CMSES820 - Homework 01 Name: Nathaniel Hawkins

CMSE 820 Homework 01. Due Sep 15, 2020.

I. Let A€ R™" (m < n), and let A =UXV7 be the singular value decomposition, where U
and V are m x m and n x n orthogonal matrices respectively, and

01 0 0
0
o 0 0
Y= "
0 0 0
0 0
0 0 0
mXxXn
where r is the rank of A and o1 > 09 > --- > 0, > 0 are the singular values of A in decreasing
order. Write the columns of U as uq,...,u, and the columns of V as vq,...,v,. Prove
(a) Ker(A) =span{v,y1,...,0n}.
Solution. Suppose = € span{v,41,...,v,} € R™ is a vector of the following form,
2l = (O 0 ... 0 xpy1 ... xn)

where 7 is the rank of A. Let w = V. Consider Aw = ULV Tw. Since V is orthogonal,
it follows that VT = V1, thus Aw = UXz. The singular values of A are arranged such
that the first » diagonal elements of X are nonzero, and the remaining m —r elements are
0. However, since the first 7 components of x are zero and the remaining n — r elements
are nonzero, the multiplication of ¥Xx = 0 for any x of the prescribed form. Therefore,
Aw = 0. We can say that span{v,11,...,v,} C Ker(A).

Now suppose x € Ker(A) = Az = 0. We rewrite this as ULV 2z = 0 = LV 7z = 0 since
U is orthogonal, which implies U7 = U~!. We can write this as a system of equations

iz =0
oovd =0
Urvgx:O
0=0
0=0.

Since 01 > --- > o, > 0, it follows that

viz =0
viz =0
vTTx:O.

lof



CMSES820 - Homework 01 Name: Nathaniel Hawkins

V' is an orthogonal matrix, which means Uiij = 0j;. Additionally, the columns of
V, v;, automatically form a basis for R™ because mutual orthogonality implies linear
independence. We can thus write z as a linear combination of the basis vectors, x =
Z;‘:l c;v; where ¢; € R. Since v;fx =0 for i < r, it follows that ¢; = 0 for i < r. We can
conclude that = € span{v,41,...,v,} = Ker(4) C span{v,41,...,v,}. B

Ran(A) = span{uy, ..., u,}.

Solution. The singular value decomposition of A can be rewritten as A = Z;n:1 Uj O'jl)]T,
where u; and v; are the columns of U and V respectively. Suppose y € Ran(A) =

dz st. Az =y. Ax = (Z;”Zl ujajv;fr> =30 ujojul © = y. The values o and v] x
are both scalars, therefore, we can let v; = ij;fpa:. Thus, Az = Z;”Zl vju; = y. However,
for j > r, 0; = 0= 7; =0, so we can rewrite the sum as Av =3 o vju; +3>7" ;0=
> j—175u;j = y. Therefore y € span{u, ..., u,} = Ran(4) C span{ui,...,u,}.

Suppose now y € span{uy,...,u, . We can write y as a linear combination y = xju; +
--++ z,u, where z; € R. From the SVD of A, we can write A = UsvT = Avj = oju;.

. . Av;
The first r singular values are nonzero, so for j < r, uj = —*. Therefore,
J

Let 2" = Ztvi+ -+ 770, such that y = Aa’. Therefore, y € Ran(A) and span{ui, ..., u,} C
Ran(A). &

II. Recall that a square matrix P is called an orthogonal projection matrix if P2 = PT = P.
Let A € R™*" and suppose (AT A)~! exists. Define

H:= A(ATA)~1AT.

(a) Prove that H is an orthogonal projection matrix.

Solution.
H? = A(ATA)7TAT (A(AT A)~tAT)
= A(ATA)~H (AT A) (AT A) AT
= A(ATA)tAT = 1.

g — (A(ATA)AAT)T
= (AT (AT A)~T AT
= A(AT(AT)T)=14T
= A(ATA)'AT = 1.

Since H? = H” = H, it follows that H is an orthogonal projection matrix. W

(b) Let x € R™ be a vector. If x € Ran(H), prove that Hz = z. If + € Ran(H)"*, prove

that Hx = 0.
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Solution. Suppose 2 € Ran(H). H is of size m x m, so Jy € R™ such that Hy = x. If
we multiply on the left by H, we get HHy = Hx. Since H is an orthogonal projection,
H? = H, thus Hy = Hxz. Therefore, y = z, and Vo € Ran(H), Hx = x.

Suppose instead that = € Ran(H)*. From this, Yy € Ran(H),y”x = 0. The vector x is
therefore in the kernel of H, and thus Hx =0. B

Let aq,...,a, be the columns of A. Prove that

Ran(H) = span{ay,...,an}.

Solution. Suppose xz € Ran(H). From 2(b), we know that this implies Hz = x. We
can rewrite H as A(ATA)"'ATz = x. Let y = (ATA)"1ATz € R". Thus, Ay = z.
Since Jy s.t. Ay = =z, it follows that x € Ran(A) = span{as,...,a,}, and therefore
Ran(H) C span{ay,...,an}.

Suppose now x € span{ai,...,a,}. It follows that Jy such that Ay = x. Left multi-
plying by AT we get AT Ay = ATz, Since (AT A)~! exists, we can equate this to y =
(AT A)~LAT 2. Left multiplying by A on both sides, we see Ay = A(ATA) "1 ATy = Hx =
Ay = x = Hx. Therefore, we can conclude that x € Ran(H) and span{as,...,a,} C
Ran(H). &

III. Let f be a function with domain D(f).

(a)

If f is a convex function, prove that for any M € R, {x € D(f): f(z) < M} is a convex
set.

Solution. Suppose z1,22 € {z € D(f) : f(x) < M} for a given value of M and f is
a convex function. It follows by the convexity of f that for any A € [0,1], f(Ax1 + (1 —
MNze) < Af(x1) + (1= N)f(x2) < AM + (1 — A\)M = M. Therefore, Axy + (1 — \)xg €
{z € D(f): f(zr) < M}. The set {z € D(f) : f(z) < M} is thus a convex set. W

Give a counter-example to show the converse of (a) is not true.

Solution. Consider f(z) =log(x). Let z,y € R, A € [0,1]. f(Az+ (1 —N)y) = log(Azx +
(I=XN)y), and Af(z)+(1—N) f(y) = Aog(x)+(1—A) log(y). Suppose A = 0.3,z =1,y = 2
as an example. log(Az + (1 — N)y) ~ 0.53 and Alog(z) + (1 — A)log(y) ~ 0.49. Thus,
FOz+ (1= XN)y) £ Mf(xz)+ (1 —N)f(y), and therefore f is not convex.

Let x1,22 € {x € D(f) : f(x) < M} for some M € R, and let A € [0,1]. Without loss of
generality, assume that z1 < xo. Consider f(Azx; + (1 — X)z2). We know that f(z;) =
log(z1) < M and f(xq) = log(ze) < M. Additionally, 1 < Axy + (1 — A)xe < x9. Since
f(z) is a monotonically increasing function, it follows that f(x1) < f(Az1+ (1 —N)xa) <
f(z2) = f(Ax1 + (1 — Nxe) < M. Thus, Azx; + (1 — Nz € {x € D(f) : f(x) < M}.

f(z) has convex level sets but is not convex, therefore the reverse statement of (a) is not
true. W
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IV. Prove that a function f is a convex function if and only if the following set
epi(f) == {(z,t) € D(f) xR : f(zx) <t}
is a convex set.

Solution. Suppose (z1,t1), (ze,t2) € epi(f) and f is a convex function. From this, we know
f(z1) <ty and f(x2) < ty. By the convexity of f, we know for any A € [0,1], f(Az1+ (1 —N)xz) <
Af(z1) 4+ (1= N) f(z2) < My + (1 — N)te, which implies that Aty + (1 — \)ta € epi(f). As such epi(f)
is a convex set.

Suppose epi(f) is a convex set. Let x1, x5 € R. We know (21, f(x1)) and (22, f(x2)) lie in the
epigraph of f, and by the convexity of epi(f), for any A € [0,1], (Ax1 + (1 — N)xg, Af(z1) + (1 —
AN f(x2)) € epi(f) = f(Ax1 + (1 — Nx2) < f(x1) + (1 — X)f(x2). f therefore must be a convex
function. W
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