replicated data and compare these samples
to the observed data. Any systematic differences between the simulations and the data
indicate potential failings of the model.

We introduce posterior predictive checking with a simple example of an obviously poorly
fitting model, and then in the rest of this section we lay out the key choices involved in pos-
terior predictive checking. Sections 6.3 and 6.4 discuss numerical and graphical predictive
checks in more detail.

Example. Comparing Newcomb’s speed of light measurements to the pos-
terior predictive distribution

Simon Newcomb’s 66 measurements on the speed of light are presented in Section 3.2.
In the absence of other information, in Section 3.2 we modeled the measurements as
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Figure 6.2 Twenty replications, y ", of the speed of light data from the posterior predictive distri-
bution, p(y™Ply); compare to observed data, y, in Figure 3.1. Each histogram displays the result
of drawing 66 independent values §; from a common normal distribution with mean and variance
(u,0?) drawn from the posterior distribution, p(u, o2|y), under the normal model.

[ []

-40 -20 0 20

Figure 6.3 Smallest observation of Newcomb’s speed of light data (the vertical line at the left of the
graph), compared to the smallest observations from each of the 20 posterior predictive simulated
datasets displayed in Figure 6.2.

N(u, 0?), with a noninformative uniform prior distribution on (i, log o). However, the
lowest of Newcomb’s measurements look like outliers compared to the rest of the data.
Could the extreme measurements have reasonably come from a normal distribution?
We address this question by comparing the observed data to what we expect to be
observed under our posterior distribution. Figure 6.2 displays twenty histograms,
each of which represents a single draw from the posterior predictive distribution of
the values in Newcomb’s experiment, obtained by first drawing (u,0?) from their
joint posterior distribution, then drawing 66 values from a normal distribution with
this mean and variance. All these histograms look different from the histogram of
actual data in Figure 3.1 on page 67. One way to measure the discrepancy is to
compare the smallest value in each hypothetical replicated dataset to Newcomb’s
smallest observation, —44. The histogram in Figure 6.3 shows the smallest observation
in each of the 20 hypothetical replications; all are much larger than Newcomb’s smallest
observation, which is indicated by a vertical line on the graph. The normal model
clearly does not capture the variation that Newcomb observed. A revised model
might use an asymmetric contaminated normal distribution or a symmetric long-tailed
distribution in place of the normal measurement model.
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Many other examples of posterior predictive checks appear throughout the book, includ-
ing the educational testing example in Section 6.5, linear regressions examples in Sections
14.3 and 15.2, and a hierarchical mixture model in Section 22.2.

For many problems, it is useful to examine graphical comparisons of summaries of the
data to summaries from posterior predictive simulations, as in Figure 6.3. In cases with
less blatant discrepancies than the outliers in the speed of light data, it is often also useful
to measure the ‘statistical significance’ of the lack of fit, a notion we formalize here.

Notation for replications

Let y be the observed data and 6 be the vector of parameters (including all the hyperpa-
rameters if the model is hierarchical). To avoid confusion with the observed data, y, we
define y™P as the replicated data that could have been observed, or, to think predictively, as
the data we would see tomorrow if the experiment that produced y today were replicated
with the same model and the same value of 6 that produced the observed data.

We distinguish between y*°P and g, our general notation for predictive outcomes: g is
any future observable value or vector of observable quantities, whereas 3P is specifically a
replication just like y. For example, if the model has explanatory variables, z, they will be
identical for y and y*°P, but y may have its own explanatory variables, Z.

We will work with the distribution of y*P given the current state of knowledge, that is,
with the posterior predictive distribution

p(y™Ply) = / p(y"P|0)p(0]y)do. (6.1)

Test quantities

We measure the discrepancy between model and data by defining test quantities, the aspects
of the data we wish to check. A test quantity, or discrepancy measure, T (y, ), is a scalar
summary of parameters and data that is used as a standard when comparing data to
predictive simulations. Test quantities play the role in Bayesian model checking that test
statistics play in classical testing. We use the notation T'(y) for a test statistic, which is a
test quantity that depends only on data; in the Bayesian context, we can generalize test
statistics to allow dependence on the model parameters under their posterior distribution.
This can be useful in directly summarizing discrepancies between model and data. We
discuss options for graphical test quantities in Section 6.4. The test quantities in this
section are usually functions of y or replicated data y™P. In the end of this section we
briefly discuss a different sort of test quantities used for calibration that are functions of
both y; and y; " (or g;). In Chapter 7 we discuss measures of discrepancy between model
and data, that is, measures of predictive accuracy that are also functions of both y; and

y; " (or ;).

Tail-area probabilities

Lack of fit of the data with respect to the posterior predictive distribution can be measured
by the tail-area probability, or p-value, of the test quantity, and computed using posterior
simulations of (6, y*°?). We define the p-value mathematically, first for the familiar classical
test and then in the Bayesian context.

Classical p-values. The classical p-value for the test statistic T'(y) is

pc = Pr(T(y"?) >T(y)0), (6.2)
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where the probability is taken over the distribution of y**P with € fixed. (The distribution of
y*°P given y and 6 is the same as its distribution given 6 alone.) Test statistics are classically
derived in a variety of ways but generally represent a summary measure of discrepancy
between the observed data and what would be expected under a model with a particular
value of #. This value may be a ‘null’ value, corresponding to a ‘null hypothesis,” or a point
estimate such as the maximum likelihood value. A point estimate for § must be substituted
to compute a p-value in classical statistics.

Posterior predictive p-values. To evaluate the fit of the posterior distribution of a Bayesian
model, we can compare the observed data to the posterior predictive distribution. In the
Bayesian approach, test quantities can be functions of the unknown parameters as well as
data because the test quantity is evaluated over draws from the posterior distribution of the
unknown parameters. The Bayesian p-value is defined as the probability that the replicated
data could be more extreme than the observed data, as measured by the test quantity:

PB = PY(T(yrepv 9) zT(yv 6)'3/)7

where the probability is taken over the posterior distribution of # and the posterior predictive
distribution of y"P (that is, the joint distribution, p(0,y"Ply)):

e / / Ip(yrer 0)>1(y,0)P(y"|0)p(Oly)dy™" db,

where [ is the indicator function. In this formula, we have used the property of the predictive
distribution that p(y"?|0,y) = p(y*°P|0).

In practice, we usually compute the posterior predictive distribution using simulation.
If we already have S simulations from the posterior density of #, we just draw one y™P
from the predictive distribution for each simulated €; we now have S draws from the joint
posterior distribution, p(y*°P, 8|y). The posterior predictive check is the comparison between
the realized test quantities, T'(y,0%), and the predictive test quantities, T'(y**P*,60%). The
estimated p-value is just the proportion of these S simulations for which the test quantity
equals or exceeds its realized value; that is, for which T'(y™P*%,0%) >T(y,0%),s =1,...,S.

In contrast to the classical approach, Bayesian model checking does not require special
methods to handle ‘nuisance parameters’; by using posterior simulations, we implicitly
average over all the parameters in the model.

Example. Speed of light (continued)

In Figure 6.3, we demonstrated the poor fit of the normal model to the speed of light
data using min(y;) as the test statistic. We continue this example using other test
quantities to illustrate how the fit of a model depends on the aspects of the data and
parameters being monitored. Figure 6.4a shows the observed sample variance and the
distribution of 200 simulated variances from the posterior predictive distribution. The
sample variance does not make a good test statistic because it is a sufficient statistic of
the model and thus, in the absence of an informative prior distribution, the posterior
distribution will automatically be centered near the observed value. We are not at all
surprised to find an estimated p-value close to %

The model check based on min(y;) earlier in the chapter suggests that the normal
model is inadequate. To illustrate that a model can be inadequate for some pur-
poses but adequate for others, we assess whether the model is adequate except for
the extreme tails by considering a model check based on a test quantity sensitive to
asymmetry in the center of the distribution,

T(y,9) = ye1) — 01 — |ye) — 0l

The 61st and 6th order statistics are chosen to represent approximately the 90% and
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Figure 6.4 Realized vs. posterior predictive distributions for two more test quantities in the speed

of light example: (a) Sample variance (vertical line at 115.5), compared to 200 simulations from
the posterior predictive distribution of the sample variance. (b) Scatterplot showing prior and

posterior simulations of a test quantity: T(y,0) = |yw1) — 0| — |yw) — 0| (horizontal axis) wvs.
T(y*",0) = |y — 01 — |y — 0l (vertical azis) based on 200 simulations from the posterior

distribution of (0,y™). The p-value is computed as the proportion of points in the upper-left half
of the scatterplot.

10% points of the distribution. The test quantity should be scattered about zero
for a symmetric distribution. The scatterplot in Figure 6.4b shows the test quantity
for the observed data and the test quantity evaluated for the simulated data for 200
simulations from the posterior distribution of (,02). The estimated p-value is 0.26,
implying that any observed asymmetry in the middle of the distribution can easily be
explained by sampling variation.

Choosing test quantities

The procedure for carrying out a posterior predictive model check requires specifying a test
quantity, T'(y) or T(y,0), and an appropriate predictive distribution for the replications
y*°P (which involves deciding which if any aspects of the data to condition on, as discussed
at the end of Section 6.3). If T'(y) does not appear to be consistent with the set of values
T(y™Pl), ..., T(y™PS), then the model is making predictions that do not fit the data. The
discrepancy between T'(y) and the distribution of T'(y"°P) can be summarized by a p-value
(as discussed in Section 6.3) but we prefer to look at the magnitude of the discrepancy as
well as its p-value.

Example. Checking the assumption of independence in binomial trials

Consider a sequence of binary outcomes, y1, ..., y,, modeled as a specified number of
independent trials with a common probability of success, 6, that is given a uniform
prior distribution. As discussed in Chapter 2, the posterior density under the model
is p(fly) oc 6%Y(1 — )"~ *Y which depends on the data only through the sufficient
statistic, . ; y;. Now suppose the observed data are, in order, 1, 1, 0, 0, 0, 0, 0,
1,1,1,1,1,0,0,0, 0,0, 0, 0, 0. The observed autocorrelation is evidence that the
model is flawed. To quantify the evidence, we can perform a posterior predictive test
using the test quantity 7" = number of switches between 0 and 1 in the sequence. The
observed value is T'(y) = 3, and we can determine the posterior predictive distribution
of T'(y*P) by simulation. To simulate y"P under the model, we first draw 6 from its
Beta(8,14) posterior distribution, then draw y™P = (y;°",...,y5)) as independent
Bernoulli variables with probability 6. Figure 6.5 displays a histogram of the values
of T'(y**P#) for simulation draws s = 1,...,10000, with the observed value, T'(y) = 3,
shown by a vertical line. The observed number of switches is about one-third as many
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Figure 6.5 Observed number of switches (vertical line at T'(y) = 3), compared to 10,000 simulations
from the posterior predictive distribution of the number of switches, T (y™P).

as would be expected from the model under the posterior predictive distribution, and
the discrepancy cannot easily be explained by chance, as indicated by the computed
p-value of %. To convert to a p-value near zero, we can change the sign of the
test statistic, which amounts to computing Pr(T(y*P,0) <T'(y, 0)|y), which is 0.028
in this case. The p-values measured from the two ends have a sum that is greater than

1 because of the discreteness of the distribution of T'(y"P).

For many problems, a function of data and parameters can directly address a particular
aspect of a model in a way that would be difficult or awkward using a function of data
alone. If the test quantity depends on 6 as well as y, then the test quantity T'(y, 0) as well
as its replication T'(y*°P,#) are unknowns and are represented by S simulations, and the
comparison can be displayed either as a scatterplot of the values T'(y,0°) vs. T(y*°Ps, 0%)
or a histogram of the differences, T'(y, 6°) — T'(y*°P*,0°). Under the model, the scatterplot
should be symmetric about the 45° line and the histogram should include 0.

Because a probability model can fail to reflect the process that generated the data in any
number of ways, posterior predictive p-values can be computed for a variety of test quantities
in order to evaluate more than one possible model failure. Ideally, the test quantities T’
will be chosen to reflect aspects of the model that are relevant to the scientific purposes
to which the inference will be applied. Test quantities are commonly chosen to measure a
feature of the data not directly addressed by the probability model; for example, ranks of
the sample, or correlation of residuals with some possible explanatory variable.

Example. Checking the fit of hierarchical regression models for adolescent
smoking

We illustrate with a model fitted to a longitudinal dataset of about 2000 Australian
adolescents whose smoking patterns were recorded every six months (via question-
naire) for a period of three years. Interest lay in the extent to which smoking behavior
could be predicted based on parental smoking and other background variables, and
the extent to which boys and girls picked up the habit of smoking during their teenage
years. Figure 6.6 illustrates the overall rate of smoking among survey participants,
who had an average age of 14.9 years at the beginning of the study.

We fit two models to these data. Our first model is a hierarchical logistic regression,
in which the probability of smoking depends on sex, parental smoking, the wave of the
study, and an individual parameter for the person. For person j at wave ¢, we model
the probability of smoking as,

Pr(yjt = 1) = logitil(ﬁo + ﬁlle + ﬁngg + 63(1 - ng)t + B4Xj2f + Oéj), (6.3)

where X;; is an indicator for parental smoking and X, is an indicator for females,
so that 83 and (4 represent the time trends for males and females, respectively. The
individual effects «; are assigned a N(0,72) distribution, with a noninformative uni-
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Figure 6.6 Prevalence of regular (daily) smoking among participants responding at each wave in
the study of Australian adolescents (who were on average 15 years old at wave 1).

Model 1 Model 2
95% int. p- 95% int. p-
Test variable T(y) for T(y"™P) value for T'(y"™P) value
% never-smokers 77.3 [75.5,78.2] 0.27 [74.8,79.9] 0.53
% always-smokers 5.1 [5.0,6.5] 0.95 [3.8,6.3] 0.44
% incident smokers 8.4 [5.3,7.9] 0.005 [4.9,7.8] 0.004

Table 6.1 Summary of posterior predictive checks for three test statistics for two models fit to the
adolescent smoking data: (1) hierarchical logistic regression, and (2) hierarchical logistic regression
with a mizture component for never-smokers. The second model better fits the percentages of never-
and always-smokers, but still has a problem with the percentage of ‘incident smokers,” who are
defined as persons who report incidents of non-smoking followed by incidents of smoking.

form prior distribution on 5, 7. (See Chapter 22 for more on hierarchical generalized
linear models.)

The second model is an expansion of the first, in which each person j has an unobserved
‘susceptibility” status S; that equals 1 if the person might possibly smoke or 0 if he
or she is ‘immune’ from smoking (that is, has no chance of becoming a smoker).
This model is an oversimplification but captures the separation in the data between
adolescents who often or occasionally smoke and those who never smoke at all. In this
mixture model, the smoking status y;; is automatically 0 at all times for nonsusceptible
persons. For those persons with S; = 1, we use the model (6.3), understanding
that these probabilities now refer to the probability of smoking, conditional on being
susceptible. The model is completed with a logistic regression for susceptibility status
given the individual-level predictors: Pr(S; = 1) = logit ™" (yo + 71 X1 + 72Xj2), and
a uniform prior distribution on these coefficients ~.

Table 6.1 shows the results for posterior predictive checks of the two fitted models
using three different test statistics 7'(y):

e The percentage of adolescents in the sample who never smoked.
e The percentage in the sample who smoked during all waves.

e The percentage of ‘incident smokers’: adolescents who began the study as non-
smokers, switched to smoking during the study period, and did not switch back.
From the first column of Table 6.1, we see that 77% of the sample never smoked, 5%
always smoked, and 8% were incident smokers. The table then displays the posterior
predictive distribution of each test statistic under each of the two fitted models. Both
models accurately capture the percentage of never-smokers, but the second model
better fits the percentage of always-smokers. It makes sense that the second model
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should fit this aspect of the data better, since its mixture form separates smokers from
non-smokers. Finally, both models underpredict the proportion of incident smokers,
which suggests that they are not completely fitting the variation of smoking behavior
within individuals.

Posterior predictive checking is a useful direct way of assessing the fit of the model to
these various aspects of the data. Our goal here is not to compare or choose among the
models (a topic we discuss in Section 7.3) but rather to explore the ways in which either or
both models might be lacking.

Numerical test quantities can also be constructed from patterns noticed visually (as in
the test statistics chosen for the speed-of-light example in Section 6.3). This can be useful
to quantify a pattern of potential interest, or to summarize a model check that will be
performed repeatedly (for example, in checking the fit of a model that is applied to several
different datasets).

Multiple comparisons

One might worry about interpreting the significance levels of multiple tests or of tests
chosen by inspection of the data. For example, we looked at three different test variables in
checking the adolescent smoking models, so perhaps it is less surprising than it might seem
at first that the worst-fitting test statistic had a p-value of 0.005. A ‘multiple comparisons’
adjustment would calculate the probability that the most extreme p-value would be as low
as 0.005, which would perhaps yield an adjusted p-value somewhere near 0.015.

We do not make this adjustment, because we use predictive checks to see how particular
aspects of the data would be expected to appear in replications. If we examine several test
variables, we would not be surprised for some of them not to be fitted by the model-—but
if we are planning to apply the model, we might be interested in those aspects of the data
that do not appear typical. We are not concerned with ‘Type I error’ rate—that is, the
probability of rejecting a hypothesis conditional on it being true—because we use the checks
not to accept or reject a model but rather to understand the limits of its applicability in
realistic replications. In the setting where we are interested in making several comparisons
at once, we prefer to directly make inferences on the comparisons using a multilevel model;
see the discussion on page 96.

Interpreting posterior predictive p-values

A model is suspect if a discrepancy is of practical importance and its observed value has a
tail-area probability near 0 or 1, indicating that the observed pattern would be unlikely to be
seen in replications of the data if the model were true. An extreme p-value implies that the
model cannot be expected to capture this aspect of the data. A p-value is a posterior prob-
ability and can therefore be interpreted directly—although not as Pr(model is true | data).
Major failures of the model, typically corresponding to extreme tail-area probabilities (less
than 0.01 or more than 0.99), can be addressed by expanding the model appropriately.
Lesser failures might also suggest model improvements or might be ignored in the short
term if the failure appears not to affect the main inferences. In some cases, even extreme
p-values may be ignored if the misfit of the model is substantively small compared to varia-
tion within the model. We typically evaluate a model with respect to several test quantities,
and we should be sensitive to the implications of this practice.

If a p-value is close to 0 or 1, it is not so important exactly how extreme it is. A p-value
of 0.00001 is virtually no stronger, in practice, than 0.001; in either case, the aspect of the
data measured by the test quantity is inconsistent with the model. A slight improvement in
the model (or correction of a data coding error!) could bring either p-value to a reasonable
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range (between 0.05 and 0.95, say). The p-value measures ‘statistical significance,” not
‘practical significance.” The latter is determined by how different the observed data are
from the reference distribution on a scale of substantive interest and depends on the goal of
the study; an example in which a discrepancy is statistically but not practically significant
appears at the end of Section 14.3.

The relevant goal is not to answer the question, ‘Do the data come from the assumed
model?’ (to which the answer is almost always no), but to quantify the discrepancies between
data and model, and assess whether they could have arisen by chance, under the model’s
own assumptions.

Limitations of posterior tests

Finding an extreme p-value and thus ‘rejecting’ a model is never the end of an analysis;
the departures of the test quantity in question from its posterior predictive distribution
will often suggest improvements of the model or places to check the data, as in the speed
of light example. Moreover, even when the current model seems appropriate for drawing
inferences (in that no unusual deviations between the model and the data are found),
the next scientific step will often be a more rigorous experiment incorporating additional
factors, thereby providing better data. For instance, in the educational testing example of
Section 5.5, the data do not allow rejection of the model that all the §;’s are equal, but
that assumption is clearly unrealistic, hence we do not restrict 7 to be zero.

Finally, the discrepancies found in predictive checks should be considered in their applied
context. A demonstrably wrong model can still work for some purposes, as we illustrate
with a regression example in Section 14.3.

P-values and u-values

Bayesian predictive checking generalizes classical hypothesis testing by averaging over the
posterior distribution of the unknown parameter vector € rather than fixing it at some
estimate 6. Bayesian tests do not rely on the construction of pivotal quantities (that is,
functions of data and parameters whose distributions are independent of the parameters of
the model) or on asymptotic results, and are therefore applicable in general settings. This
is not to suggest that the tests are automatic; as with classical testing, the choice of test
quantity and appropriate predictive distribution requires careful consideration of the type
of inferences required for the problem being considered.

In the special case that the parameters 6 are known (or estimated to a very high preci-
sion) or in which the test statistic T'(y) is ancillary (that is, if it depends only on observed
data and if its distribution is independent of the parameters of the model) with a continuous
distribution, the posterior predictive p-value Pr(T (y"?)>T(y)|y) has a distribution that is
uniform if the model is true. Under these conditions, p-values less than 0.1 occur 10% of
the time, p-values less than 0.05 occur 5% of the time, and so forth.

More generally, when posterior uncertainty in 6 propagates to the distribution of T'(y|f),
the distribution of the p-value, if the model is true, is more concentrated near the middle of
the range: the p-value is more likely to be near 0.5 than near 0 or 1. (To be more precise,
the sampling distribution of the p-value has been shown to be ‘stochastically less variable’
than uniform.)

To clarify, we define a u-value as any function of the data y that has a U(0, 1) sampling
distribution. A w-value can be averaged over the distribution of € to give it a Bayesian
flavor, but it is fundamentally not Bayesian, in that it cannot necessarily be interpreted as
a posterior probability. In contrast, the posterior predictive p-value is such a probability
statement, conditional on the model and data, about what might be expected in future
replications.
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The p-value is to the u-value as the posterior interval is to the confidence interval. Just
as posterior intervals are not, in general, classical confidence intervals (in the sense of having
the stated probability coverage conditional on any value of ), Bayesian p-values are not
generally u-values.

This property has led some to characterize posterior predictive checks as conservative or
uncalibrated. We do not think such labeling is helpful; rather, we interpret p-values directly
as probabilities. The sample space for a posterior predictive check—the set of all possible
events whose probabilities sum to 1-—comes from the posterior distribution of y*P. If a
posterior predictive p-value is 0.4, say, that means that, if we believe the model, we think
there is a 40% chance that tomorrow’s value of T'(y**P) will exceed today’s T'(y). If we were
able to observe such replications in many settings, and if our models were actually true, we
could collect them and check that, indeed, this happens 40% of the time when the p-value
is 0.4, that it happens 30% of the time when the p-value is 0.3, and so forth. These p-values
are as calibrated as any other model-based probability, for example a statement such as,
‘From a roll of this particular pair of loaded dice, the probability of getting double-sixes is
0.11,” or, ‘There is a 50% probability that Barack Obama won more than 52% of the white
vote in Michigan in the 2008 election.’

Model checking and the likelihood principle

In Bayesian inference, the data enter the posterior distribution only through the likelihood
function (that is, those aspects of p(y|#) that depend on the unknown parameters 6); thus,
it is sometimes stated as a principle that inferences should depend on the likelihood and no
other aspects of the data.

For a simple example, consider an experiment in which a random sample of 55 students
is tested to see if their average score on a test exceeds a prechosen passing level of 80 points.
Further assume the test scores are normally distributed and that some prior distribution
has been set for pu and o, the mean and standard deviation of the scores in the population
from which the students were drawn. Imagine four possible ways of collecting the data:
(a) simply take measurements on a random sample of 55 students; (b) randomly sample
students in sequence and after each student cease collecting data with probability 0.02; (c)
randomly sample students for a fixed amount of time; or (d) continue to randomly sample
and measure individual students until the sample mean is significantly different from 80
using the classical t-test. In designs (c¢) and (d), the number of measurements is a random
variable whose distribution depends on unknown parameters.

For the particular data at hand, these four very different measurement protocols cor-
respond to different probability models for the data but identical likelihood functions, and
thus Bayesian inference about p and o does not depend on how the data were collected—if
the model is assumed to be true. But once we want to check the model, we need to sim-
ulate replicated data, and then the sampling rule is relevant. For any fixed dataset y, the
posterior inference p(u, o|y) is the same for all these sampling models, but the distribution
of replicated data, p(y™P|u, o) changes. Thus it is possible for aspects of the data to fit well
under one data-collec