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Preface

Regression is the most popular and commonly used statistical methodology for
analyzing empirical problems in social sciences, economics, and life sciences.
Correspondingly, there exist a large variety of models and inferential tools, ranging
from conventional linear models to modern non- and semiparametric regression.
Currently available textbooks mostly focus on particular classes of regression
models, however, strongly varying in style, mathematical level, and orientation
towards theory or application. Why then another book on regression? Several
introductory textbooks are available for students and practitioners in diverse fields
of applications, but they deal almost exclusively with linear regression. On the other
hand, most texts concentrating on modern non- and semiparametric methods primar-
ily address readers with strong theoretical interest and methodological background,
presupposing a correspondingly high-level mathematical basis. They are therefore
less accessible to readers from applied fields who need to employ these methods.

The aim of this book is an applied and unified introduction into parametric, non-,
and semiparametric regression that closes the gap between theory and application.
The most important models and methods in regression are presented on a solid
formal basis, and their appropriate application is shown through many real data
examples and case studies. Availability of (user-friendly) software has been a major
criterion for the methods selected and presented. In our view, the interplay and
balance between theory and application are essential for progress in substantive
disciplines, as well as for the development of statistical methodology, motivated
and stimulated through new challenges arising from multidisciplinary collaboration.
A similar goal, but with somewhat different focus, has been pursued in the book
Semiparametric Regression by Ruppert, Wand, and Carroll (2003).

Thus, our book primarily targets an audience that includes students, teachers, and
practitioners in social, economic, and life sciences, as well as students and teachers
in statistics programs and mathematicians and computer scientists with interests in
statistical modeling and data analysis. It is written at an intermediate mathematical
level and assumes only knowledge of basic probability, calculus, and statistics.
Short parts in the text dealing with more complex details or providing additional
information start with the symbol 4 and end with 2. These parts may be omitted
in a first reading without loss of continuity. The most important definitions and
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statements are concisely summarized in boxes. Two appendices describe required

matrix algebra, as well as elements of probability calculus and statistical inference.
Depending on the particular interests, parts of the book can be read independently

of remaining parts or also in modified order:

e Chapter 2 provides an introductory overview on parametric, non-, and semipara-
metric regression models, deliberately omitting technical details and inferential
tools.

e Chapters 1—4 can be read as an introduction to linear models.

e Linear mixed models (Sects.7.1-7.4) can be studied immediately after
Chaps. 1-4 and before reading Chaps. 5 and 6.

e Sections 10.1 and 10.2 on linear quantile regression can be read immediately
after Chaps. 1-4.

e Chapters 1-4, Sects. 7.1-7.4, and Chaps. 8—10 can be read as an introduction to
parametric and semiparametric regression for continuous responses (including
semiparametric quantile regression).

e Chapters 1-6 comprise parametric regression models for continuous and discrete
responses.

An overview of possible reading alternatives is given in the following table (chapters

in brackets [. .. ] could be omitted):

Description

Linear models

Linear mixed models

Variable selection in linear models
Generalized linear models
Generalized linear mixed models

Semiparametric regression for continuous
responses (excluding mixed models)

Semiparametric regression for continuous

Chapters

1,2, 3,4, [Sects. 10.1, 10.2]

1,2, 3,4, Sects. 7.1-7.4, [Sects. 10.1-10.2]

3, Sects. 4.2-4.4

1,2,3,4,5,[6]

1,2,3,4,5,[6],7

1,2,3,4, 8 (excl. pages 481 ft.), 9 (excl.
Sects. 9.4, 9.6.2), [10]

1,2, 3,4, Sects. 7.1-7.4, 8, 9, [10]

responses (including mixed models)

Many examples and applications from diverse fields illustrate models and meth-
ods. Most of the data sets are available via the url http://www.regressionbook.org/

and the symbol ] added to an example indicates the availability of corresponding
software code from the web site. This facilitates independent work and studies
through real data applications and small case studies. In addition, the web site
provides information about statistical software for regression.
Highlights of the book include:
e An introduction of regression models from first principles, i.e., a complete and
comprehensive introduction to the linear model in Chaps. 3, 4, and 10
* A coverage of the entire range of regression models starting with linear models,
covering generalized linear and mixed models and also including (generalized)
additive models and quantile regression


http://www.regressionbook.org/
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e A presentation of both frequentist and Bayesian approaches to regression
e The inclusion of a large number of worked out examples and case studies
e Although the book is written in textbook style suitable for students, the material
is close to current research on advanced regression analysis
This book is partly based on a preceding German version that has been translated
and considerably extended. We are indebted to Alexandra Reuber for translating
large parts of the German version. We also thank Herwig Friedl, Christian Heumann,
Torsten Hothorn, and Helga Wagner for acting as referees of the book. They
all did a great job and were very helpful in improving the manuscript. Many
thanks to Jesus Crespo Cuaresma, Kathrin Dallmeier, Martin Feldkircher, Oliver
Joost, Franziska Kohl, Jana Lehmann, Lorenz Oberhammer, Cornelia Oberhauser,
Alexander Razen, Helene Roth, Judith Santer, Sylvia Schmidt, Nora Seiwald, Iris
Burger, Sven Steinert, Nikolaus Umlauf, Janette Walde, Elisabeth Waldmann, and
Peter Wechselberger for support and assistance in various ways. Last but not least
we thank Alice Blanck, Alphonseraja Sagayaraj, Ulrike Stricker-Komba and Niels
Peter Thomas from Springer Verlag for their continued support and patience during
the preparation of the manuscript.

Miinchen, Germany Ludwig Fahrmeir
Gottingen, Germany Thomas Kneib
Innsbruck, Austria Stefan Lang
Baton Rouge, LA Brian Marx

January 2013
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Introduction

Sir Francis Galton (1822-1911) was a diverse researcher, who did pioneering
work in many disciplines. Among statisticians, he is especially known for the
Galton board which demonstrates the binomial distribution. At the end of the
nineteenth century, Galton was mainly interested in questions regarding heredity.
Galton collected extensive data illustrating body height of parents and their grown
children. He examined the relationship between body heights of the children and
the average body height of both parents. To adjust for the natural height differences
across gender, the body height of women was multiplied by a factor of 1.08. In
order to better examine this relationship, he listed all his data in a contingency
table (Table 1.1). With the help of this table, he was able to make the following
discoveries:

e Column-wise, i.e., for given average heights of the parents, the heights of the
adolescents approximately follow a normal distribution.

* The normal distributions in each column have a common variance.

e When examining the relationship between the height of the children and the
average height of the parents, an approximate linear trend was found with a slope
of 2/3. A slope with value less than one led Galton to the conclusion that children
of extremely tall (short) parents are usually shorter (taller) than their parents.
In either case there is a tendency towards the population average, and Galton
referred to this as regression towards the mean.

Later, Galton illustrated the data in the form of a scatter plot showing the heights

of the children and the average height of the parents (Fig. 1.1). He visually added

the trend or the regression line, which provides the average height of children as

(average) parent height is varied.

Galton is viewed as a pioneer of regression analysis, because of his regression
analytic study of heredity. However, Galton’s mathematical capabilities were
limited. His successors, especially Karl Pearson (1857-1936), Francis Ysidro
Edgeworth (1845-1926), and George Udny Yule (1871-1951) formalized his work.
Today, linear regression models are part of every introductory statistics book. In
modern terms, Galton studied the systematic influence of the explanatory variable

L. Fahrmeir et al., Regression, DOI 10.1007/978-3-642-34333-9_1, 1
© Springer-Verlag Berlin Heidelberg 2013



2 1 Introduction

Table 1.1 Galton heredity data: contingency table between the height of 928 adult children and
the average height of their 205 set of parents

Height of  Average height of parents

children  64.0 645 655 665 675 685 695 705 715 725 73.0 Total
73.7 0 0 0 0 0 0 5 3 2 4 0 14
73.2 0 0 0 0 0 3 4 3 2 2 3 17
72.2 0 0 1 0 4 4 11 4 9 7 1 41
71.2 0 0 2 0 11 18 20 7 4 2 0 64
70.2 0 0 5 4 19 21 25 14 10 1 0 99
69.2 1 2 7 13 38 48 33 18 5 2 0 167
68.2 1 0 7 14 28 34 20 12 3 1 0 120
67.2 2 5 11 17 38 31 27 3 4 0 0 138
66.2 2 5 11 17 36 25 17 1 3 0 0 117
65.2 1 1 7 2 15 16 4 1 1 0 0 48
64.2 4 4 5 5 14 11 16 0 0 0 0 59
63.2 2 4 9 3 5 7 1 1 0 0 0 32
62.2 — 1 0 3 3 0 0 0 0 0 0 7
61.7 1 1 1 0 0 1 0 1 0 0 0 5
Total 14 23 66 78 211 219 183 68 43 19 4 928

The unit of measurement is inch which has already been used by Galton (1 inch corresponds to
2.54 cm)
Source: Galton (1889)

75 A
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73 4 o o o o oo
[} o o -] o ] o o
§ 71 4 o o o o o o o
= o o ©o o o ° o
§ 69 - o o o ° [ ° o
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2 o o o o o o
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.g 65 © o o ° ° o o
< oo o o o o o
63 o o ° o o ° o o
o o o
o o o o o
61
T T T T T T
63 65 67 69 71 73

average height of parents in inch

Fig. 1.1 Galton heredity data: scatter plot including a regression line between the height of
children and the average height of their parents

x = “average size of the parents” on the response variable y = “height of grown-up
children.” Explanatory variables are also known as independent variables, regres-
sors, or covariates. Response variables are also known as dependent variables or
target variables. The fact that the linear relationship is not exact, but rather depends
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on random errors, is a main characteristic for regression problems. Galton assumed
the most simple regression model,

y =PBo+ Bix +e,

where the systematic component 8y 4+ B;x is linear and & constitutes the random
error. While Galton determined the parameters By and B, of the regression line
in an ad hoc manner, nowadays these regression parameters are estimated via the
method of least squares. The parameters B and B, are estimated using the data
pairs (v, x;),i = 1,...,n, so that the sum of the squared deviations

Y i —Bo—Pixi)’

i=1

of the observations y; from the regression line By + B1x; is minimized. If we apply
this principle to Galton’s data, the estimated slope of the regression line is 0.64, a
value that is fairly close to Galton’s visually determined slope of 2/3.

Interestingly, the method of least squares was already discovered prior to
Galton’s study of heredity. The first publication by the mathematician Adrien Marie
Legendre (1752—-1833) appeared in 1805 making the method of least squares one of
the oldest general estimation concepts in statistics. In the eighteenth and nineteenth
century, the method was primarily used to predict the orbits of asteroids. Carl
Friedrich Gauf3 (1777-1855) became famous for the prediction of the orbit of the
asteroid Ceres, which was discovered in the year 1801 by the astronomer Giuseppe
Piazzi. After forty days of observation, the asteroid disappeared behind the sun.
Since an exact calculation of the asteroid’s orbit was very difficult at that time, it
was impossible to relocate the asteroid. By using the method of least squares, the
twenty-four-year-old Gaull was able to give a feasible prediction of the asteroid’s
orbit. In his book “Theoria Motus Corporum Coelestium in Sectionibus Conicis
Solem Ambientium” (1809), Gauf claimed the discovery of the method of least
squares. Sometime later, Gaull even stated to have used this method since 1795
(as an eighteen year old), which provoked a priority dispute between Legendre and
GauB. Fact is that Gauf3’s work is the basis of the modern linear regression model
with Gaussian errors.

Since the discovery of the method of least squares by Legendre and Gauf3 and
the first regression analysis by Francis Galton, the methodology of regression has
been improved and developed in many ways, and is nowadays applied in almost all
scientific disciplines. The aim of this book is to give a modern introduction of the
most important techniques and models of regression analysis and their application.
We will address the following models in detail:

e Regression models: In Chap.?2, we present the different model classes without
technical details; the subsequent chapters provide a thorough presentation of each
of these models.
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e Linear models: In Chaps. 3 and 4, we present a comprehensive introduction into
linear regression models, including recent developments.

* Generalized linear models: In Chaps.5 and 6, we discuss generalized linear
models. These are especially suitable for problems where the response variables
do not follow a normal distribution, including categorical response variables or
count data.

* Mixed models: In Chap.7, we present mixed models (models with random
effects) for clustered data. A main focus in this chapter will be the analysis of
panel and longitudinal data.

e Univariate, bivariate, and spatial smoothing: In Chap. 8, we introduce univariate
and bivariate smoothing (nonparametric regression). These semiparametric and
nonparametric methods are suitable to estimate complex nonlinear relationships
including an automatic determination of the required amount of nonlinearity.
Methods of spatial smoothing will also be discussed in detail.

o Structured additive regression: In Chap. 9, we present a unifying framework that
combines the methods presented in Chap. 8 into one all-encompassing model.
Structured additive regression models include a variety of special cases, for
example, nonparametric and semiparametric regression models, additive models,
geoadditive models, and varying-coefficient models. This chapter also illustrates
how these models can be put into practice using a detailed case study.

* Quantile regression: Chapter 10 presents an introduction to quantile regression.
While the methods of the previous chapters are more or less restricted to
estimating the (conditional) mean depending on covariates, quantile regression
allows to estimate the (conditional) quantiles of a response variable depending
on covariates.

For the first time, this book presents a comprehensive and practical presentation
of the most important models and methods of regression analysis. Chapter 2 is
especially innovative, since it illustrates all model classes in a unified setting without
focusing on the (often complicated) estimation techniques. The chapter gives the
reader an overview of modern methods of regression and, at the same time, serves
as a guide for choosing the appropriate model for each individual problem.

The following section illustrates the versatility of modern regression models to
examine scientific questions in a variety of disciplines.

1.1 Examples of Applications

This book illustrates models and techniques of regression analysis via several

applications taken from a variety of disciplines. The following list gives an

overview:

* Development economics: Analysis of socioeconomic determinants of childhood
malnutrition in developing countries

* Hedonic prices: Analysis of retail prices of the VW-Golf model

e Innovation research: Examination of the probability of opposition against patents
granted by the European patent office
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e Credit scoring: Analysis of the creditability of private bank customers

*  Marketing research: Analysis of the relationship between the weekly unit sales
of a product and sales promotions, particularly price variations

* Rent index: Analysis of the dependence between the monthly rent and the type,
location, and condition of the rented apartment

e Calculation of risk premium: Analysis of claim frequency and claim size of motor
vehicle insurance in order to calculate the risk premium

e Ecology: Analysis of the health status of trees in forests

e Neuroscience: Determination of the active brain area when solving certain
cognitive tasks

e Epidemiologic studies and clinical trials:
— Impact of testosterone on the growth of rats
— Analysis of the probability of infection after Caesarean delivery
— Study of the impairment to pulmonary function
— Analysis of the life span of leukemia patients

* Social science: Analysis of speed dating data
Some of the listed examples will play a central role in this book and will now be

discussed in more detail.

Example 1.1 Munich Rent Index

Many cities and communities in Germany establish rent indices in order to provide the renter
and landlord with a market review for the “typical rent for the area.” The basis for this index
is a law in Germany that defines the “typical rent for the area” as the common remuneration
that has been stipulated or changed over the last few years for price-maintained living area
of comparable condition, size, and location within a specific community. This means that the
average rent results from the apartment’s characteristics, size, condition, etc. and therefore
constitutes a typical regression problem. We use the net rent—the monthly rental price,
which remains after having subtracted all running costs and incidentals—as the response
variable. Alternatively, we can use the net rent per square meter as the response.

Within the scope of this book and due to data confidentiality, we confine ourselves to
a fraction of the data and variables, which were used in the rent index for Munich in the
year 1999. We use the 1999 data since more recent data is either not publicly available
or less adequate for illustration purposes. The current rent index of Munich including
documentation can be found at www.mietspiegel.muenchen.de (in German only).

Table 1.2 includes names and descriptions of the variables used in the subsequent
analyses. The data of more than 3,000 apartments were collected by representative random
sampling.

The goal of a regression analysis is to model the impact of explanatory variables (living
area, year of construction, location, etc.) on the response variable of net rent or net rent per
square meter. In a final step, we aim at representing the estimated effect of each explanatory
variable in a simpler form by appropriate tables in a brochure or on the internet.

In this book, we use the Munich rent index data mainly to illustrate regression models
with continuous responses (see Chaps.2—4, 9, and 10). In doing so, we use simplified
models for illustration purposes. This implies that the results do not always correspond
to the official rent index. A

Example 1.2 Malnutrition in Zambia

The World Health Organization (WHO) has decided to conduct representative household
surveys (demographic and health surveys) in developing countries on a regular basis.
Among others, these surveys consist of information regarding malnutrition, mortality, and
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Table 1.2 Munich rent index: description of variables including summary statistics

Mean/ Std.-
Variable Description frequency in % dev. Min/max
rent Net rent per month 459.43 195.66 40.51/1,843.38
(in Euro)
rentsqm Net rent per month per 7.11 2.44 0.41/17.72
square meter (in Euro)
area Living area in square meters 67.37 23.72 20/160
yearc Year of construction 1,956.31 22.31 1918/1997
location Quality of location
according to an expert
assessment
1 = average location 58.21
2 = good location 39.26
3 = top location 2.53
bath Quality of bathroom
0 = standard 93.80
1 = premium 6.20
kitchen Quality of kitchen
0 = standard 95.75
1 = premium 4.25
cheating Central heating
0 = without central heating 10.42
1 = with central heating 89.58
district District in Munich

health risks for children. The American institute Macro International collects data from over
50 countries. This data is freely available at www.measuredhs.com for research purposes.
In this book, we look at an exemplary profile of a data set for Zambia taken in the year 1992
(4,421 observations in total). The Republic of Zambia is located in the south of Africa and
is one of the poorest and most underdeveloped countries of the world.

One of the most serious problems of developing countries is the poor and often
catastrophic nutritional condition of a high proportion of the population. Immediate
consequences of malnutrition are reduced productivity and high mortality. Within the scope
of this book, we will analyze the nutritional condition of children who are between 0 and
5 years old. The nutritional condition of children is usually determined by an anthropometric
measure called Z-score. A Z-score compares the anthropometric status of a child, for
example, a standardized age-specific body height, with comparable measures taken from
a reference population. Until the age of 24 months, this reference population is based on
white US-American children from wealthy families with a high socioeconomic status. After
24 months, the reference population changes and then consists of a representative sample
taken from all US-American children. Among several possible anthropometric indicators,
we use a measure for chronic malnutrition, which is based on body height as indication for
the long-term development of the nutritional condition. This measure is defined as

l’l[ — mh

zscore; = ,
o

for a child i, where h; represents the height of the child, mh represents the median height
of children belonging to the reference population of the same age group, and o refers to the
corresponding standard deviation for the reference population.
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Table 1.3 Malnutrition in Zambia: description of variables including summary statistics

Mean/ Std-

Variable Description frequency in % dev. Min/max
zscore Child’s Z-score —171.19 139.34 —600/503
c_gender Gender

1 =male 49.02

0 = female 50.98
c_breastf Duration of breast-feeding in months 11.11 9.42 0/46
c-age Child’s age in months 27.61 17.08 0/59
m_agebirth  Mother’s age at birth in years 26.40 6.87 13.16/48.66
m_height Mother’s height in centimeter 158.06 5.99 134/185
m_bmi Mother’s body mass index 21.99 3.32 13.15/39.29
m_education Mother’s level of education

1 =no education 18.59

2 = primary school 62.34

3 =secondary school 17.35

4 = higher education 1.72
m_work Mother’s work status

1 = mother working 55.25

0 = mother not working 44.75
region Region of residence in Zambia

1 = Central 8.89

2 = Copperbelt 21.87

3 = Eastern 9.27

4 = Luapula 8.91

5 = Lusaka 13.78

6 = Northern 9.73

7= North western 5.88

8 = Southern 14.91

9 = Western 6.76
district District of residence in Zambia (55 districts)

The primary goal of the statistical analysis is to determine the effect of certain
socioeconomic variables of the child, the mother, and the household on the child’s nutri-
tional condition. Examples for socioeconomic variables are the duration of breastfeeding
(c_breastf), the age of the child (c_age), the mother’s nutritional condition as measured by
the body mass index (m_bmi), and the mother’s level of education as well as her work status
(m_education and m_work). The data record also includes geographic information such as
region or district where the mother’s place of residence is located. A description of all
available variables can be found in Table 1.3.

With the help of the regression models presented in this book, we will be able to pursue
the aforementioned goals. Geoadditive models (see Sect.9.2) are employed in particular.
These also allow an adequate consideration of spatial information in the data. The data are
analyzed within a comprehensive case study (see Sect. 9.8), which illustrates in detail the
practical application of many techniques and methods presented in this book. A
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Table 1.4 Patent opposition: description of variables including summary statistics

Mean/ Std-
Variable Description frequency in % dev. Min/max
opp Patent opposition
1 =yes 41.49
0=no 58.51
biopharm Patent from biotech/pharma
sector
1 =yes 44.31
0 =no 55.69
ustwin US twin patent exists
1 =yes 60.85
0 =no 39.15
patus Patent holder from the USA
1 =yes 33.74
0=no 66.26
patgsgr Patent holder from Germany,
Switzerland, or Great
Britain
1 =yes 23.49
0=no 76.51
year Grant year
1980 0.18
1997 1.62
ncit Number of citations for the 1.64 2.74 0740
patent
ncountry Number of designated states 7.8 4.12 1717
for the patent
nclaims Number of claims 13.13 12.09 1/355

Example 1.3 Patent Opposition

The European Patent Office is able to protect a patent from competition for a certain period
of time. The Patent Office has the task to examine inventions and to declare patent if
certain prerequisites are fulfilled. The most important requirement is that the invention
is something truly new. Even though the office examines each patent carefully, in about
80 % of cases competitors raise an objection against already assigned patents. In the
economic literature the analysis of patent opposition plays an important role as it allows
to (indirectly) investigate a number of economic questions. For instance, the frequency of
patent opposition can be used as an indicator for the intensity of the competition in different
market segments.

In order to analyze objections against patents, a data set with 4,866 patents from the
sectors biotechnology/pharmaceutics and semiconductor/computer was collected. Table 1.4
lists the variables contained in this data set. The goal of the analysis is to model the
probability of patent opposition, while using a variety of explanatory variables for the binary
response variable “patent opposition” (yes/no). This corresponds to a regression problem
with a binary response.
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A possible explanatory variable is how often a patent has been cited in succeeding patents
(variable ncit). Citations of patents are somewhat comparable to citations of scientific
papers. Empirical experience and economic arguments indicate that the probability of an
objection against a patent increases the more often it is cited. Regression models for binary
response variables can formulate and examine this particular and other hypotheses. In this
book the data set on patent opposition is primarily used to illustrate regression models with
binary responses; see Chaps. 2 and 5. A

Example 1.4 Forest Health Status

Knowledge about the health status of trees in a forest and its influencing factors is important
from an ecological and economical point of view. This is the reason why Germany (and
many other countries) conducts annual surveys regarding the condition of the forest. The
data in our example come from a specific project in the forest of Rothenbuch (Spessart),
which has been carried out by Axel Gottlein (Technical University, Munich) since 1982.
In comparison to the extensive official land surveys, the observations, i.e., the locations of
the examined trees, are much closer to each other. Figure 1.2 visualizes the 83 examined
locations in Rothenbuch forest. Five tree species are part of this survey: beech, oak, spruce,
larch, and pine. Here we will restrict ourselves to beech trees. Every year, the condition of
beech trees is categorized by the response variable “defoliation” (defol) into nine ordinal
categories 0 %, 12.5 %, 25 %, 37.5 %, 50 %, 62.5 %, 15 %, 87.5 %, and 100 %. Whereas the
category 0 % signifies that the beech tree is healthy, the category 100 % implies that the tree
is dead.

In addition to the (ordinal) response variable, explanatory variables are collected every
year as well. Table 1.5 includes a selection of these variables including summary statistics.
The mean values and frequencies (in percent) have been averaged over the years (1982—
2004) and the observation points.

The goal of the analysis is to determine the effect of explanatory variables on the degree
of defoliation. Moreover, we aim at quantifying the temporal trend and the spatial effect of
geographic location, while adjusting for the effects of the other regressors. Additionally to
the observed locations Fig. 1.2 presents the temporal trend of relative frequencies for the
degree of defoliation of three (aggregated) categories.
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Table 1.5 Forest health status: description of variables including summary statistics

Variable
id

year
defol

X

y
age

canopyd
gradient
alt
depth

ph
watermoisture

alkali

humus

Description

Location identification
number

Year of data collection

Degree of defoliation, in
nine ordinal categories

0%

12.5%

25 %

37.5%

50 %

62.5 %

75 %

87.5%

100 %

x-coordinate of location

y-coordinate of location

Average age of trees at the
observation plot in years

Canopy density in percent

Gradient of slope in percent

Altitude above see level in
meter

Soil depth in cm

pH-value in 0-2 cm depth

Level of soil moisture in
three categories

1 = moderately dry

2 = moderately moist

3 = moist or temporarily
wet

Fraction of alkali ions in
soil in four categories

1 = very low

2 =low
3 = moderate
4 = high

Thickness of humus layer in
five categories

0=0cm
1=1cm
2=2cm
3=3cm

4 = more than 3 cm

Mean/
frequency in %

1,993.58

62.07
24.26
7.03
3.79
1.62
0.89
0.33
0.00
0.00

106.17

77.31
15.45
387.04

24.63
4.29

11.04
55.16
33.80

19.63
55.10
17.18

8.09

25.71
28.56
21.58
14.84

9.31

Std-
dev.

6.33

51.38

23.70
11.27
58.86

9.93
0.34

Min/max

1983/2004

7/234

0/100
0/46
250/480

9/51
3.28/6.05

(continued)
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Table 1.5 (continued)

Mean/ Std-

Variable Description frequency in % dev. Min/max
type Type of forest

0 = deciduous forest 50.31

1 = mixed forest 49.69
fert Fertilization

0 = not fertilized 80.87

1 = fertilized 19.13

To analyze the data we apply regression models for multi-categorical response variables
that can simultaneously accommodate nonlinear effects of the continuous covariates, as well
as temporal and spatial trends. Such complex categorical regression models are illustrated
in Chaps. 6 and 9. A

The next section shows the first exploratory steps of regression analysis, which
are illustrated using the data on the Munich rent index and the Zambia malnutri-
tion data.

1.2  First Steps
1.2.1 Univariate Distributions of the Variables

The first step when conducting a regression analysis (and any other statistical
evaluation) is to get an overview of the variables in the data set. We pursue the
following goals for the initial descriptive and graphical univariate analysis:

e Summary and exploration of the distribution of the variables

* Identification of extreme values and outliers

 Identification of incorrect variable coding

To achieve these goals, we can use descriptive statistics, as well as graphical visu-
alization techniques. The choice of appropriate methods depends on the individual
type of variable. In general, we can differentiate between continuous and categorical
variables.

We can get a first overview of continuous variables by determining some
descriptive summary statistics, in particular the arithmetic mean and the median as
typical measures of location, the standard deviation as a measure of variation, and
the minimum and maximum of variables. Furthermore, it is useful to visualize the
data. Histograms and box plots are most frequently used, but smooth nonparametric
density estimators such as kernel densities are useful alternatives to histograms.
Many introductory books, e.g., Veaux, Velleman, and Bock (2011) or Agresti and
Finlay (2008), give easily accessible introductions to descriptive and exploratory
statistics.
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Fig. 1.3 Munich rent index: histograms and kernel density estimators for the continuous variables
rent, rentsqm, area and yearc

Compared to continuous variables, it is easier to get an overview of the
distribution of categorical variables. Here, we can use simple frequency tables or
their graphical counterparts, particularly bar graphs.

Example 1.5 Munich Rent Index—Univariate Distributions

Summary statistics for the continuous variables rent, rentsqm, area, and yearc are already
listed in Table 1.2 (p. 6). Figure 1.3 displays histograms and kernel density estimators
for these variables. To give an example, we interpret summary statistics and graphical
representations for the two variables “net rent” and “year of construction”:

The monthly net rent roughly varies between 40 and 1,843 Euro with an average rent of
approximately 459 Euro. For the majority of apartments, the rent varies between 50 and
1,200 Euro. For only a few apartments the monthly rent is higher than 1,200 Euro. This
implies that any inference from a regression analysis regarding expensive apartments is
comparably uncertain, when compared to the smaller and more modest sized apartments.
Generally, the distribution of the monthly net rent is asymmetric and skewed towards the
right.

The distribution of the year of construction is highly irregular and multimodal, which
is in part due to historical reasons. Whereas the data basis for apartments for the years of
the economic crises during the Weimar Constitution and the Second World War is rather
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limited, there are much more observations for the later years of reconstruction (mode near
1960). Starting in the mid-1970s the construction boom stopped again. Altogether the data
range from 1918 until 1997. Obviously, the 1999 rent index does not allow us to draw
conclusions about new buildings after 1997 since there is a temporal gap of more than one
year between data collection and the publication of the rent index. Particularly striking is
the relative accumulation of apartments constructed in 1918. However, this is a data artifact
since all apartments that were built prior to 1918 are antedated to the year 1918.

We leave the interpretation of the distribution of the other continuous variables in the data
set to the reader.

Table 1.2 also shows frequency tables for the categorical variables. We observe, for
example, that most of the apartments (58 %) are located in an average location. Only about
3 % of the apartments are to be found in top locations. A

Example 1.6 Malnutrition in Zambia—Univariate Distributions

In addition to Table 1.3 (p. 7), Fig. 1.4 provides a visual overview of the distribution of
the response variable and selected continuous explanatory variables using histograms and
kernel density estimators. We provide detailed interpretations in our case study in Sect. 9.8.
Note that for some variables (duration of breast-feeding and child’s age in months) the
kernel density estimate shows artifacts in the sense that the density is positive for values
lower than zero. However, for the purpose of getting an overview of the variables, this
somewhat unsatisfactory behavior is not problematic. A

1.2.2 Graphical Association Analysis

In a second step, we can graphically investigate the relationship between the
response variable and the explanatory variables, at least for continuous responses.
By doing so, we get a first overview regarding the type (e.g., linear versus nonlinear)
and strength of the relationship between the response variable and the explanatory
variables. In most cases, we focus on bivariate analyses (between the response
and one explanatory variable). In the following we assume a continuous response
variable.

The appropriateness of graphical tools depends on whether the explanatory
variable is continuous or categorical.

Continuous Explanatory Variables

As already used by Galton at the end of the nineteenth century, simple scatter plots
can provide useful information about the relationship between the response variable
and the explanatory variables.

Example 1.7 Munich Rent Index—Scatter Plots

Figure 1.5 shows for the rent index data scatter plots between net rent or net rent per square
meter and the continuous explanatory variables living area and year of construction. A first
impression is that the scatter plots are not very informative which is a general problem with
large sample sizes (in our case more than 3,000 observations). We do find some evidence
of an approximately linear relationship between net rent and living area. We also notice
that the variability of the net rent increases with an increased living area. The relationship
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Fig. 1.4 Malnutrition in Zambia: histograms and kernel density estimators for the continuous
variables

between net rent per square meter and living area is more difficult to determine. Generally
the net rent per square meter for larger apartments seems to decrease. It is however difficult
to assess the type of relationship (linear or nonlinear). The relationship of either of the two
response variables and the year of construction is again hardly visible (if it exists at all), but
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Fig. 1.5 Munich rent index: scatter plots between net rent (left) / net rent per sqm (right) and the
covariates area and year of construction

there is at least evidence for a monotonic increase of rents (and rents per square meter) for
flats built after 1948. A

The preceding example shows that for large sample sizes simple scatter plots do
not necessarily contain much information. In this situation, it can be useful to cluster
the data. If the number of different values of the explanatory variable is relatively
small in comparison to the sample size, we can summarize the response with the
mean value and the corresponding standard deviation for each observed level of
the explanatory variable and then visualize these in a scatter plot. Alternatively we
could visualize the cluster medians together with the 25 % and 75 % quantiles (or
any other combination of quantiles). The resulting data reduction often makes it
easier to detect relationships. If the number of different levels of the explanatory
variables is large relative to the sample size, it can be useful to cluster or categorize
the data. More specifically, we divide the range of values of the explanatory variable
into small intervals and calculate mean and standard deviation of the aggregated
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Fig. 1.6 Munich rent index: average net rent (lefr) and net rent per sqm (right) plus/minus one
standard deviation versus area and year of construction

response for each interval separately. The cluster mean plus/minus one standard
deviation is next combined into a scatter plot.

Example 1.8 Munich Rent Index—Clustered Scatter Plots

Living area and year of construction are measured in square meters and years, respectively. O
In both cases the units of measurement provide a natural basis for clustering. It is thus u
possible to calculate and visualize the mean values and standard deviations for either of
the net rent responses clustered either by living area or year of construction (see Fig. 1.6).
Compared to Fig. 1.5 it is now easier to make statements regarding possible relationships
that may exist. If we take, e.g., the net rent per square meter as the response variable, a clear
nonlinear and monotonically decreasing relationship with the living area becomes apparent.
For large apartments (120 square meters or larger), we can also see a clear increase in the
variability of average rents.

It also appears that there exists a relationship between the year of construction and the
net rent per square meter, even though the relationship seems to be much weaker. Again the
relationship is nonlinear: for apartments that were constructed prior to 1940, the rent per
square meter is relatively constant (about 6 Euro). On average the rent appears somewhat
lower for the few apartments from the sample taken from the years of the war. After
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a Scatter plot: Z-score versus child’s age b Average Z-score versus child’s age
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Fig. 1.8 Malnutrition in Zambia: different visualizations of the relationship between Z-score and
child’s age

1945, the average rent per square meter shows a linearly increasing trend with year of
construction.
A

Categorical Explanatory Variables

Visualizing the relationship between a continuous response variable and categorical
explanatory variables can be obtained by summarizing the response variable at
each level of the categorical variable. Histograms, box plots, and (kernel) density
estimators are all adequate means of illustration. In many cases, box plots are best
suited as differences in mean values (measured through the median) can be well
detected.
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Example 1.9 Munich Rent Index—Categorical Explanatory Variables

Figure 1.7 illustrates the distribution of the net rent per square meter as the location
(average, good, top) of the apartment is varied. The left panel uses box plots for illustration,
and the right panel uses kernel density estimators. The box plots clearly show how the
median rent (as well as the variation) increases as the location of the apartment improves.
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Even though the smooth density estimators offer similar information, the visualization of
these findings is not as obvious as for box plots. A

Example 1.10 Malnutrition in Zambia—Graphical Association Analysis

Figures 1.8 and 1.9 offer a graphical illustration of the relationship between Z-scores
and various explanatory variables. Similar to the rent data, the relationship between the
Z-score and the age of the child is difficult to visualize (Fig. 1.8, left panel). A better
choice of illustration is obtained when clustering the Z-scores by monthly age of the
children (0 to 59 months). For each month, the mean plus/minus standard deviation of
Z-scores is computed and plotted (right panel), which provides a much clearer picture of
the relationship between Z-score and age. This type of illustration is also used for the other
continuous explanatory variables, see Fig. 1.9. We will provide detailed interpretations of
Figs. 1.8 and 1.9 in our case study on malnutrition in Zambia in Sect. 9.8. A

1.3 Notational Remarks

Before we give an overview of regression models in the next chapter some remarks
on notation are in order.

In introductory textbooks on statistics authors usually distinguish notationally
between random variables and their realizations (the observations). Random vari-
ables are denoted by upper case letters, e.g., X, Y, while realizations are denoted
by lower case letters, e.g., x, y. However, in more advanced textbook, in particular
books on regression analysis, random variables and their realizations are usually not
distinguished and both denoted by lower case letters, i.e., x, y. It then depends on
the context whether y denotes the random variable or the realization. In this book we
will keep this convention with the exception of Appendix B which introduces some
concepts of probability and statistics. Here we will distinguish between random
variables and realizations notationally in the way described above, i.e., by denoting
random variables as capital letters and realizations as lower case letters.

Y



Regression Models

2.1 Introduction

All case studies that have been discussed in Chap.1 have one main feature in
common: We aim at modeling the effect of a given set of explanatory variables
Xi,...,Xx on a variable y of primary interest. The variable of primary interest y
is called response or dependent variable and the explanatory variables are also
called covariates, independent variables, or regressors. The various models differ
mainly through the type of response variables (continuous, binary, categorical, or
counts) and the different kinds of covariates, which can also be continuous, binary,
or categorical. In more complex situations, it is also possible to include time scales,
variables to describe the spatial distribution or geographical location, or group
indicators.

A main characteristic of regression models is that the relationship between the
response variable y and the covariates is not a deterministic function f(xy, ..., xx)
of x1,...,x (as often is the case in classical physics), but rather shows random
errors. This implies that the response y is a random variable, whose distribution
depends on the explanatory variables. Galton’s data set on heredity exemplified that,
even though we know the exact height of the parents, we are unable to predict the
exact height of their children. We can rather only estimate the average size of the
children and the degree of dispersion from the mean value. Similar statements are
valid for all problems discussed in Chap. 1. One main goal of regression is to analyze
the influence of the covariates on the mean value of the response variable. In other
words, we model the (conditional) expected value E(y | xi, ..., xx) of y depending
on the covariates. Hence, the expected value is a function of the covariates:

E(y|x1,...,xx) = f(x1,...,x¢).

It is then possible to decompose the response into

y=EW|x,....xx) +e= f(x1,...,x) + &

L. Fahrmeir et al., Regression, DOI 10.1007/978-3-642-34333-9_2, 21
© Springer-Verlag Berlin Heidelberg 2013
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where ¢ is the random deviation from the expected value. The expected value
E(y|x1,...,xx) = f(x1,...,x) is often denoted as the systematic component of
the model. The random deviation ¢ is also called random or stochastic component,
disturbance, or error term. In many regression models, in particular in the classical
linear model (see Sect.2.2 and Chap. 2), it is assumed that the error term does not
depend on covariates. This may not be true, however, in general. The primary goal
of regression analysis is to use the data y;, x;i,..., Xk, I = 1,...,n, to estimate
the systematic component f, and to separate it from the stochastic component &.
The most common class is the linear regression model given by

y=PB0o+pixi+ ...+ Brxk +e.

Here, the function f is linear so that

E|xt,...,x0) = f(x1,...,x) = Bo+ Bixi + ... + Biexx

holds, i.e., the (conditional) mean of y is a linear combination of the covariates.
Inserting the data yields the n equations

vi = Bo+ Bixin + ...+ Brxix + &, i=1,....n,

with unknown parameters or regression coefficients By, ..., Bx. The linear regres-
sion model is especially applicable when the response variable y is continuous
and shows an approximately normal distribution (conditional on the covariates).
More general regression models are, e.g., required when either the response
variable is binary, the effect of covariates is nonlinear, or if spatial or cluster-
specific heterogeneity has to be considered. Starting from the classical linear
regression model, the following sections of this chapter describe regression models
of increasing flexibility and complexity. Examples taken from various fields of
application provide an overview of their usefulness. A more detailed presentation
of the different regression models, and especially the corresponding statistical
inference techniques, will be given in the chapters to follow.

2.2  Linear Regression Models

2.2.1 Simple Linear Regression Model

Example 2.1 Munich Rent Index—Simple Linear Regression

We start by analyzing only the subset of apartments built after 1966. This sample is divided
into three location strata: average, good, and top location. The left panel of Fig. 2.1 shows
the scatter plot between the response variable net rent and the explanatory variable living
area for apartments in average location. The scatter plot displays an approximate linear
relationship between rent and area, i.e.,
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Fig. 2.1 Munich rent index: scatter plot between net rent and area for apartments in average
location built after 1966 (left panel). In the right panel, a regression line is additionally included

rent; = Bo + B - area; + ;. (2.1)
The errors ¢; are random deviations from the regression line By + B -area. Since systematic
deviations from zero are already included in the parameter Sy, E(¢;) = 0 can be assumed.
An alternative formulation of Eq. (2.1) is

E(rent | area) = By + B - area.

This means that the expected net rent is a linear function of the living area.
The example is a special case of the simple linear regression model

y =P80+ Pix +e,

where the expected value E(y | x) = f(x) is assumed to be linear in the general
relationship

y=f@) +e=EQy|x)+e

This implies that E(y | x) = f(x) = Bo + B1x. More specifically, for the standard
model of a simple linear regression, we assume

yvi=Bo+pixi+e, i=1,....,n, (2.2)
with independent and identically distributed errors ¢;, such that
E() =0 and Var(s) = o>
The property of constant variance o> across errors &; is also called homoscedas-

ticity. In particular, this implies that the errors are independent of the covariates.
When constructing confidence intervals and statistical tests, it is convenient if the
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2.1 Standard Model of Simple Linear Regression

Data
(yi,xi),i = 1,...,n, with continuous variables y and x.

Model
vi=Po+Pixi+e, i=1,....n.

The errors €1, . . ., &, are independent and identically distributed (i.i.d.) with
E(e;) =0, Var(g) = o>

We can interpret the estimated regression line f (x) = ,30 + ,31)6 as an
estimate E(y|x) for the conditional expected value of y given the covariate
value x. We can, thus, predict y through y = 8o + Bx.

additional assumption of Gaussian errors is reasonable:
2
Ei ~ N(O, o )

In this case, the observations of the response variable follow a (conditional) normal
distribution with

E(yi) = o+ Bixi. Var(y;) =0,

and the y; are (conditionally) independent given covariate values x;. The unknown
parameters By and f; are estimated according to the method of least squares (LS):
the estimated values ,30 and ,31 are determined as the minimizers of the sum of the
squared deviations

LS(Bo, B1) = Y _(yi —Bo— Bi1x;)’

i=1

for given data (y;,x;), i = 1,...,n. Section 3.2 will present the method of least
squares in detail. Inserting B, B; into the conditional mean, the estimated regression
line

f(x) = Bo+ Bix

results. The regression line is to be understood as an estimate E(y|x) for the
conditional mean of y given the covariate value x. Thus, the regression line can
also be used to predict y for a given x. The predicted value of y is usually denoted

by yA, ie., yA = ,30 + ,le.
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Fig. 2.2 Munich rent index: scatter plots between net rent per square meter and area. Included is
the estimated effect f of living area for a linear (/eft) and reciprocal (right) area effect

Example 2.2 Munich Rent Index—Simple Linear Regression

We illustrate the simple linear regression model using the data shown in Fig.2.1 and the
corresponding model (2.1). The data gives rise to doubts about the assumption of equal
variances Var(e;) = Var(y;) = o2 across observations since variability in rent seems
to increase as living area increases. For the moment, we will ignore this problem, but
Sect.4.1.3 will illustrate how to deal with problems associated with unequal variances.
See also Sect. 2.9.2 and Chap. 10 on quantile regression. According to the method of least
squares, the parameter estimates for model (2.1) are ﬂAo = 130.23 and ,3 1 = 5.57 implying
the estimated regression line

f(area) = 130.23 + 5.57 - area

illustrated in the right panel of Fig. 2.1. The slope parameter ,3 1 = 5.57 can be interpreted as
follows: If the living area increases by 1 m?, the rent increases about 5.57 Euro on average.
If we choose the rent per square meter instead of the rent as response variable, the scatter
plot illustrated in Fig.2.2 (left) results. It is quite obvious that the relationship between
rent per square meter and living area is nonlinear. This is also supported by the estimated
regression line
f(area) = 10.5—0.041 - area.

The fit to the data is poor for small and large living area. A better fit can be achieved by
defining the new explanatory variable

1

area

that yields a simple linear regression of the form

1
rentsqm; = Bo + Pix; +¢& = Bo + ﬂlE + 5. 2.3)
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With the help of the transformed covariate, Eq. (2.3) is again a simple linear regression, and
we can still use the method of least squares to estimate the parameters By and f; of the
function

Flarea) = o + 1 - ——.

area
We obtain

1
f(area) = 5.44 + 138.32 - —.
area

The corresponding curve in Fig. 2.2 (right) shows a better fit to the data. It reveals that on
average the net rent per square meter declines nonlinearly as living area increases. A given
living area, e.g., 30 m?, corresponds to an estimated average rent per square meter of

— 1
rentsgm = 5.44 + 138.32 - ——.
area
If the living area increases by 1 m?, the average rent decreases and is now given by

— 1
rentsgm = 5.44 + 138.32———.
area + 1

Figure 2.2 (right) shows that the decline is nonlinear. It can be computed by inserting the
specific values (e.g., 30 and 31 m?):

rentsqm(30) — rentsgm(31) = 138.32/30 — 138.32/31 & 0.15 Euro.
An apartment of 60 m? shows a decline of the average rent per square meter by

rentsqm(60) — rentsqm(61) & 0.038 Euro .
A

In general, the application of a linear regression model requires a relationship
between the response and the covariate that is linear in the coefficients By and B.
The regressor x- and also the response y-can be transformed to achieve linearity in
the parameters, as has been illustrated in the above example. However, the question
remains how to find an appropriate transformation for the covariate. Nonparametric
regression models offer flexible and automatic approaches; see Sect. 2.5 for a first
impression and Chap. 8 for full details.

2.2.2 Multiple Linear Regression

Example 2.3 Munich Rent Index—Rent in Average and Good Locations

‘We now add apartments in good location to the analysis. Figure 2.3 shows the data for rents
in average and good locations. In addition to the estimated regression line for apartments
in average location, there is another estimated regression line for apartments in a good
location. Alternatively, both strata can be analyzed within a single model that shows parallel
regression lines. This can be achieved through the model

rent; = Bo + By area; + B glocation; + ;. 2.4)
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Fig. 2.3 Munich rent index: The left panel shows a scatter plot between net rent and area for
apartments in average (circles) and good location (plus signs). The right panel displays separate
regression lines for apartments in average (solid line) and good location (dashed line)

The variable glocation is a binary indicator variable

. 1 if the ith apartment is in good location,
glocation; =

0 if the ith apartment is in average location.
The least squares method produces the estimated regression equation
rent = 112.69 + 5.85 - area + 57.26 - glocation.

Because of the 1/0 coding of glocation, we obtain the equivalent formulation

— 112.69 + 5.85 - area  for average location,
rent =
169.95 + 5.85-area  for good location.

Figure 2.4 shows both parallel lines. The coefficients can be interpreted as follows:
«  For apartments in a good and average location, the increase of living area by 1 m? leads
to an average increase of rent of about 5.85 Euro.

* The average rent for an apartment in a good location is about 57.26 Euro higher than for

an apartment of the same living area in an average location. A

Model (2.4) is a special case of a multiple linear regression model for k regressors
or covariates xi, ..., Xx:

Vi :ﬂo—'—ﬂ]xil +...+ﬂk-xik+8i7

where x;; is the value of the jth covariate, j = 1,...,k, for the ith observation,
i =1,...,n.The covariates can be continuous, binary, or multi-categorical (after an
appropriate coding, see below). Similar to the simple linear regression, x-variables
can also be attained via transformation of original covariates. The same assumptions
are made for the error variables ¢; in a multiple linear regression model as those in a
simple linear regression model. In the case of Gaussian errors, the response variable
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Fig. 2.4 Munich rent index: estimated regression lines for apartments in average (solid line) and
good location (dashed line) according to model (2.4)

is (conditionally) independent and normally distributed given the covariates

Yi ~ N(Hivaz)v

with
wi =E(i) = Bo+ Bixii + ... + Bixik.

The model is also called the classical linear regression model. A summary is given
in Box 2.2. For notational convenience we omit here (and elsewhere) the dependence
of expressions on the covariates, i.e., E(y;) is to be understood as an abbreviation
for E(y; | xi1, ..., Xik)-

The following examples illustrate the flexible usage of a multiple linear regres-
sion model through appropriate transformation and coding of covariates.

Example 2.4 Munich Rent Index—Nonlinear Influence of Living Area

As in Example 2.2, we transform the living area to x = ﬁ and formulate the linear model

1
rentsqm; = Bo + B - o + B2 - glocation; + ;. (2.5)
1

The estimated model for the average rent per square meter is

— 1
rentsgm = 5.51 + 134.72 - —— + 0.9 - glocation.
area

Figure 2.5 shows both graphs for the average rent per square meter:

5.51 4+ 134.72 - aL for average location,

reisgin = = .
6.41 + 134.72 - for good location.

area

The nonlinear effect of the living area can be interpreted as in Example 2.2.



2.2 Linear Regression Models 29

2.2 Classical Linear Regression Model

The errors ¢y, . .

The estimated linear function

can be used as an estimator I:f(ylxl, ..., xy) for the conditional expected
value of y given the covariates x1, ..., Xx. As such it can be used to predict
y, denoted as 3.

Data
(i, Xi1,...,Xix), I = 1,...,n, for a continuous variable y and continuous
or appropriately coded categorical regressors xi, . .., Xk.

Model

vi=Po+Pixn+...+Bxik+e, i=1,...,n.

., &, are independent and identically distributed (i.i.d.) with

E(e;) =0, Var(s;) = o>

Fxr,x0) = Bo+Bixi + ...+ Brxx
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Fig. 2.5 Munich rent index: The left panel shows a scatter plot between net rent per square meter
and area for apartments in average (circles) and good location (plus signs). The right panel shows
estimated regression curves for apartments in normal (solid line) and good location (dashed line)

Examples 2.3 and 2.4 assume an additive effect of the location. Both models
show that an apartment in a good location leads to an increase in rent (or rent per
square meter) when compared to an apartment in average location with equal living
area. In Example 2.3, the increase in rent is 57.26 Euro and in the previous example
0.9 Euro per square meter. The assumption of a solely additive effect in model
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(2.4) implies the parallel lines in Fig.2.4. However, comparing Figs. 2.3 and 2.4,
the validity of this assumption is questionable. Including an interaction between the
two covariates living area and location relaxes the assumption of parallel regression
lines.

Example 2.5 Munich Rent Index—Interaction Between Living Area and
Location

In order to include an interaction between living area and location in model (2.4), it is
necessary to define an interaction variable by multiplying the covariates area and glocation

inter; = area; - glocation; .

It follows
. 0 for average location,
inter; = )
area;  for good location.

We now extend the model (2.4) by adding the interaction effect inter = area - glocation to
the two main effects and obtain

rent; = By + By area; + P glocation; + B3 inter; + ¢; . (2.6)

Because of the definition of glocation and inter, an equivalent formulation of the model is
given by

Bo + Biarea; + &; for average location,
(Bo + B2) + (B1 + B3) area; + &;  for good location.

rent; =
There is no interaction effect if B3 = 0, and we retain the assumption of parallel lines with
common slope B as in model (2.4). If B3 # 0, the effect of the living area, i.e., the slope
of the line for apartments in a good location, changes by an amount of 83 when compared
to apartments in average location. In contrast to Fig. 2.3 (right), the least squares estimates
for the regression coefficients are not obtained separately for the two locations, but rather
simultaneously for model (2.6). We obtain

Bo=13023, B =557, Br =520, B;=0.82.

Figure 2.6 shows the estimated regression lines for apartments in average and good location.
Whether or not an inclusion of an interaction effect is necessary can be statistically tested
using the hypothesis

Hy: B3 =0 against H;:p3#0;

Sect. 3.3.
see Sec A

As described in Example 1.1 (p. 5), in the entire data set, the location of apartments
is given in three categories:

1 = average location,
2 = good location,
3 = top location.
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Fig. 2.6 Munich rent index: estimated regression lines for average (solid line) and good location
(dashed line) based on the interaction model (2.6)

Since location is categorical and not continuous, it is not possible to include the
effect of the location in the form of B - location in a linear regression model with
the integer values 1, 2, or 3 for the location. The arbitrary coding of location would
have considerable impact on the estimation results. The chosen coding automatically
implies that the effect of apartments in a good location would be twice as high as in
average location and the effect of apartments in top location would be three times
as high. These relations change automatically with a different coding, especially if
the distance between the arbitrarily coded covariate values is altered. For example,
with a coding of 1, 4, and 9 for average, good, and top location, the effect would
be four times or nine times as high for apartments in a good or top location as for
apartments in average location, and the incremental impact varies when comparing
average and good or good and top location. Further, not all categorical covariates
have ordinal structure. Similar to the previous coding of location via one binary
indicator variable expressed in Example 2.3, a coding using two binary variables is
now necessary. In order to do so, one of the three location categories must be defined
as the reference category. In the case of average location as the reference category,
the two 1/0-indicator variables for good location and top location are defined as

. 1 if apartment i is in good location,
glocation; = ;
0 otherwise,
1 if apartment i is in top location,

tlocation; = ;
0 otherwise.

An apartment in the reference category (average location) is, thus, defined as
glocation = tlocation = 0. The effect of each of these two binary variables is
always directly interpreted in relation to the reference category in the regression
model, as demonstrated in the next example. This type of 1/0 coding of a multi-
categorical variable is also called dummy or indicator coding. In general, dummy
coding is defined as follows for a variable x with ¢ categories, x € {1,...,c}: A
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Table 2.1 Munich rent index: estimated coeffi-
cients in the multiple regression model

Variable Estimated coefficient
1/area 137.504
yearc —3.801
yearc? 0.001
glocation 0.679
tlocation 1.519
bath 0.503
kitchen 0.866
cheating 1.870

reference category must be defined, e.g., c¢. The variable x can be then coded with
¢ — 1 dummy variables xi, ..., X.—:
1 ifx =,

o= .=1,..., —1
Y 0 otherwise, J ¢

For the reference category ¢ we obtain
X1 =...=x.-1 =0.

Section 3.1.3 describes the coding of categorical covariates in more detail.

Example 2.6 Munich Rent Index—Multiple Regression Model

For illustration, we now use the entire data set, including all explanatory variables
mentioned in Example 1.1, in a multiple regression model for the response variable rent
per square meter (rentsqm). The nonlinear effect of the living area is modeled via the
transformed variable 1/area and the effect of location via dummy coding as described
above. Since the effect of the year of construction may also be nonlinear, an additional
quadratic polynomial is specified. We obtain the following model without interaction:

rentsqgm; = Bo + 1 - (1/area;) + B yearc; + B3 yearc? + B4 glocation; + Bs tlocation;
+Be bath; + B7 kitchen; + Bg cheating; + ;.

The binary regressors bath, kitchen, and cheating (central heating system) are dummy

coded, as shown in Table 1.2 (p. 6). Table 2.1 contains the estimated coefficients ﬂl to ﬂg for

the regressors. Figure 2.7 shows the estimated nonlinear effects of living area and year of

construction. The average effect plots (solid lines) are obtained by inserting different values
for living area into the predicted rent per square meter

rmn = 3684.991 + 137.5044 - (1/area) — 3.8007 yearc + 0.0098 yearcl-2
+0.6795 glocation; + 1.5187 tlocation; + 0.5027 bath; + 0.8664 kitchen
+1.8704 cheating,
while the other covariates are held constant at their mean values (apart from year of

construction). As expected, the effect on the net rent per square meter decreases nonlinearly
with an increase of living area. For a detailed comparison of two apartments, e.g., with a
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Fig. 2.7 Munich rent index: effects of area (left) and year of construction (right)

living area of 60 and 100 m?, but with otherwise identical values for the year of construction,
location, bath room, and central heating system indicators, we obtain a difference of
B1(1/60) — B1(1/100) = 137.504 (1/60 — 1/100) = 0.92 Euro for the average rent per
square meter. The effect of year of construction is almost constant until 1945 and increases
linearly thereafter. The effects of the indicator variables shown in Table 2.1 are interpreted as
the difference in net rent per square meter compared to the reference category. The average
rent per square meter increases, for example, by 0.68 Euro, if the apartment is in a good
location (relative to one in average location). A

2.3  Regression with Binary Response Variables: The Logit
Model

The linear regression model is well suited for continuous response variables,
which show—possibly after an appropriate transformation—an approximate normal
distribution (conditional on the covariates). However, many applications have binary
or more general categorical response variables.

Example 2.7 Patent Opposition

During the validation of a patent application, it is possible that objections are raised, e.g. see
Example 1.3 (p. 8). The response variable patent opposition (opp) is binary and coded by

1 opposition against patent i,
opp; = .
0 otherwise.

The decision for an opposition against a patent may depend on various covariates. Some of
these variables are continuous, for example, the year of the application (variable year), the
number of citations (ncit), and the number of designated states (ncountry). Other covariates
are binary, as given in Table 1.4 (p. 8). A
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The expected value of a binary variable y is given by
E(y) =P(y =0)-0+P(y =1 -1=P(y =1).

The aim of a regression analysis with binary responses y € {0, 1} is to model the
expected value E(y) or in other words the probability

Py=1)=Py=1|x1,....x) =7
in the presence of covariates. The classical linear regression model
yi =P(yi =1)+e& = Bo+ Bixit + ...+ Brxik + &,

with &; ~ N(0, 0?) is not applicable for several reasons:

e In contrast to the left-hand side, the right-hand side is not binary.

* Even if the assumption of normality is relaxed for ¢;, the error variance Var(g;)
cannot be homoscedastic, i.e., Var(e;) = 2. Since y; would have a Bernoulli
distribution with 7m; = By + B1xi1 + ... + BrXik, it follows that

Var(y;) = 7; (1 — ;)

depends on the values of the covariates and the parameters fy,...,Bx, and thus
cannot have the same value o2 for all observations i.

¢ The linear model allows values 77; < 0 or r; > 1 for 7; = P(y; = 1) which are
impossible for probabilities.

These problems can be avoided by assuming the model

m; =P(y; = 1) = F(Bo+ Bixi1 + ...+ Bk, Xik),

where the domain of the function F is restricted to the interval [0, 1]. For reasons
of interpretability it is sensible if we restrict ourselves to monotonically increasing
functions F. Hence cumulative distribution functions (cdfs) are a natural choice
for F'. Choosing the logistic distribution function

exp(n)
Fn) = ————
() 1 + exp(n)
yields the logit model
exp(;)
j{i:P i:1 = -0, (27)
0= D= e

with the linear predictor

ni = Po+ Pixit + ... + Prxik.
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Analogous to the linear regression model, the binary response variables y; are
assumed to be (conditionally) independent given the covariates x; = (x;1, ..., Xk)’.
Even though the predictor is linear, the interpretation changes compared to the linear
model: If the value of the predictor 7 increases to n + 1, the probability for y = 1
increases in a nonlinear way from F(n) to F(n + 1). An alternative interpretation
is obtained by solving the model equation (2.7) for n using the inverse function
n = log{m/(1 — m)} of the logistic cdf = = exp(n)/{1 + exp(n)}. We obtain

T _ P(yl = 1) B - ‘
log (1 - m) = log (m) =po+Pixi+ ...+ frxic  (28)

or alternatively (because of exp(a + b) = exp(a) - exp(h))

TT; _ P(y,' = 1)
l—m  P(y; =0)

= exp(Bo) exp(Bixi1) - ... - exp(BrXik)- (2.9)

The left-hand side of Eq. (2.9), i.e., the ratio of the probabilities for y = 1 and
y = 0, is referred to as odds. The left-hand side of Eq. (2.8), thus, corresponds to
logarithmic odds (log-odds) for the outcome of y = 1 relative to y = 0. Here,
we obtain a multiplicative model for the odds: A unit increase of the value x;; of
the covariate x; leads to a multiplication of the ratio (2.9) by the factor exp(f8;).
Specifically,

Plyi=1|xqp+1,...) = exp(Bo) exp(B1(xi1 + 1)) - . . - exp(Bexix)
P(y;i =0]xi+1,...) v — 1 (2.10)
— (yl - Ixilv“‘) eXP(,Bl).

~ P(yi =0]|xi1,...)

In the special case of a binary covariate x; the result is

Plyi=1|xp=1,..) _ P(yi =1|x1=0,..)
P()’i=0|x,-1=1,...) P(inOI.X“:O,...)

exp(B1). @.11)

This implies an increase of the odds P(y; = 1)/P(y; = 0) for ; > 0, a decrease for
B1 < 0, and no change for 1 = 0. For the log-odds (2.8) the usual interpretations of
the parameters as in the classical linear regression model apply: if x;, say, increases
by 1 unit, the log-odds change by ;. Since the assumptions for the linear regression
model are not met, the parameters will not be estimated via the least squares method,
but rather using the method of maximum likelihood (ML); see Sect.5.1. A general
introduction to likelihood-based inference is given in Appendix B.4.

Example 2.8 Patent Opposition

Prior to analyzing the probability of patent opposition, we take a look at Fig. 2.8, which
presents histograms and kernel density estimators for the continuous covariates number of
patent claims (nclaims) and number of citations (ncit). The distributions of both variables
show an extreme skewness to the right. The majority of the observations of nclaims are
between 0 and 60, with only very few observations between 61 and the maximum value of
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2.3 The Logit Model for Binary Response Variables

Data
(yi, Xi1,---»Xik), i = 1,...,n, for a binary response variable y € {0, 1}
and for continuous or appropriately coded covariates xi, ..., Xk.

Model

For the binary response variables y; € {0, 1} the probabilities 7; = P(y; =
1) are modeled by
_exp(n;)

1+ exp(n:)

i
with the linear predictor
ni = Bo+ Brxit + ... + BiXix.
An equivalent formulation is given by assuming the multiplicative model

Pi=1) _
P(y, = 0) 1-— TT;

= exp(Bo) - exp(Bixi1) - ... - exp(BrXik)

for the odds 7; /(1 — 7).

355. The variable ncit varies mainly between 0 and 15 with only a handful of observations
between 15 and the maximum value of 40. Hence, it is impossible to make any reliable
statements regarding the probability of patent opposition for observations with nclaims>60
or ncit > 15. Consequently, these extreme cases are excluded from all analyses to follow.
This example demonstrates the importance of the descriptive analysis of data prior to the
application of more complex statistical tools.

We next divide the data into two groups: biopharm = 0 and biopharm = 1. For the
subset biopharm = 0, i.e., the patents derived from the semiconductor/computer industry,
a logit model

exp(ni)

1 4 exp(1;)

is estimated with the main effects linear predictor

P(opp; = 1) =

ni = Po + Biyear; + By ncit; + B3 nclaims; + By ustwin; + Bs patus;
+Bepatgsgr; + B7 ncountry;.

Table 2.2 contains the estimated coefficients ﬁ j» J = 0,...,7, together with the
corresponding odds ratios exp(;§ ;j)- In multiplicative form (2.9) we obtain
P(opposition)

— = exp(201.74) - exp(—0.102 - year;) - . .. - exp(0.097 - ncountry;).
P(no opposition)
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Fig. 2.8 Patent opposition: histogram and kernel density estimator for the continuous covariates
nclaims (left) and ncit (right)

Table 2.2 Patent opposition: estimated coeffi-
cients and odds ratios for the logit model

Estimated Estimated
Variable coefficient odds ratio
intercept ﬁo = 201.74
year Bi=—0.102  exp(B1) = 0.902
neit Ba= 0113  exp(B) = 1.120
nclaims By = 0.026 exp(B3) = 1.026

ustwin Ba = —0.402 exp(ﬁ4) = 0.668
patus Bs =—0.526  exp(Bs) = 0.591
patgsgr ﬁ6 = 0.196 exp(ﬁ6) =1.217
ncountry By = 0.097 exp(B7) = 1.102

We observe, for instance, an increase in the odds of opposition against a patent from
Germany, Switzerland, or Great Britain (pargsgr = 1) by the factor exp(0.196) = 1.217
relative to a patent from the United States with the same values of the other covariates.
A prediction of the odds P(opposition) / P(no opposition) for a new patent is obtained by
inserting the observed covariate values into the estimated model. Similar to linear regression
models, we have to decide whether the effect of a continuous covariate is linear or nonlinear.
As an example, we model the effect of the number of countries (ncountry) using a cubic
polynomial
B7 ncountry + Bg ncountry? + Bo ncountry®.

The parameter estimates are given by
B =0.3938 fBg =—0.0378 Py =0.0014.

Figure 2.9 shows the estimated polynomial and, for comparison, the linear effect (left panel).
As before, the values of the remaining covariates are held fixed at their respective average
values. Both the estimated regression coefficients and the visualized functions suggest
that a linear effect of ncountry is sufficient in this case. This hypothesis can be formally
tested using the statistical tests described in Sect.5.1. The right panel of Fig.2.9 shows
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Fig. 2.9 Patent opposition: estimated linear and cubic effect of covariate ncountry (left panel) as
well as estimated probabilities (right panel). For the probability plot, the values of the remaining
covariates are held fixed at their respective mean values

the estimated probabilities 7 corresponding to the estimated ncountry effects. This is an
alternative to the effect plots as the probability plots provide an intuition about the variability
of the probability of patent opposition as the number of designated states increases and the
remaining covariates are kept fixed at their mean values. Specifically, the graph is obtained
by plotting 7 ((ncountry)) against ncountry. Thereby

n(ncountry) = ﬁ o+ ﬁl year—-- -+ ﬁ 6 patgsgr—+ ﬁ 7 ncountry—+ ﬁ 3 ncountry2 + ﬁ 9 ncoumry3 ,

with year, . .., patgsgr being the mean values of the remaining covariates. In our case the
probability of patent opposition varies approximately between 0.15 and 0.6 as ncountry
increases.

A

In addition to the logit model, other regression models for binary responses exist.
Different models result when the logistic distribution function is replaced by an
alternative distribution function. For instance, assuming F' = @, where @ is the cdf
of the standard normal distribution, yields the probit model (see Sect. 5.1 for more
details).

In addition to binary response variables, other types of discrete response variables
are possible in applications. For these applications, linear regression models are not
appropriate. An example is a response y that represents counts {0, 1,2, ...}, e.g., the
amount of damage events reported to an insurance company (see Example 2.12),
or a multi-categorical response variable, e.g., with the categories poor, average,
and good. Chapters 5 and 6 describe regression models for such discrete response
variables in full detail.

24 Mixed Models

The regression models presented so far are particularly useful for the analysis
of regression data resulting from cross-sectional studies, where the regression
coefficients By, ..., Br are unknown population (“fixed”) parameters. Regression
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Table 2.3 Hormone therapy with rats: num-
ber of observations per time point and dose

group

Age (in days) Control Low High Total
50 15 18 17 50
60 13 17 16 46
70 13 15 15 43
80 10 15 13 38
90 7 12 10 29
100 4 10 10 24
110 4 8 10 22

problems also occur when analyzing longitudinal data, where a number of subjects
or objects are repeatedly observed over time. In such a case, regression models for
longitudinal data allow to model and estimate both the fixed population parameters
and subject- or object-specific effects. The latter are called “random effects,”
since they often belong to individuals who have been selected randomly from the
population. Closely related to the random effects models with temporal structure
are models for clustered data. Here, the response and covariates are collected
repeatedly on several subjects, selected from primary units (clusters). An example
for clusters are selected schools, in which certain tests for a subsample of students
are conducted.

Mixed models include both the usual fixed population effects B, ..., Br and
subject- or cluster-specific random effects in the linear predictor. Mixed modeling
allows estimation and analysis on a subject-specific level, which is illustrated in the
following example in the case of longitudinal data.

Example 2.9 Hormone Therapy with Rats

Researchers at the Katholieke Universiteit Leuven (KUL, Belgium) performed an experi-
ment to examine the effect of testosterone on the growth of rats. A detailed description of
the data and the scientific questions of the study can be found in Verbeke and Molenberghs
(2000). A total of 50 rats were randomly assigned to either a control group or to one of
two therapy groups. The therapy consisted of either a low or high dose of Decapeptyl, an
agent to inhibit the production of testosterone in rats. The therapy started when the rats
were 45 days old. Starting with the 50th day, the growth of the rat’s head was measured
every tenth day via an X-ray examination. The distance (measured in pixels) between two
well-defined points of the head served as a measure for the head height and was used as the
response variable. The number n; of repeated measures y;;, j = 1,...,n;,i = 1,...,50,
of the response was different for each rat. Only 22 rats in total had the complete seven
measurements until the age of 110 days. Four rats were actually only measured once when
they were 50 days old. Table 2.3 summarizes the resulting design of the study. Figure 2.10
shows the individual time series {y,-j, j=1,...,n;}ofrats i = 1,...,50 separated for
the three treatment groups.
To formulate regression models, we define the transformed age

t = log(1 + (age — 45)/10)
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Fig. 2.10 Hormone therapy with rats: time series stratified for dose groups

as a covariate, analogous to Verbeke and Molenberghs (2000). The value ¢ = 0 corresponds
to the initiation of the treatment (age = 45 days). For the three therapy groups we define
the indicator variables L, H, and C by

L = 1 rati in low-dose group,
! 0 otherwise,

o = 1 rati in high-dose group,
! 0 otherwise,

C = 1 rati in control group,
' 0  otherwise.

Using the transformed age ¢ as time scale and ¢+ = 0 as the initiation of the treatment, we
can formulate simple linear regression models according to the three groups:

Bo+ Bitij + &ij
Bo + Botij + &
Bo + Bstij + &

i in low-dose group,
Yij = i in high-dose group,

i in control.
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For t = 0, all three treatment groups have E(y;;) = B, i.e., Bo is the population mean
at treatment initiation. The coefficients B, ,, and B3 correspond to the different slopes
associated with the variable ¢, i.e., the effects of the (transformed) age in the three linear
models. The three models can be combined into the single model

yij =PBot+BiLi-tij+ B Hi - t;j +B3Ci -t + e, (2.12)

with 1/0-indicator variables L, H, and C for the three groups. Similar to 8, the parameters
B1, B2, and B3 are population effects, which do not capture any individual differences
between the rats. However, Fig.2.10 reveals some obvious differences of the individual
curves in the intercept, as well as possible differences in the slope. Moreover, the variability
within the individual curves is notably less than the total variation of the data in any of the
three group-specific scatter plots. In particular, these findings show that the observations
are partly correlated, whereas so far we have always assumed independence among
observations. While the observations between subjects can still be assumed independent,
observations within rats are clearly correlated. The inclusion of subject-specific information
will consider the correlation and therefore improve the quality of the estimates. In order to
incorporate subject-specific effects, we extend the regression models mentioned above and
obtain

Bo+ voi + (B + vi)tiy +&ij i in low-dose group,

Yij = 4 Bo+ voi + (Ba+ vilti; + & i in high-dose group,
Bo + voir + (B3 + vi)tij +&; i incontrol group,

or equivalently
Yij = Bo+vyoi +BiLi - tij + BoH; - t;j + B3Ci - ti; + v -ty ey (2.13)

The model contains subject-specific deviations y,; from the population mean B, as well
as subject-specific deviations y;; from the population slopes f;, B», and 3. In contrast
to the “fixed” effects B = (Bo, B1, B2, B3)’, the subject-specific effects y; = (yoi, y1:)
are considered as random effects, because the rats have been randomly selected from a
population. We assume that the random effects are independent and identically distributed
and follow a normal distribution, i.e.,

Yoi ~N(0,73),  yii ~ N(0, 7). (2.14)

Without loss of generality the expected values can be set to zero, because the population
mean values are already included in the fixed effects B. At first sight, a more natural
approach to consider subject-specific effects is the inclusion of subject-specific dummy
variables without a random effects distribution. In principal, such an approach is possible
for a small or moderate number of subject-specific effects. However, since usually a large
or even huge number of dummy variables are necessary for the subject-specific effects, the
resulting estimates would be highly unstable. As we will see in full detail in Chap. 7, the
random effects distribution Eq. (2.14), in particular, the common variances rg and 112 across
subjects, stabilizes estimation.

For the errors ¢;;, we make the same assumptions as in the classical linear model, i.e., the
errors are independent and identically distributed as

g ~N(0.07). (2.15)

Note, however, that correlation within individuals is considered through the subject-specific
effects. Since the model (2.13) includes fixed effects as in the classical linear regression
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2.4 Linear Mixed Models for Longitudinal and Clustered Data

Data

For each of thei = 1, ..., m subjects or clusters, n; repeated observations

(yijsxijlv"'vxijk)s jZlv"'vnis

for a continuous response variable y and continuous or appropriately coded
covariates xi, ..., X; are given.

Model

For the linear mixed model, we assume
Yij = ,30 + ,leijl + ...+ ,kaijk + Yoi + Y1ilij1 + ...+ Vqillijq + Eijs

i=1,...,m,j =1,...,n;. Thereby, the B, ..., B are fixed population
effects and y; = (Yoi, Yii, - - .. Vqi) are subject- or cluster-specific effects.
We assume that the random effects y; are independent and identically
distributed according to a (possibly multivariate) normal distribution.

model (2.12), as well as random effects yy;, y1;, 1 = 1,...,50, it is called a linear mixed
model or a regression model with both fixed and random effects. A
In the case of longitudinal data, some of the covariates x;j1, . . ., X;jx can be time-

varying, as, e.g., the transformed age in the rats example. They can also be time-
constant; examples are the indicator variables L;, H;, and C;. For cluster data, this
means that in cluster i the covariate value depends on object j or alternatively that
the covariate contains only cluster-specific information.

A general notation for linear mixed models for longitudinal and cluster data is
given by

Yij = Bo+ Bixiji + ...+ BrXijk + Yoi + Viiuiji + ...+ Vgittijq + €ij, (2.16)

where i = 1,...,m is the individual or cluster index and j = 1,...,n;
indicates the jth measurement for individual or cluster i. In the case of repeated
measurements over time, the observed (not necessarily equally spaced) time points
for individual i are denoted by #;; < ... < #;; < ... < I;,;. The fixed parameters
Bo, - - -, Bx in Eq. (2.16) measure population effects, while the random parameters
yi = (Yoi. Vii- .- .. vqi) describe subject- or cluster-specific effects. The additional
design variables u;;1, . .. , u;j4 often consist of some of the covariates x;;1, ..., X;jx,
as the transformed age #;; in Example 2.9.
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In most situations, similar assumptions are made for the random errors as in
the classical linear regression model, i.e., the ¢;; are independently and identically
(normally) distributed with E (¢;;) = 0 and Var (g;;) = o?. It is also possible to
model correlations between the errors ¢;;, j = 1,...,n;, of repeated observations
within individuals or clusters; see Chap.7. Such correlated errors are necessary
if there is extra correlation not taken into account by the subject-specific effects.
For the random effects, it is also often assumed that the y;;, [ = 0,...,q, are
independent and identically distributed according to separate normal distribution, as
in Example 2.9. Again, more general formulations with correlated random effects
are possible. Then the vector of individual random effects y; is assumed to be
ii.d. according to a multivariate normal distribution with possibly non-diagonal
covariance matrix; see Chap. 7 for details.

Analyses with mixed models for longitudinal or cluster data have the following
advantages:

» Correlations between observations of the same individual or cluster are taken into
account (at least to a certain extent).

* Subject-specific effects can serve as surrogates for unobserved covariate effects,
which either have been measured insufficiently or not measured at all. Since
the observations differ due to such unobserved covariates, there is an implied
unobserved heterogeneity.

e The inclusion of subject-specific information often leads to more precise es-
timates for the fixed effects, i.e., less variable estimators, when compared to
standard regression models. In any case, mixed models ensure that inference
regarding the regression coefficients is correct in the sense that we obtain correct
standard errors, confidence intervals, and tests.

e Mixed models stabilize the estimators of random effects by assuming a common
random effects distribution.

e The estimated individual curves further allow for individual-specific predictions,
which are not available in standard regression models.

Statistical inference for fixed and random effects, as well as for the error and

random effects variances, is accomplished using likelihood approaches or Bayesian

inference as outlined in Chap. 7.

Example 2.10 Hormone Therapy with Rats

First consider model (2.13), which comprises subject-specific deviations y; from the
overall population intercept By and the subject-specific slope parameters y;;. We estimate
the fixed effects, the variance parameters o2, t&, and rlz, and the random effects using
inference techniques described in Chap.7 and implemented in function 1lmer of the R
package 1me4. Table 2.4 contains the estimated fixed effects and the variance parameters.
Since the estimated value 7 for Var(y;) is very small, we also consider a simpler model
that does not contain the subject-specific terms yy;f;;. The results can be found again in
Table 2.4. As we can see, the estimates are all very similar.

For the simpler model without random slope, Fig.2.11 shows a kernel density estimator
for the estimated values po;, i = 1,..., 50 together with a superimposed normal density
and a normal quantile plot in a separate graph. We do not find any serious deviations from
the assumed normal distribution. A
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Table 2.4 Hormone therapy with rats: estimation results for
the mixed model (2.13) and the simplified model without
individual-specific slope parameter

Model (2.13) Simplified model
Parameter estimated value estimated value

Intercept By 68.607 68.607
Low-dose f3; 7.505 7.507
High-dose > 6.874 6.871
Control B3 7.313 7.314
Var(yo;) rg 3.739 3.565
Var(y;) T} <0.001

Var(e;; ) o? 1.481 1.445

random intercept random intercept

random intercept
o

-5
-5 -3 -1 1 3 5 -5 0 5

random intercept quantile of the normal distribution

Fig. 2.11 Hormone therapy with rats: The left plot shows for the random intercept a kernel density
estimator (solid line) and the density of an adapted normal distribution (dashed line). The right
panel displays a normal quantile plot

In Chap. 7, we present generalizations of the basic linear mixed models, includ-
ing mixed models for binary and discrete response variables. This more general
group of models can also be used as a basis for inference in nonparametric and
semiparametric regression models outlined in the next section and presented in
detail in Chaps. 8 and 9.

2,5 Simple Nonparametric Regression

Figure 2.2 (p. 25) shows the scatter plot of the two variables rentsgm and area for the
rent index data discussed in Sect. 2.2. The scatter plot reveals that the living area has
a nonlinear effect on the net rent per square meter. Consequently, in Example 2.2,
the effect of living area was modeled nonlinearly by

f(area) = Bo + B1/area. (2.17)
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Figure 1.8 (p. 17) presents the scatter plot between the Z-score (as a measure
of chronic undernutrition) of a child in Zambia and the age of the child (see
Example 1.2 on p. 5). Again, we observe that the Z-score depends on the age of
the child in a nonlinear way.

In fact, in most of the various applications presented in Chap. 1, nonlinear effects
are present. It is often very difficult to model these with ad hoc parametric ap-
proaches as for instance in Eq. (2.17). Moreover, in most cases other transformations
are reasonable, e.g., f(area) = By + B1log(area) or f(area) = By + P1 (area)%. In
more complex applications with more continuous regressors, searching for suitable
transformations becomes very difficult or intractable even for very experienced
researchers.

Non- and semiparametric regression models allow for flexible estimation of
nonlinear effects. They do not require any restrictive assumptions regarding a certain
parametric functional form. In the case of just one continuous covariate x, the
standard model for nonparametric regression is defined as

Vi = f(xi) +ei. (2.18)

For the error variable ¢;, the same assumptions as in the simple linear regression
model (2.2) are made.

The function f is assumed to be sufficiently smooth, but no specific parametric
form is specified. It is estimated in a data-driven way through nonparametric
approaches. Chapter 8 describes several techniques of how to estimate the unknown
function f. To give the reader a first impression of nonparametric regression
models, Figs.2.12 and 2.13 demonstrate an easily comprehensible estimation
concept using the Zambia malnutrition data. For illustration purposes, we restrict
our analysis to the observations of a specific district in Zambia; see Fig. 2.12a. The
goal is to find an estimator f (c_age) for the (nonlinear) relationship between the
Z-score and the age of a child. Figure 2.12a shows that a simple regression line
cannot produce a satisfactory fit. However, we find that a linear model is locally
justified, i.e., if the analysis is restricted to appropriately defined intervals; see
Fig.2.12b, c.

Based on these observations, we obtain the following approach that is known as
the nearest neighbor estimator:

1. Determine a number of values

c.age| < c.age, < ... < c.age,,

within the support of c_age for which estimates f (ceage;), j =1,....m,of f
are to be computed.

2. When estimating f* at c_age;, use a predetermined number of observations in
the neighborhood of c_age ;. In Fig.2.12b, c the nearest 70 observations, either
to the right or left, of c.age; = 11 (panel b) and c_age; = 28 (panel c) were
used.
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a scatter plot: Z-score versus child’s age
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Fig. 2.12 Malnutrition in Zambia: illustration of a global and local regression. (a) shows a
global regression line for the relationship between Z-score and child’s age. (b) and (c) show local
regression lines based on a subset of the data

3. Estimate a local regression line based on the observations taken in step 2. to

obtain the estimate f (c-age;) = /§0 + ,3 1c-age;. Note that for every value of
c-age;, a separate regression line is estimated. This implies that the regression

coefficients ,30 and /§ | vary according to c_age.

4. Combine the obtained estimates f (c-agey), ..., f (c-age,,) and visualize the
estimated curve.
An illustration of the nearest neighbor estimator is given in Fig. 2.13.

Figure 2.12 also suggests another approach. Instead of estimating a global
regression line, the domain of the covariate, in our example the child’s age, could
first be subdivided into several non-overlapping intervals. In a second step, a
separate regression line could then be estimated using the data in each interval.
This procedure is illustrated in Fig.2.14a. Here the range of values was divided
into the three intervals [0, 19), [19,39) and [39,59]. In contrast to the global
regression line, we obtain a satisfactory fit to the data. There is, however, a flaw:
the separate regression lines induce discontinuities at the interval boundaries. An
obvious solution is to impose the additional constraint that the function is globally
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Fig. 2.13 Malnutrition in Zambia: illustration for a nearest neighbor estimator based on the
nearest 70 observations (either to the right or left) of the relationship between Z-score and child’s
age

continuous. This implies that the regression lines merge continuously at the interval
boundaries. Taking this requirement into consideration, we obtain the estimates
shown in Fig.2.14b, which is a special case of polynomial splines. Splines are
piecewise polynomials, which fulfill certain smoothness conditions at the interval
boundaries (also called the knots of the spline). Flexible regression based on splines
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Fig. 2.14 Malnutrition in Zambia: piecewise linear regression [panel (a)], linear spline [panel
(b)], and cubic P-spline [panel (¢)] for estimating the relationship between Z-score and child’s age.
Panel (d) shows a comparison of parametric and nonparametric regressions

will play a major role in Chaps. 8 and 9. There we will discuss the most important
questions and problems regarding spline regression, for example, how can splines be
represented mathematically? How many knots are required to get a satisfactory fit?
Where should we place the knots? Figure 2.14¢ gives a first flavor of the capabilities
of spline estimators. It shows a flexible fit to the data based on so-called P(enalized)-
splines.

On the basis of a nonparametric fit to the data, it is reasonable to search for a
simpler parametric functional form that conserves the key features of the function. In
this sense we can also understand nonparametric and semiparametric regression as a
means of exploratory data analysis that helps to find satisfactory parametric forms.
Figure 2.14d shows a comparison of the nonparametric fit with two parametric
specifications given by

zscore = By + By log(age + 1) + ¢
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2.5 Standard Nonparametric Regression Model

Data

(yi,x;), i = 1,...,n, with continuous response variable y and continuous
covariate x.

Model
vi=fxi)+e, i=1,...,n.

We do not assume a simple parametric form for function f. We rather
assume certain smoothness characteristics, for example, continuity or
differentiability. The same assumptions as in the classical linear regression
model apply for errors ¢;.

and
zscore = o + Pi1/(age + 1) + ¢.

Despite similar functional forms, the nonparametric estimated curve still fits better,
particularly in the range of 0-20 months.

2.6 Additive Models

In most applications, as in the examples on the Munich rent index and on malnu-
trition in Zambia, a moderate (or even large) number of continuous or categorical
covariates are available.

Example 2.11 Malnutrition in Zambia

The continuous covariates are c_age (age of the child), c_breastf (duration of breastfeeding),
m_bmi (mother’s body mass index), m_height (mother’s height), and m_agebirth (mother’s
age at birth). As in the linear regression model, the categorical covariates m_education
(mother’s education), m_work (mother’s professional status), and region (place of residence)
must be dummy coded. Category 2 = “primary school” is chosen as the reference
category for the education level. The dummy variables m_educationl, m_education3, and
m_education4 correspond to the education levels “no education,” “secondary education,”
and “higher education,” respectively. For the place of residence, we choose the region Cop-
perbelt (region = 2) as reference category. The variables regionl, region3, ..., region9
serve as dummy variables for the remaining regions.

For some of the continuous covariates nonlinear effects on the Z-score can be expected
(see the scatter plots in Figs. 1.8 and 1.9). For this reason, we specify the additive model

zscore = fi(c_age) + fa(m_bmi) 4+ f3(m_agebirth) + fy(m_height)

+Bo + B1 m_educationl + ...+ By region9 + ¢ 2.19)
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rather than a linear model. For the moment, the duration of breast-feeding (c_breastf) is
excluded from the model, since it is highly correlated with the child’s age (c_age). See the
case study in Sect. 9.8 for more details on modeling the effects of the correlated covariates
c_breastf and c_age.

The interpretation of the intercept B and the regression coefficients By, B2, ... of the
categorical covariates m_education, m_work, and region is identical to the linear regression
model.

Similar to the possibly nonlinear function f in the basic nonparametric regression
model (2.18), the functions fi, f>, f3, and f; remain unspecified and are also estimated in
a nonparametric way, together with the regression coefficients Sy, fi, . ... Even though the
model is no longer linear due to the nonlinear effects fi,..., f4, it remains additive. As
there are no interaction terms between the covariates, it is called an additive main effects
model.

Additive models exhibit the following identification problem: If we change, e.g.,
fi (c_age) to fi (c.age) = fi (c.age)+a by adding an arbitrary constant @, and at the same
time change S to ,B~0 = By — a by subtracting a, the right-hand side of Eq. (2.19) remains
unchanged. Hence, the level of the nonlinear function is not identified, and we are forced
to impose additional identifiability conditions. This is done, for instance, by imposing the
constraints

n n

Z h (c_age,v) =...= Z fa (m_height,v) =0,

i=1 i=1
i.e., each nonlinear function is centered around zero. In Fig.2.15, the estimated functions
are constrained in this way. Visualization of the estimated curves as is done in Fig.2.15
is also the best way to interpret the estimated effects. The effect of the child’s age can be
interpreted as follows: The average Z-score decreases linearly as the child gets older until
18 months, then stabilizes. There is slight evidence that children older than three years may
even show a slight improvement in nutrition condition. Figure 2.15 shows also 80 % and
95 % confidence intervals for the estimated effects. They can be understood as measures for
the uncertainty of the effects. In case of the age effect the confidence intervals become wider
as age increases. To a large extent the width of confidence intervals reflects the distribution
of covariates. Densely populated areas of the covariate domain typically show narrower
confidence intervals than sparsely populated areas. For the covariate age the number of
observations (slightly) decreases as age increases.

In Sect. 9.8, we will interpret the remaining effects within the scope of a detailed case

tudy.
study. A

The general form of an additive model (without interaction) is

vi = filz) + ...+ f3@ig) + Bo+ Bixa + ...+ Brxik + & (2.20)

with the same assumptions for the error term as in the linear regression model.
The smooth functions fi, ..., f; represent the (main) effects of the continuous
covariates z1, . . ., Z; and are estimated using nonparametric techniques; see Chap. 9.
The covariates xi,...,x; are categorical or continuous having linear effects.
Additive main effect models of the form Eq.(2.20) can be expanded with the
inclusion of interaction terms. For two continuous covariates z; and z,, this can
be achieved by adding a smooth two-dimensional function fj »(z;, z2). Compared to
(2.20) this leads to the extended predictor
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Fig. 2.15 Malnutrition in Zambia: estimated nonlinear functions including 80 % and 95 %
pointwise confidence intervals. The dots in the lower part of the figures show the distribution
of covariate values. Estimation has been carried out using remlreg objects of the software
package BayesX

ni = filzi) + fo(zi2) + fip(zizio) + ...

Hence, the interaction effect f;, modifies the main effects f; and f, of both
covariates. Estimation of the smooth surface fi, results from the extension of
nonparametric techniques for one-dimensional functions to the bivariate case; see
Sect. 8.2 for details. An interaction between a continuous covariate z; and a binary
covariate x; is modeled by extending the predictor to

ni = fiz)+ ...+ f5G@ig) + Bo+ fu @) xin + ...

The interaction term fy, (z1) x1, with a smooth function fy, can be interpreted as
a varying effect of x; over the domain of z;. Models with parametric interactions
are covered in detail in section on “Interactions Between Covariates” of Sect. 3.1.3,
while Sect. 9.3 focuses on models with nonparametric interactions.
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2.6 Standard Additive Regression Models

Data
(yi,Zil, ce s Zigs Xils - - ,Xik), i =1,...,n, with y and xq, ..., x; similar
to those in linear regression models and additional continuous covariates
Llseeslg-

Model

yi = fi @)+ ..o+ Sy (zig) + Bo+ Bixi + ...+ Brxik + &

For the errors ¢; the same assumptions as in the classical linear regression

model are made. The functions f (z1), ..., fy (z4) are assumed to be
“smooth” and represent nonlinear effects of the continuous covariates
Llseeslg-

A possible approach to estimate additive models is via an iterative procedure,
called backfitting, with the simple smoothers (nearest neighbor, splines, etc.) as
building blocks. Details will be given in Chap. 9.

2.7 Generalized Additive Models

Nonlinear effects of continuous covariates can also occur in regression models for
binary and other non-normal response variables. Similar to the additive models
presented in the previous section, it is often preferable to allow for flexible
nonparametric effects of the continuous covariates rather than assuming restrictive
parametric functional forms. Approaches for flexible and data-driven estimation
of nonlinear effects become even more important for non-normal responses, as
graphical tools (e.g., scatter plots) are often not applicable to get an intuition about
the relationship between responses and covariates.

Example 2.12 Vehicle Insurance

We first illustrate the usage of generalized additive models with the analysis of vehicle
insurance data for Belgium in 1997; see Denuit and Lang (2005) for a complete description
of the data.

The calculation of vehicle insurance premiums is based on a detailed statistical analysis
of the risk structure of the policyholders. An important part of the analysis is the modeling of
the claim frequency, which generally depends on the characteristics of the policyholder and
the vehicle type. Typical influencing factors of the claim frequency are the policyholder’s
age (age), the age of the vehicle (age-v), the engine capacity measured in horsepower
(hp), and the claim history of the policyholder. In Belgium, the claim history is measured
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2.7 Poisson Additive Model

A Poisson additive model y; ~ Po(4;) is defined via the rate
Ai = E(yi) = exp(n;)
and the additive predictor
ni = filzi) + ...+ f4(zig) + Bo + Bixit + ... + Xik.

Poisson additive models are a special case of generalized additive models for
non-normal responses (Chap. 9).

with the help of a 23-step bonus malus score (bm). The higher the score, the worse is
the insurant’s claims history. The statistical analysis is based on regression models with
the claim frequency (within 1 year) as the response variable. Since the claim frequency
is restricted to the discrete values 0, 1,2, ..., regression models for continuous response
variables are not appropriate. A

For count data, the Poisson distribution is often assumed for the response, i.e.,
y ~ Po(A), with A = E(y) as the expected number of claims; see Definition B.4 in
Appendix B.1 for the Poisson distribution. Our goal is to model the expected number
of claims A as a function of the covariates. Similar to binary responses, the obvious
choice of A = 7 with a linear or additive predictor 7 is problematic, since we cannot
guarantee that the estimated expected claim frequency s positive. We therefore
assume A = exp(n) in order to ensure a positive expected claim frequency. When
using a linear predictor, we obtain a multiplicative model for the expected claim
frequency that leads us to a similar interpretation as we already obtained in the logit
model:

A =exp(Bo+ Bixi + ...+ Brxr) = exp(Bo) - exp(Bix1) - ... - exp(Brxx).

A unit increase in one of the covariates, e.g., x;, leads to a change of the expected
claim frequency by a factor of exp(f;). For an additive predictor, we obtain

A=exp(fi(@)+...+ fy(zg) + Bo + Bixi + ...+ Brxk).

Depending on the form of the nonlinear function, the expected count increases or
decreases with a unit increase in a covariate. Moreover, in contrast to the purely
linear predictor, the change is also dependent on the value of the covariate (because
of the nonlinearity). Typically, an increase in xj, e.g., from 20 to 21, causes a
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Fig. 2.16 Vehicle insurance: estimated nonlinear functions including 80 % and 95 % pointwise
confidence intervals. The dots in the lower part of the figures show the distribution of covariate
values. Estimation has been carried out using remlreg objects of the software package
BayesX

different change in the expected count when compared to that of an increase, e.g.,
from 30 to 31.

Example 2.13 Vehicle Insurance—Additive Model

We model the claim frequencies of the Belgian insurance data using an additive predictor
with possibly nonlinear functions of the variables age, age_v, hp, and bm:

= fi(age;)) + folagewv) + f3(hp;) + fa(bmi) + Bo + Bigender; + .. ..

The dots indicate that the predictor may contain other categorical covariates in addition
to the continuous variables, e.g., gender. We estimated the nonlinear functions and the
regression coefficients usmg the methods presented in detail in Chap. 9. Figure 2.16 shows
the estimates f1 .. f4 for the insurance data. The function related to policyholder’s age
is notably nonlinear. Initially, the effect on the expected frequency is almost linear until the
policyholder reaches the age of 40, then the effect remains nearly constant for several years
until the age of 50, then decreases until approximately 70, followed by a rapid increase for
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Fig. 2.17 Vehicle insurance: expected number of cases per year among 1,000 policyholders
depending on the policyholder’s age and vehicle’s engine power. The effects of the remaining
covariates are held fixed at their mean values

older policyholders. Since we do not have much data on the elderly policyholders, we must
be careful with interpretation. This is also reflected by the wide confidence intervals.

Since the expected claim frequency A = exp(7) is a nonlinear function of the covariates,
it is not easy to decipher the effect of a particular covariate on A. It is therefore advisable
to plot the estimated expected claim frequency A against the covariates. To do so, we plot
the estimated rate A separately against every continuous covariate while keeping the effects
of the remaining covariates fixed at their mean value. See Fig.2.17 which demonstrates
such plots with the covariates age and hp. Since the expected frequencies are quite low,
we plotted 10004, i.e., the expected claim frequency per year among 1,000 policyholders,
rather than the estimated rate 1 itself. For instance, we have plotted

1000 exp (fl (age) + fz(age_v) + ];3(%) + f;(w) ~+ Bo + Bigender + .. )

against age with age_v, hp, bm, and gender being the respective covariate means. We
observe that the expected number of insurance cases varies between 0.35 and 0.6 per 1,000
policyholders for the age variable and between 0.2 and 1.2 for Ap. A

2.8 Geoadditive Regression

In addition to the values (y;, X1, . .., Xik,Zit, - --.Zi¢), I = 1,...,n, of the response
and covariates, many applications contain small-scale geographical information, for
example, the residence (address), zip code, location, or county for the individual or
unit. For the examples discussed so far, this applies to the data regarding the Munich
rent index, malnutrition in Zambia, vehicle insurance, and the health status of
trees. In these applications, it is often important to appropriately include geographic
information into the regression models in order to capture spatial heterogeneity not
covered by the other covariates.



56 2 Regression Models

Example 2.14 Malnutrition in Zambia—Geoadditive Model

Example 2.11 (p. 49) already included regional effects using dummy variables for the
regions. The corresponding region effects were estimated as categorical “fixed” effects.
This conventional approach has two disadvantages. First, information regarding regional
closeness or the neighborhood of regions is not considered. Second, if we wish to use
small scale information about the district the mother resides, the analogous district-specific
approach is difficult or even impossible. Including a separate fixed effect dummy variable
for every district results in a model with a large number of parameters, causing a high
degree of estimation inaccuracy. Hence, it is better to understand the geographic effect of the
variable district as an unspecified function f.,(district) and to consider the geographical
distance of the districts appropriately when modeling and estimating f,.,. A typical
assumption is that the regression parameters of two neighboring districts sharing a common
boundary should be “similar in size” (a more precise definition of this concept is given in
Sect. 8.2). Conceptually, this is very similar to the nonparametric estimation of a smooth
function f of a continuous covariate, as, for example, f(c_age). Hence, we reanalyze the
data with the following geoadditive model:

zscore = fi(c.age) + fa(m_bmi) 4+ f3(m_agebirth) + fy(m_height)
+ feeo(district) + Bo + B1 m_education + . .. + By m_work + ¢.

We used remlreg objects of the software BayesX for estimation. In comparison to
Example 2.11, the linear part of the predictor no longer contains any region-specific dummy
variables. Figure 2.18 shows the map of Zambia, which is divided into color-coded district-
specific effects. The geographic effect can now be interpreted similar to a nonlinear effect
of a continuous covariate. An effect of, e.g., 40 implies an average Z-score increase of
40 points relative to a district with a zero effect.

The district-specific pattern shows that geographic or spatial effects do not have much in
common with the administrative boarders. Other causes must be responsible for the spatial
effects. In the current situation, the visible north—south divide is due to climatic differences,
with a much better nutrition situation in the north. The climatic conditions in the south are
worse than in the north, since the southern regions have a much lower altitude compared to
the northern ones. In this sense geoadditive models can be understood as an exploratory tool
for data analysis: The estimated spatial effects may help to identify geographic covariates
that explain the geographic variations. A

In general, geoadditive regression is useful, if in addition to the response variable
and continuous or categorical covariates, a location variable s;, i = 1,..