CMSES820 - Homework 6 Name: Nathaniel Hawkins

CMSE 820 Homework 6. Due November 3, 2020.

I. (OMITTED) Let o # 0 be a real number and z™0),... (™ € RP be n distinct sample
points. Prove that the matrix K € R™*™ defined by

|2 — ()2
Kij = exp (—202

has full rank.

Solution. Since the n sample points are distinct from one another, it follows that Hx(i) —z) I2=0
only for j = i. Therefore, K;; = 1 and K;; # 1 for j # i. Additionally, V7,7, we know that

(1) ()2 . .
exp <—%) > 0 from the range of exp(e). The matrix K must be symmetric because the

distance from 2 to z) is the equal to the distance from () to z(¥. Thus, K is a symmetric
matrix with all positive entries and 1’s along the entire diagonal. Furthermore, since the sample
point are all distinct, it follows that [z — z()||2 > ||z — 2®||2 = 0 for any j # i. Thus,

B |2 — 2|2 _ B |2 — ()2 .
P 202 P 202 -

for any j #i =0 < K;; <1 for j #i.

We now use mathematical induction. Consider the base case for n = 2 where we have 2
distinct samples in RP. Let K13 = K91 = k12 € (0,1) as per the properties of K outlined above.
We can write the matrix K as

i 1 k1o
K= (lm ! ) |

If we calculate the determinant of K for n = 2, we see det(K) = 1—k?, > 0. Since the determinant
is nonzero, K must be invertible and therefore has full rank. Alternatively, if we examine the
eigenvalues of K € R?*?, we see A\; = 1 — k12, Ao = 1+ kq2. Since both eigenvalues are positive and
nonzero, we can conclude that K is positive definite and thus has full rank.

Suppose we consider one more distinct sample z(3) € RP (n =3). We write K as

1 ki ki3
K=k 1 kasl,
kiz kogz 1

where ki3, kog € (0,1) as per the properties of K stated above. Consider the following,

1 k12 k13 0
ci ko] +ea| 1 | +e3|kas| =10],
k13 ka3 1 0

= c1 + cokio + c3k13 =0
c1kio + co + cgkos =0
c1k1s + cokog +¢c3 =0
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where ¢1,c2,c3 € R. Solving for ¢y, ca,c3, (omitting some algebraic steps, which I am happy to
submit if need be)
=c1 = —cok12 — cs3ki3

(—cok12 — c3k13) k12 + c2 + c3kaz = 0

c3ki3kia — cakas
1 -k,
— cok19k13 — 03]{3%3 + 6)2]{223 +c3=0
kiskio — cs3k
(1 — kig)es + (kog — ki2ki3) S 263 2) =0
1 — ki,

(1 — k%y))(l — k%Q)Cg + (03k13k12k23 — Cgkfgki — Cgk%g + 63k23k12k13) =0
03(2]€12]€13]€23 — k%z — ]{?%3 - kgg)) =0

=Cy =

=c3 =10
=co =10
=c1 = 0.

The columns of K € R3*3 are linearly independent and thus K has full rank.
Suppose now the induction hypothesis holds true and K € R™ ™ for n distinct samples in RP
has full rank. Let K € R"t1*7+1 he the matrix K after we include one additional sample z(™*1

that is distinct from all (V... 2™ We can write K as
k11
K= K ,
knm—&-l
kl,n+1 cee kn,n+1 1
where ki p41, ..., knnt1 € (0,1) satisfy the properties stated above. We can exchange two rows or

two columns in K which corresponds to changing the sign of the determinant but not the value
of the determinant. Since there is a 1 at the n + 1th diagonal, we can use Gaussian elimination
to turn the elements in the n + 1th column to 0 in order to isolate the pivot. Therefore, we can
rewrite this matrix equivalently by letting

1 kl,n—i—l o kn,n—i—l
|’

: K’

0
where K’ represents the matrix K after performing Gaussian elimination (Note: this is problematic
because Gaussian Elimination can effect K such that the determinant is not guaranteed to be
nonzero because we are using a row not in K to perform the elimination). Thus, det(K’) =
ldet(K") = +det(K). Since det(K) # 0 because K has full rank, it follows that det(K’) # 0 because
Gaussian elimination entails only elementary row operations which preserve the determinant, and
thus det(K) # 0. We conclude that K must have full rank. W

II. Let D € R™ ™ be a real symmetric matrix. Prove that D is a square distance matrix (that
is, there exist sample points z1, ..., z("™) € RP such that D;j = 2 — 20)||2) if and only if

Dij =K+ ij —2K;;
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for some symmetric positive semi-definite matrix K € R™*"™,

Solution. Suppose that D is a square distance matrix, that is, there exist sample points (), ..., 2" ¢
RP such that D;; = ||z —zU)||2. Thus, D;; = (29 —20NT () —z0)) = (@)% 4 (20))2 — 220 ().
Let K;j = 2@ . 200 We see that K must be symmetric because the dot product is symmetric. We
can write K = XTX where X € RP*" is the sample matrix formed by letting the sample points
W, ..., 2" be the columns of X. For arbitrary nonzero vector v € R”,

v Kv=v"XTXv
= (Xv)"(Xv) >0,

so K is positive semi-definite. Thus, we can write D;; = Kj; + K;; — 2K;; where K is a symmetric
positive semi-definite matrix.

Suppose instead that D;; = K;; + K;; —2K;; for some symmetric positive semi-definite matrix
K € R™™, Since K is symmetric positive semi-definite, it follows that there exists a matrix
X € R™" such that K = X7 X. From this, we can write

n n
K=Y XuXpj = XXk,
k=1 k=1

and
n

n
Dij = XnXow + XX — 2Xn Xjp = > (Xip — Xjn)*.
k=1 k=1

From this expression, we see that the matrix D must be a square distance matrix. ll

III. Let H = I, — %11T be the centering matrix where I, is the n x n identity matrix and
1= (1,1,...,1)7 € R*. A real symmetric matrix D € R"*" is called conditionally negative
semi-definite if (and only if)

ul Du <0

for any u € Ran(H ), where Ran(H) is the range of H (see HW5, 1.b.). Prove that a real symmetric
matrix D is conditionally negative semi-definite if and only if —%H DH is positive semi-definite.

Solution. We know that Ran(H) = {u € R" : uT1 = 0}. Suppose a real symmetric matrix D is
conditionally negative semi-definite. Let x € R™ be an arbitrary nonzero vector and B = —%H DH.

1
2T Bz = xT(—EHDH)x

= —%xTHDH:):

1
= —§xTHDHTa:
1
—i(HT:z)TD(HTa:).
Let y = H'z. It follows that 17y = 17 (HTz) = 17 (z—11172) = 17.2—17 .2 = 0. Therefore,

y € Ran(H). Since D is conditionally negative semi-definite, then y” Dy < 0 = —%yTDy > 0.
Thus, 7 Bz > 0 for arbitrary choice of z and B is positive semi-definite.
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Suppose now instead that B = —%H DH is positive semi-definite. For any u € Ran(H),
Hu= H"u= (I — 2117)u = u. Therefore,
uw'Du = (HTu)TD(HTu)
= u" HDHu.

Since B is positive semi-definite, QST(—%HDH):E > 0,Vz, and thus, 7 (HDH)z < 0,Vz. It follows
that «” Du < 0, which implies D is conditionally negative semi-definite. H

IV. Let D € R™™™ be a real symmetric matrix and d € R" be the diagonal of D as a vector.
Define )

14",

1
=D--d1T -
¢ 2 2

(a) Prove that —1HDH = —3HCH.

Solution.

HCH=H <D - %le - ;1dT> H

1 1 1
1D+ —11Tanlt + —11M1d" ) (1 - =117
2n 2n n
1 1
diT — Z1d" - ~11"p + — 11Td1T +-1d7) (1-=11"
2n 2 n

1 1 1
a’ - =11T"p + 11Td1T> <I - 11T>
2n n

1

117D — D11T 11TD11T

Il Il
T N N
) S
| \
:\}—n N = NI= ND= N

1 1
—D--D117 - (11TD - 11TD11T>
n n
1 T 1 T T
=D(1-=11 —f11 D I——ll
(o) -0)
n n
1
7’L

11T> HDH.

Since HCH = HDH, it follows that —%HCH = —%HDH. [ |
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(b) Denote B = —2HCH. Prove that
Cij = Bii + Bjj — 2B

where C;; and B;; are the (i, j)-entry of C' and B, respectively.

Solution.
1
B = —§HCH
1 1 1
= - <I — 11T> C <I — 11T>
2 n n
1 1

1 1
= (c-=11"c - =c11" + —=11T7c117 ).
2 n n n2

1 1 1
= —2B=C--11"C - ~c11" + 117 c11”.
n n n

We can calculate 117C and C117 as

1 c11 Ci12 ... Cln
1 C21 C22 ... C2
nfc=|. |01 ... 1) , !
1 Cnl Cn2 Cnn
1
1 n n n
=1 (Zj:l Gj1 Zj:l Cj2 - Zj:l Cjn)

1

Z?:l ¢j1 Z?:l G2 .- Z?:l Cjn
n n n
D=1l D2jm1G2 - D1 Cn

2=1G1 D2j—1C2 - 251 Cin

c11” = 11t o)”

z;bzl C1j Z?:l Clj - Z?:l C1j
n n n

DUie1C2j D102 e i1 02

E?:l Cnj 2?21 Cnj .. Z?:l Cnj

Additionally,

D€l DoiigCly e DiqCly

ZT‘L: Coj Zn: Ccoi ... Zn: Coj
117c1’ =17 | Y e =t

Z?:l Cnj Z?:l Cnj - Z?:l Cnj
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which is just the sum of all entries in the matrix C'. Therefore,

R R WIEE) MRS ) 8
k=1 k=1

k=1 1=1

It follows that

—QBn‘:Cii—*ZCki—*ZCik+7 Chis
n n n
k=1 k=1 k=1 1=1
_QBjj:ij_ﬁzckj_ﬁchk—Fﬁ chl,
k=1 k=1 k=1 i=1

and thus,

1 1 « 1 « 1 1 « 1 —
Bii—i_Bjj_QBij:_20ii+271gcki+2’rll;qk_2ij+2n;ckj+2n;qk+
n n

C@'j—%Z%—%ZCik

k=1 k=1
1 1 1 < 1 & I 1 ¢
:—zcii—Qij—i-Cij—%;Cik—%;ckj‘f'%;cki‘i‘%;cjk-

Since C'= D — %le — %1dT and D is a real symmetric matrix, this further simplifies to

1 1
Bii + Bjj — 2Bij = —5Ci — 5055 + Cij.

We know that ) )
Cii = Dii — 5 Dii — 5Dii =0,

and thus,
Bii + Bjj — QBZ'J' = Cz].

(¢) If D is conditionally negative semi-definite, prove that C' is a square distance matrix.

Solution. If D is conditionally negative semi-definite, then B = —%H CH = —%H DH
is positive semi-definite (by III).

Since B is positive semi-definite, it follows that there exists an X € R™*™ such that
B = XTX. The matrix B must also be symmetric. Since the elements of C' can be
written in terms of a symmetric positive semi-definite matrix B as in II, it follows that
C must be a square distance matrix. B

V. See attached jupyter notebook for source code and discussion.
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