CMSES820 - Homework 3 Name: Nathaniel Hawkins

CMSE 820 Homework 3. Due 29 September, 2020.

I. Let f:R™ — R be a function and zy € R™ be a fixed point.

(1) Let o > 0 be a positive real number. Prove that

Iaf)(xo) = adf(xo)
where adf(zg) is defined as adf(xo) = {as:s € df(xo)}.
Solution. Let w € adf(zg). Therefore, w € {as : s € df(xg)}. Without loss of

generality, let sop be an element of Jf(xg) such that w = asg. From the definition of a
subgradient, for any y € D(f),

F(y) = f(zo) + 56 (y — z0).
Multiplying the expression by «, we get
af(y) = af(wo) + (aso)” (y — o).

Let f(z) = af(z). Thus,

f(y) = f(x) + (aso)" (y — wo)-
Therefore asy € df(xq), which means asy = w € df(xo) = d(af)(xo) and adf(xg) C
d(af)(xo).
Now let w € d(af)(zo). From the definition of a subgradient, Yy € D(f),

af(y) = af(zo) +w’ (y — o).

Since o > 0,

102 56 + (L) -

Letting w = éw,
fy) = f(xo) + " (y — wo).

Therefore, w € df(xp). It follows then that aw = w € {as : s € f(x0)} = adf(zo).
Thus, d(af)(zo) C adf(zg). A

Let A € R™ " be an invertible matrix and b € R™ be a vector. Define a function g(z) by
g(x) := f(Ax +b). Prove that

dg(w0) = ATOf (Ao + b)
where the right hand side is defined as AT0f(Axg + b) := {ATs: s € Of(Azo +b)}.

Solution. Let w € dg(xp). It follows that Yy € D(g),

9(y) > g(wo) + w" (y — )
f(Ay +b) > f(Azo +b) + w” ((Ay +b) — (Azo + b))
f(Ay+b) > f(Azo +b) + w" A(y — o)
F(Ay +b) > f(Azo +b) + (ATw)" (y — o).
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Therefore, ATw € df(Azg +b) = w € {ATs: s € df(Azg +b)}. Thus, dg(xo) C {ATs :
s€0f(Axg +b)} = ATOf (Axg + b).

Suppose now w € ATOf(Axg + b). This implies that ATw € 9f(Axg + b), and thus
vy € D(f),

f(Ay+b) > f(Azo +b) + (ATw)" (y — x0)
f(Ay +b) > f(Azg +b) + w” (Ay — Ax)
f(Ay +b) > f(Azg+b) + wl ((Ay +b) — (Azo +b)).

Since A is invertible, it follows that the column space of A is equal to R™. Therefore,
D(f) = D(g). From this and the definition of g(z),

9(y) > g(xo) + w’ (y — o).

w € dg(wo) = ATOf(Azg +b) C dg(z0). B

II. Let fi(x) = (x +1)? and fo(z) = (z — 1)%,2 € R. Define f(x) := max{fi(x), fo(x)}.
Compute 0f (z).

Solution. Both fi(z) and f2(x) are smooth differentiable functions. We can therefore define
V/fi(z) =2(z+1) and v fa(x) = 2(x — 1). Additionally, since /(7 f1(z)) = V(v f2(z)) =2 > 0,
we know that fi(z) and fo(x) are convex functions.

Suppose for a given g that fi(xg) < fa(xo). Therefore,

(zo 4+ 1)% < (zo —1)* = 20 < 0.

When z9 < 0, f(z) = fa(z). Since fa(x) is differentiable, it follows that Of(xo) = Vfa(xo) =
2(zg — 1) for zg < 0.

Suppose now for a given xq that fi(zo) > fa(wg) = (w0+1)? > (v9—1)? = 29 > 0. Therefore,
for xg > 0, f(z) = fi(x), and by the same argument as before, 0f (o) = v f1(zo) = 2(xo + 1) for
xg > 0.

Finally, suppose xo = 0. It follows Yy € D(f) that

> f(xo) + s(y — xo)
max{ f1(y), f2(y)} > max{f1(0), f2(0)} + sy
>

max{ f1(y), f2(y

The subdifferential will be the collection of slopes s such that the line 1+sy lies below max{ f1(z), fao(x)}.
For this to hold true, the slope s must be smaller than the slope of either fi(z) or fa(z). This is
because f(0) = 1, therefore the term sy dictates the allowable slopes. At xgp =0, 5/ f1(0) = 2 and
7 f2(0) = —2. Therefore, df(xo) = [-2,2] for xy = 0 in order for max{fi(y), f2(y)} > 1+ sy.
We can thus write
2(1‘0 +1) ,20>0
8f($0) = [—2, 2] , Loy = 0.1
Q(l’o — 1) , 2o < 0
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III. For a vector z € R"™, define the notation

[zllo := #{j : z; # 0},

that is, ||x]|o is the number of nonzero components of z. Let p € R be a real number and p > 0.
Recall the following notation:

(1)

n
2l =D Ly P.
j=1

Prove that Vz € R"™,

lim ||z||2 = ||z||o-
Tim el = el
Solution. Let |z|f = |z1/P + - + |z,/P. As p — 0T, this expression approaches

121]° + -+ + |z,]°. For z; = 0, we can define 0° = 0 since 0P = 0 for any p > 0, so
in the limit p — 0" our definition holds. For all z; # 0, |2;|° = 1. Suppose there are
k nonzero values of . Then in the limit, |z|) = Z?:l 1+ 371,10 = k. Therefore, as
p — 07, ||z||b approaches k, the number of nonzero elements of x, which we have defined
as ||z||o-

Alternatively, we can approximate |z|P = exp (plog |z|) =~ 1+ plog |x| for small p. There-
fore,

n n n
x| ~ Z 1+ plog|z;| =n+ anlog |z;| = n+ nplog H ||
j=1 j=1 J=1
In this expression, if any z; = 0, then [];_, |z;| = 0 and log(0) is undefined. Therefore,
this expression requires z; # 0 for all j. But, as p — 07, then ||z|) — n. Since no
xj =0, then [|z]p=n. R

Prove that ||z||, is a convex function of z if and only if p > 1.

1/p
Solution. We write ||z||, = (Z?Zl |xj|p) . For a function f to be convex, we need

fAz+ (1 —=Ny) < Af(z)+ (1 —=Nf(y) for A € [0,1] and z,y € D(f). For p > 1, we
know from the definition of a norm that || e ||, satisfies the triangle inequality. Namely,
for two vectors z,y € R",

lz+ylly < ll2llp+llylly = Az + 1 =Nyllp < [Azllp +[[(1=Nyllp = Allzllp+ 1=yl

Therefore, f,(z) = ||z||, is convex for p > 1.
Suppose p < 1. Let z = (1,0,0,...,0)" and y = (0,1,0,...,0)” be vectors in R™ each
with a single non-zero element (which we have set to 1). We can explicitly calculate
2+ yllp,

|z +yllp, = (17 +17) 17 = ()17,
since 17 = 1 for any p. Additionally, we know that ||z||, = ||y, = (17)/? = 1. Therefore,
|||, + llyll, = 2. Since p < 1, it follows that 1/p > 1. Thus, 21/? > 2. Since |z + yl|, %

llzllp + lyllp, || ® ||, does not satisfy the triangle inequality for p < 1. It follows then that
fp is not convex forp < 1. B
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IV. Suppose X € RP*" and X X7T = I, where I, is the p x p identity matrix. Define 3y by

fo = argmin ly = X7 BI7 + AlIBIE + 7111,

where A > 0 and 7 > 0 are two positive constants. Find an expression of 5y in terms of the soft
thresholding function.

Solution. This solution follows the derivation we did in class for glasse.
Bo = argmin [y — XTBI% + MBIZ + 71 8lh
= arg mgn(y — XT3 (y - XTB) + AT B+ 7|8l
= argmﬁinyTy —2(Xy)"B+B"B+A8TB+ 78I
= argminyy —2(8")7 5+ (1+ N)F B8+ 78]
P
= argmin D (+ N8 =268, + 7181 | +y".

=1

In the above, we substituted 8 = Xy for the least squares solution and converted all of the terms
pertaining to § into a summation. Since y!y effects the minimum value, but not the minimization,
it follows that we need only minimize the sum term. We can do this by minimizing (1 + /\)BJZ —

25;.5@» + 7|Bj| for j =1,...,p. For a fixed j,

A((L+ N5 — 2678 + 718;)(8y) = O((L + N)B7)(By) — D25 5;)(By) + O(715;1) (By)

T By >0
=214+ MN)By — 288 + ¢ 7[-1,1] ,B, =0
-7 By <0

2014+ N8y — 28 +7 By >0

=2(1+ N8y — 288 +7[-1,1] ,8,=0.
2014+ N)By — 26 — 7 By <0

We can minimize the expression for Sy by satisfying the minimization condition, 0 € 9((1+ )\)ﬂ? -

265 B; + 718;1)(By)-
For 3, > 0,

0€ d((1+ X8B3 — 28585 + 7181)(By)
S 0=2(1+NB, — 28 +71

1
< By = m(ﬁés —7/2)
& BJLS > 7/2.

40f



CMSES820 - Homework 3 Name: Nathaniel Hawkins

For 3, <0,
0.€d((1+N)BF — 26585+ 716;)(By)
S 0=2(1+\)8, —285 -7
1
@ﬁy:m( §8+7/2)
& ﬁjls < —7/2.
For 3, = 0,

0.€ O((1+ N5} — 26,85 +7I3;)(5y)
© 0 € 20+ X5, = 287 — 7,21+ N)By, — 26" +7]

S 201+ Ny, —28F —7<0, 21+ N8, — 28 +7>0.

The final condition yields 0 for —7/2 < B]l-s < 7/2. Thus, the jth component of fy can be written

as
Bt < )2
1-1Z-A 2(1+X) g
I ;
Fio fES 2(11/\) B > 7/2

0 ,—T/2 < BF <7/2

(187 —7/2)+S n(5)

N 1+ A S
1

ls
= msrﬂ(ﬂj ).:
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